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ABSTRACT

The Measurement— and Model-based Structural Analysis (MeMoS) project was
initiated in 2013 with the aim to detect and localise damage to structures based
on an integrated analysis of spatially and temporally distributed hybrid meas-
urements. Therefore, a physical model of the structure is directly embedded
as a functional model in the least squares adjustment, ensuring a rigorous and
direct solution of the system parameters solely based on the measurements.
This enables a damages analysis based on the estimated system parameters us-
ing well established geodetic deformation analysis methods. However, besides
a detailed understanding of the applied sensors, a profound knowledge of the
functional model is indispensable for a correct and successful data evaluation.

This thesis, therefore, provides new and in-depth insights into the characterist-
ics of an integrated analysis using an embedded physical model and addresses
the resulting challenges of a damage analysis via MeMoS using static meas-
urements, such as, displacements, inclination or strain. Based on a detailed
discussion on the approximation of univariate functions by polynomials from
a geodetic point of view, the structural behaviour is not approximated by
FEM as usual, but by a spectral method using Chebyshev polynomials. This
ensures, in principle, that the functional model is always correct and com-
plete, so that there are no systematic falsifications of the estimated system
parameters due to approximation errors of the structural behaviour. The
characteristics of the resulting inverse problem are discussed in detail and
it is shown how the measurement noise affects the estimation of the system
parameters and consequently the detection and localisation of damage. In
addition, the impact of damage on the static measurements will be addressed,
which provides insights into the extent to which damage can be reconstructed
from measurements at all. Consequently, known statistical tests were adap-
ted for the problem at hand and transferred to continuous functions, so that
they can be effectively used for a damage analysis via MeMoS. Furthermore,
new approaches for the localisation of damage have been developed, which
are based on a data-driven regularisation of the least squares solution. The
capabilities and limitations of a damage analysis via MeMoS are demonstrated
by numerical and experimental studies on a four-point bending test.
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ZUSAMMENFASSUNG

Das Measurement— and Model-based Structural Analysis (MeMoS) Projekt
wurde 2013 mit dem Ziel initiiert, Schiden an Bauwerken auf Grundlage einer
integrierten Analyse rdumlich und zeitlich verteilter hybrider Messungen zu
detektieren und zu lokalisieren. Zu diesem Zweck wird ein physikalisches Mod-
ell der zu untersuchenden Struktur direkt als funktionales Modell in eine Aus-
gleichung nach der Methode der kleinsten Quadrate eingebettet, wodurch eine
strenge und direkte Losung der Systemparameter allein auf der Grundlage der
Messwerte gewihrleistet wird. Dies ermoglicht eine Schédigungsanalyse an-
hand der geschitzten Systemparameter unter Verwendung etablierter geodiit-
ischer Methoden zur Deformationsanalyse. Fiir eine korrekte und erfolgreiche
Datenauswertung ist jedoch neben einem detaillierten Verstédndnis der einge-
setzten Sensoren auch eine fundierte Kenntnis des funktionalen Modells der
Ausgleichung unabdingbar.

Diese Arbeit gibt daher neue und vertiefte Einblicke in die Charakteristiken
einer integrierten Analyse unter Verwendung eines eingebetteten physikalis-
chen Modells und adressiert die sich daraus ergebenden Herausforderungen
einer Schadensanalyse mittels MeMoS unter Verwendung statischer Messun-
gen, wie z.B. Verschiebungen, Neigungen oder Dehnungen. Ausgehend von
einer ausfiihrlichen Darlegung der Approximation univariater Funktionen
durch Polynome aus geodétischer Sicht, wird das Strukturverhalten nicht wie
itblich durch FEM, sondern durch eine Spektralmethode mit Tschebyscheff-
Polynomen approximiert. Damit ist prinzipiell sichergestellt, dass das funk-
tionale Modell immer korrekt und vollstdndig ist, so dass es keine system-
atischen Verfilschungen der geschiitzten Systemparameter durch Approxima-
tionsfehler des Strukturverhaltens gibt. Die Eigenschaften des resultierenden
inversen Problems werden ausfiihrlich diskutiert und es wird gezeigt, wie sich
das Messrauschen auf die Schéitzung der Systemparameter und folglich auf
die Detektion und Lokalisierung von Schiaden auswirkt. Dariiber hinaus wird
der Einfluss von Schiden auf die statischen Messungen behandelt, was Auf-
schluss dariiber gibt, inwieweit Schéden iiberhaupt aus Messungen rekonstru-
iert werden konnen. Folglich wurden bekannte statistische Tests fiir die vorlie-
gende Problemstellung angepasst und auf kontinuierlichen Funktionen iiber-
tragen, so dass sie effektiv fiir eine Schidigungsanalyse mittels MeMoS gen-
utzt werden kénnen. Dariiber hinaus wurden neue Ansétze zur Lokalisierung
von Schiden entwickelt, die auf einer datengetriebenen Regularisierung der
Kleinste-Quadrate-Losung basieren. Die Einsatzmoglichkeiten und Grenzen
einer Schadigungsanalyse mit MeMoS werden anhand von numerischen und
experimentellen Untersuchungen an einem Vier-Punkt-Biegeversuch demon-
striert.
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INTRODUCTION

The determination of the movement and deformation of an object is one of the
main task in engineering geodesy, as stated in the foreword of (HEUNECKE et al.
2013, p. VI). For this purpose, numerous approaches have been developed in
geodesy during the last decades, whereby the focus is essentially based on an
evaluation of measurements using statistical methods. Such a data analysis
in terms of precision and reliability by means of adjustment calculation is an
integral part of engineering geodesy and one of its core competencies in general,
see e.g. (KUHLMANN etal. 2014). For a correct and successful data evaluation,
a detailed understanding of the applied sensors and also a profound knowledge
of the mathematical relationships are playing a decisive role. Besides natural
objects such as hillsides or glaciers, the main focus of a deformation analysis
lies typically on structures such as tunnels, dams or bridges. The latter in
particular has been the subject of numerous studies and scientific work for
many years, especially in civil engineering, see e.g. (Koo etal. 2013), (MENG
etal. 2004), (LIENHART etal 2017) or (OMIDALIZARANDI etal. 2020). Due
to ageing structures and increasing traffic loads innovative approaches for a
reliable damage assessment and predictions regarding the remaining service
life of bridges are required.

One technology that has established itself in recent decades for the assessment
of the integrity of structures is the Structural Health Monitoring (SHM), see
(BOLLER etal. 2009), (FARRAR and WORDEN 2013) or (KARBHARI and AN-
SARI 2011). The SHM covers the entire process from the characterisation of
the structure, the selection of a suitable sensor technology and up to the stat-
istical evaluation of the measurements, see (DAUM 2013, p. 414 ff). Since in
general “sensors cannot measure damage” (WORDEN et al. 2007, Axiom IVa),
two main approaches are used in a SHM to extract information about dam-
age from the measurements, namely the inverse—problem or model-based ap-
proach and the data—based approach (FARRAR and WORDEN 2013, p. 9). The
data—based approach is built on “intelligent feature extraction” and machine
learning algorithms in order “to convert sensor data into damage information”,
see (WORDEN et al. 2007, Axiom IVa/b). A functional model does not have
to be explicitly defined, but is rather estimated on the basis of training data
and optimisation routines. In contrast, the model-based approach is built on a
physical model of the structure under investigation, which is usually defined by
a set of partial differential equations (PDEs) with boundary conditions and is
often represented by a finite element model, see (FARRAR and WORDEN 2013,
p- 9). In general, this modelling must be very accurate, because even small
deviations can sometimes have a large impact on the structural response. This
requires not only the expert knowledge of different engineering sciences, but
usually also an update of the model by measurements carried out on the real
structure, see e.g. the standard literature on model update (FRISWELL and
MOTTERSHEAD 2011). The resulting model is also referred to as a structural
model and is considered to represent the normal condition of the structure un-
der investigation. The damage analysis is then based on deviations between
the model and measurements from future monitoring epochs. Apart from this,
there are also modal models which also belong to the model-based approach,
although “the modal model does not contain specific information about the

Together with Condition
Monitoring, which essentially
relates to machines, the Structural
Health Monitoring is summarised
under the generic term Technical
Diagnostics (CzicHOs 2013).

For detailed information about
finite element method (FEM) in
general please refer to standard
literature such as (BATHE 2014),
(SoLIN 2006) or (ZIENKIEWICZ et al.
2013).



Figure 1.1: Model structures
according to (HEUNECKE et al.
2013, p. 81).

structural connectivity or the geometric distribution of mass, structural damp-
ing and stiffness” (CHEN and N1 2018, Chapter 4.6). In this approach, the
structural analysis is based on the dynamic behaviour of the structure rep-
resented by the modal parameters, i.e. eigenfrequencies, mode shapes and
damping. One strategy that refers to modal models is the ambient vibration
monitoring, see (WENZEL and PICHLER 2005).

SYSTEM IDENTIFICATION

In general, the process to create a model from measured input and output
data of a system is referred to as system identification. According to (LJUNG
1998, p. 163), the entire process can be divided into the four steps:

e Measurement of the input and output data of a system.
e Choosing a set of candidate models.

e Estimation of the parameters of the model.

e Validation of the model.

“The single most important step in the identification process is to decide upon
a model structure, i.e., a set of candidate models. In practice typically a whole
lot of them are tried out and the process of identification really becomes
the process of evaluating and choosing between the resulting models in these
different structures” (LJUNG 1998, p. 164). Generally, a distinction is made
in the model structure between black bozx, grey box and white box models, for
which the relationship according to (HEUNECKE etal. 2013, p. 81) is shown
in Figure [.1.

l l

with without
physical model physical model
white box grey box black box
parametric non—parametric
identification identification

If the modelling of the system is based on a purely mathematical formula-
tion without taking into account the physical relationship between input and
output, then it is referred to as a black boxr model. In this case, the model
parameters can only be interpreted mathematically and the process is referred
to as mon-parametric identification. In contrast, a white box model takes the
physical relationship between input and output into account, and the model
parameters can be interpreted physically. The process is referred to as para-
metric identification. Finally, grey box models are, as the name already implies,
a mixture of both and are based on a semi-physical modelling, see (LJUNG
1998, p. 165).



The classification of the system identification in the overall context of struc-
tural problems according to (NATKE 1992, p. 3) is shown in Figure I.2.
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Basically, structural problems can be divided into two main classes, namely
the forward and the inverse problem. Whereas for forward problems with
given input and system parameters the output can be calculated directly, this
is typically not the case for inverse problems, as usually an infinite number of
solutions exist. Especially for identification problems, therefore, in most cases
only optimal sets of system parameters are determined by using optimisa-
tion routines and under consideration of additional information and/or search
space constraints. However, for such problems there is usually no guarantee
to find the best solution, which also corresponds to reality. In general, it
can only be checked whether the determined system is reasonable and ideally
provides the correct output for all input data of interest.

DEFORMATION MODELS FOR MONITORING MEASUREMENTS

Engineering surveying is involved in all phases of the life cycle of a structure,
from design/planning through construction and maintenance to reconstruc-
tion/demolition, see (BORRMANN et al. 2015, p. 4). However, the monitoring
measurements during the maintenance and operational phase have always
been of particular interest in engineering geodesy. The focus thereby lies on a
statistical analysis with regard to deformation affecting the stability and func-
tionality of the structure under investigation. Depending on the problem/task,
different models can be used for the deformation analysis of monitoring meas-
urements, which can be classified according to (HEUNECKE et al. 2013, p. 77)
as shown in Figure I.3.

Figure 1.2: Classification of

the system identification ac-
cording to (NATKE 1992, p.

3).



Figure 1.3: Deformation
models for monitoring
measurements according to
(HEUNECKE et al. 2013, p. 77).

This expression has been adapted
from the Integrated Analysis
Method proposed by LIENHART
(2007) and now describes the
basic process for the least squares
adjustment of measurements using

a structural model within MeMoS.
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Basically, the deformation models are classified in two steps. Firstly, whether
the external forces acting on the structure are modelled or not and, in addition,
if a movement of the structure over time is taken into account. Compared to
cause—response models, the influence of external forces is not modelled for
descriptive models and, consequently, deformation due to changes in these
forces cannot be distinguished from actual deformation. Furthermore, if the
movement of the structure as a function of time is not taken into account, the
deformation analysis is based on a so-called congruence model. The congruence
model is, therefore, the simplest modelling case and also the classical approach
in engineering geodesy for the deformation analysis of structures. In this case,
the deformation analysis is usually based on a purely geometric comparison
of discrete points representing the structure under investigation. In contrast,
dynamic models usually represent the real behaviour of structures in the best
way, however, they are also often highly complex.

THE MEASUREMENT— AND MODEL—-BASED STRUCTURAL ANALYSIS

Initiated by a project in cooperation with the Bundesanstalt fiir Materi-
alforschung und -priiffung (BAM) and the Institut fiir angewandte Forschung
im Bauwesen e.V (IaFB) on the detection of structural damage by an analysis
of the Lagrange multipliers of adjustment calculation, the Measurement— and
Model-based Structural Analysis (MeMoS) project was launched in 2013.

The functional model to adjust displacements and strain measurements for
the Lagrange multiplier analysis was based on a mechanical model and al-
lowed to detect damage, but rather based on a geometric comparison than on
a deeper analysis of the model itself, see (BRANDES et al. 2012). In addition, it
was not possible at this stage to localise any damage with this first approach.
These drawbacks and motivated by the work of (LIENHART 2007) this was
to be changed with MeMoS. It was the unanimous opinion of all initiators
at this time that MeMoS must be built on a model-based approach, or more
precisely on a structural model. Because, the core of this approach shall be
based on an all-embracing Integrated Analysis (IA) of spatially and tempor-
ally distributed hybrid measurements, observed e.g. by total stations, GNNS,
terrestrial laser scanning (TLS), photogrammetry, radar interferometry, fibre
optic sensors (FOS), strain gauges, accelerometers or inclination sensors. The



aim of this IA is to ensure a rigorous and direct solution for the system para-
meters solely based on the measurements using the method of least squares.
Consequently, a physical model of the structure must be embedded directly
as a functional model in the least squares adjustment. The damage analysis
is then based on these system parameters using well established geodetic de-
formation analysis methods, while the deformation model, thus, corresponds
to a cause-response model.

The sheer number of publications in the field of civil engineering on damage
assessment based on modal parameters demonstrates that such approaches are
of great importance and that they can be used in a wide range of applications,
while even some of these approaches are available to the user as a software
package for several years now, see e.g. ARTeMIS Modal by STRUCTURAL
VIBRATION SOLUTIONS A /S (2021). Thus, they can already be used directly
for practical applications.

However, apart from basic studies in the analysis of vibration measurements
using accelerometers or TLS, see (NEITZEL etal. 2011) and (NEITZEL et al.
2012), and the frequency analysis via the method of least squares, see (WEIS-
BRICH and NEITZEL 2014), it was soon decided to focus first on static meas-
urements such as displacements, inclinations and strains. This was necessary
to keep the functional model for the IA as simple as possible and, therefore,
to gain a better understanding of the inverse problem.

In contrast to the structural analysis using modal parameters, approaches
based on structural models and static measurements are much less present
in the literature. Although all these approaches are usually rely on an FEM,
however, they roughly follow 3 different strategies for the structural analysis:

1. A geometrical comparison between model and measurements, see
(BOLJEN 1983) or (Ma 2019).

2. A determination of the system parameters using mainly black box FE
programmes and an additional optimisation routine, see (LIENHART
2007), (EICHHORN 2005) or (KUNZEL 2016).

3. An estimation of the system parameters, where both the model and
the measurements are contributing to the objective function of the least
squares adjustment, see (TESKY 1988) or (STEPHAN 2016).

In principle, the last strategy corresponds most closely to the actual require-
ment for the 1A, but with the drawback that the estimation of the system
parameters is not solely based on the measurements. Due to the formulation
of the objective function for estimating the system parameters according to
the method of least squares, both the model and the measurements have an
impact on the solution. The structural model is not directly integrated as
a functional model in the least squares adjustment. Therefore, a modified
approach is developed for MeMoS.

In collaboration with my colleague Cheng-Chieh Wu from the BAM, we de-
veloped a preliminary version of the 1A for a parametric identification, that
allows a rigorous and direct solution for the system parameters solely based
on the measurements, directly embedding a structural model represented by
an FEM into the least squares adjustment, see e.g. (NEITZEL etal. 2014) or
(Wu etal 2016). Furthermore, a substitute model for geometrical complex
structures was derived, to drastically reduce the number of elements while
keeping the behaviour of the model almost the same, see (WU etal. 2017).

A general overview of the health
monitoring of structures e.g.

using modal parameters as well as
their successful application in
many examples can be found in
standard literature such as
(KARBHARI and ANSARI 2011),
(CHEN and N1 2018), (FARRAR and
WORDEN 2013) or (WENZEL 2009).



For such problems, therefore, the
expert knowledge of various
engineering sciences is usually
required and cannot be addressed

within the scope of this thesis.

Introducing a material parameter for each element enabled the localisation of
damages within the structure based on statistical tests, which was to some
extent successfully applied in two experimental tests, see (WU 2020, Chapter
5). However, non-modelled residual stresses probably falsified the analysis
and thus the localisation of small damages.

Introducing a material parameter for each element using the concept of ob-
served unknowns, see (WU 2020, Chapter 5.2), already had some disadvant-
ages. Apart from a very large resulting equation system, prior knowledge
about the material parameters must first be determined and the correspond-
ing weights for the adjustment carefully chosen. The damage localisation is,
therefore, not only based on the measurements, but also on the prior inform-
ation about the material parameters. In addition, for many elements, i.e. for
a high spatial resolution of the damage localisation, the least squares solution
in practice no longer converges and the local material parameters can take
numerical values up to +oco without changing the value of the objective func-
tion even in the last decimal place. In these cases, a solution can only be
obtained by introducing high weights for the material parameters, which of
course counteracts the localisation of damage.

After all, it remained unclear which part of the solution was due to the meas-
urement noise and which was due to the functional model of the adjustment,
i.e. the approximation of the structural behaviour by FEM. As already men-
tioned, a profound knowledge of the mathematical relationships, i.e. the func-
tional model of the least squares adjustment, are playing a decisive role for
a successful damage analysis, which was unfortunately not the case for this
former approach and is the actual motivation for this thesis.

THE MAIN OBJECTIVE OF THIS THESIS

Several aspects are of great importance for a successful damage analysis with
MeMoS. The most important one is certainly, that “it is very difficult to build
an accurate model of a structure from first physical principles. Information
or insight will be lacking in many areas, for example, and the exact nature
of bonds, joints and so on can be difficult to specify. Another issue is that
material properties may not be known with great accuracy” (FARRAR and
WORDEN 2013, p. 9). Consequently, modelling errors are usually present,
which in general significantly affect the damage analysis, especially for complex
structures.

Furthermore, the physical model is usually defined by a set of PDEs with
boundary conditions, for which the analytical solution is usually not known
and can only be approximated, e.g. by means of FEM. Depending on the
chosen approach, therefore, approximation errors are also present, which in
the worst case also have a large impact on the damage analysis.

In addition to the error influences affecting the accuracy of measurements, the
actual challenge of a damage analysis by means of MeMoS can be described,
as shown in Figure 1.4.
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According to Figure 1.4, the actual problem can be divided into two parts,
namely in modelling and measuring reality. As already mentioned, the model-
ling and approximation errors are the two main error influences in the part of
modelling reality, which mainly falsified the damage localisation in (WU 2020,
Chapter 5). On the part of measuring reality, two further important error
influences are present affecting the accuracy of the measurements, namely the
systematic and random errors, which basically cannot be avoided. In general,
systematic errors have a similar influence as modelling errors and in the best
case, their influence can be reduced by e.g. calibration of the sensors, a suit-
able measurement configuration or by mathematical compensation. At least
it should be ensured that the influence of systematic errors is significantly
smaller than the random errors, otherwise the damage analysis will be falsi-
fied. In the optimal case, a damage analysis would be based on an error-free
model as well as on measurements that are only affected by random errors.

Apart from the discussed problems in modelling and measuring reality, there
is another issue for a damage analysis based on a physical model and measure-
ments. In general, the model has a different reference frame than the meas-
urements. Thus, each part has its own coordinate system and for a damage
analysis, both have to be transferred into a common reference frame, which
can usually only be done on the basis of additional measurements. If this
transformation is not performed accurately, it will in turn falsify the damage
analysis. However, it always has an influence.

Before a damage analysis can be carried out at all, the challenge is to eliminate
all error influences as far as possible, except for the unavoidable random errors,
and to transform the model and the measurements into a common reference

Figure 1.4: Problems in model-
ling and measuring reality.

In addition, outliers or gross
errors also occur, but they are not
considered further in this case, as
their influence often corresponds
to damage itself. Therefore, it
must be ensured that no outliers
in the measurements are present.

Even worse, because usually each
sensor has its own reference frame.
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frame. Only then is it ensured that a damage analysis using MeMoS has any
significance at all. In this context, the following two main research topics are
addressed in all detail in this thesis.

About the characteristics of basis functions on the approximation
of functions

Especially for the least squares adjustment of observations of different phys-
ical quantities based on a complex functional relationship, undesired effects
between the measurements and the model can easily be missed, which can dis-
tort the result and consequently make a successful damage analysis impossible.
Therefore, the behaviour of the functional model must be clearly understood.
For this purpose, the characteristics of different sets of basis functions for the
approximation must be considered, since the functional model is based on an
approximation of the unknown analytical solution of PDEs. Within the scope
of this research topic, the following questions will also be addressed:

e What are the advantages and disadvantages of different approximation
approaches, i.e. different sets of basis functions?

e Can it be ensured that the best approximation is always available?
e What about the numerical stability of the different approaches?

e How can approximations be transformed between different sets of basis
functions?

e What problems generally arise in the transition from the approximation
of univariate to multivariate functions?

e Is there a set of basis functions that always provides an optimal approx-
imation for continuous functions?

e Which set of basis functions provides the best approximation of the
analytical solution of PDEs for structures with simple geometry?

e Which set of basis functions is best suited for the analyses in the second
research topic?

About the impact of random errors on the damage analysis using
MeMoS

This research topic is essentially based on the results of the previous examin-
ations with the actual aim of selecting the best set of basis functions for the
damage analyses with MeMoS, which in this thesis is only based on static meas-
urements, such as displacements, inclinations and strains. In this context, the
following questions need to be answered first:

e What is the impact of measurement noise on the estimated unknown
parameters?

e Are there any systematic effects between the chosen functional model
and the measurements?

e What is the actual nature of the inverse problem?

e Does a numerically stable solution for the unknown parameters exist?



With regard to a damage analysis using MeMoS, the following questions must
also be addressed.

e How does damage to the structure affect the measurements?
e To what extent can the effects of damage be measured at all?

e Is a damage analysis based on an IA possible, i.e. based solely on the
measurements using the method of least squares?

e How can the information content of static measurements be optimally
exploited for damage localisation using the method of least squares?

Based on the new insights, the potential of a Measurement— and Model-based
Structural Analysis is finally re-evaluated using the example of the four-point
bending test apparatus from (Wu 2020, Chapter 5.2).

OUTLINE OF THIS THESIS

Except for this and the last part, the thesis is divided into three main parts
consisting of 9 chapters altogether. A short summary for each of these three
parts is given below.

Fundamentals

The methodological background for the practical guide to the approximation
of functions using the method of least squares in Part ii is given in Chapter
1. Afterwards, Chapter 2 presents the basics of adjustment calculation and
shows how unknown parameters can be estimated from measurements using
the method of least squares. In addition, the precision and reliability of adjust-
ment results are briefly discussed. Both chapters provide the theoretical back-
ground for a Measurement— and Model-based Structural Analysis (MeMoS).

A practical guide to approximation of functions

In Chapter 3 the approximation of univariate functions in the monomial basis
is discussed from a geodetic point of view in detail and then extended to an
elementwise approximation. In addition, a transformation between different
sets of basis functions is shown and how new basis functions with specific
properties can be derived. At the end of this chapter an approximation with
two sets of orthogonal basis functions is presented. These approaches are
then extended to functions of two variables defined on a rectangular domain
in Chapter 4. How bivariate functions in general can be approximated over
any convex domain is outlined at the end of this chapter. Lastly, the approx-
imation of boundary value problems (BVPs) using the method of least squares
is briefly discussed in Chapter 5. Based on the insights gained in this part,
we select an approximation approach which ensures that the approximation
error of the functional model used for MeMoS in Part iii is zero within machine
precision.

Measurement— and Model-based Structural Analysis

The challenges of MeMoS are clarified by the simple example of a statically
bended Euler—Bernoulli beam. For this purpose, the mechanical model of a
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four—point bending test is presented in Chapter 7. Subsequently, a numerical
solution of the unknown function describing the bending line of the beam is
derived. Then, this solution is implemented in Chapter 8 as the functional
model of an Integrated Analysis (IA), which is the core of MeMoS. However, the
derivation of the IA is limited to static measurements such as displacements,
inclinations and/or strains, with the aim to detect and localise damage to
the beam. Although this example is only a simple 1D problem and only
static measurements are considered, there are already serious difficulties for
a reliable damage analysis. Therefore, comprehensive numerical studies are
carried out in Chapter 9 to highlight the actual nature of the inverse problem.
First questions will be clarified, e.g. how the sensor position, the number
of sensors or the measurement noise influence the estimated parameters and
thus the damage analysis. Furthermore, it is shown how damage affects the
static measurements and what can be expected from a damage analysis using
MeMoS. The potential of a damage analysis via MeMosS is finally demonstrated
in Chapter 10 by numerical and experimental studies, whereby some tools
have been developed especially for this purpose.

At the end, the results of this thesis are summarized and evaluated. In addi-
tion, an outlook of MeMoS is given and future extensions and possibilities are
addressed.



Part I

FUNDAMENTALS






APPROXIMATION THEORY

When we speak of an approximation in engineering geodesy, we usually mean
an approximation using the method of least squares (MLS), as it is the most
common method for the analysis of measured quantities. It is widely ac-
knowledged that the first fundamental work on this method was published
by LEGENDRE (1806), where he mainly “proposed [it] as a convenient method
only”, see (MERRIMAN 1877). Almost at the same time, ADRIAN (1809) and
GAuUss (1809) presented a justification for the MLS based on normal distrib-
uted errors and the estimation of the most probable values for the unknown
parameters. In addition, “Gauss had the temerity to claim that he had been
using the method since 1795, and one of the most famous priority disputes in
the history of science was off and running”, see (STIGLER 1981). The circum-
stances and the contributions of all those involved in its development are still
being discussed centuries later, see e.g. (PLACKETT 1972) or (SHEYNIN 2014).
Apart from that, the derivation of the MLS shown by ADRIAN (1809) or GAUSS
(1809), is the basic approach in statistical inference to estimate the most prob-
able value for unknown parameters from a given sample of arbitrarily distrib-
uted observations, see e.g. (GENTLE 2009, Chapter 1.4) or (MONTGOMERY
and RUNGER 2011, Chapter 7), and can also be found in standard literature
on adjustment calculation, see e.g. (GHILANI 2018, Chapter 11.2). In addi-
tion, the relevant literature on measurement data analysis in general either
simply refers to the least squares principle, see e.g. (MIKHAIL and ACKER-
MANN 1976, p. 104), (NIEMEIER 2008, p. 132) or (RADHAKRISHNA RAO and
TOUTENBURG 1999, p. 24) , or also derives it via orthogonal projection, see
(TEUNISSEN 2000, p. 6). The latter is generally also the common approach in
approximation theory, which is essentially concerned with the approximation
of functions. Thereby, complicated functions are usually approximated by a
linear combination of simple basis functions, especially by polynomials. How-
ever, interpolation rather than MLS is typically used as it is faster to calculate
in practice. But in order to understand the properties of different sets of basis
functions, the MLS by means of orthogonal projection is well suited and will
be discussed in more detail in this chapter. Therefore, we will only consider an
approximation of functions using the method of least squares, while the basic
structure and content of this chapter is essentially based on (LANGTANGEN
2016a) or (LANGTANGEN 2016b).

1.1 APPROXIMATION OF VECTORS

To illustrate an approximation of vectors, we consider a three—dimensional
vector L € R? with standard basis, as shown in Figure 1-1.
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A comprehensive overview of the
historical development of the MLS,
including detailed summaries of
the important contributions up to
1974, can be found in the series of
articles (HARTER 1974a) (HARTER
1974b), (HARTER 1975a), (HARTER
1975b) and (HARTER 1975c).

The geometric interpretation of
MLS via orthogonal projection is
discussed in the geodetic literatur
also by e.g. (ADAM 1982), (BORRE
2006, p. 93 ff), (DERMANIS 1976, p.
30 ff), (MIKHAIL and ACKERMANN
1976, p. 131 ff) or (MORITZ and
SUNKEL 1978, pp. 134-148).



16

Figure 1-1: Approximation of
a 3D vector L in a 2D vector
space V spanned by the basis
vectors ¢y and .

APPROXIMATION THEORY

In addition, we assume that we want to approximate L by another vector ®,
that lies in a two—dimensional vector space V spanned by the two basis vectors
$o and ¢,

V = span{dy, 1} (1-1)

Thus, vector ® can be written as a linear combination of these two basis
vectors

1
D= cidp;=codo+cr1dy, (1-2)
=0

with the two unknown parameters ¢y and ¢1. As L is generally not in V, vector
L is different from ® and this difference is known as correction or residual and
is denoted by v. Hence, we obtain the following relationship

L+v=4a, (1-3)

known in adjustment calculation as observation equations. Now the objective
is to determine the unknown parameters in such a way that ® approximates L
to the best possible extent. Usually the length of vector v is used as a measure
for the best approximation, which is given by its Euclidian or L?> norm

HV”Z = <V/V>r (1_4)

with (-, -) being the standard scalar product of two vectors. The determination
of the unknown coefficients under the condition that the length of v is minimal
is known as the method of least squares and will be illustrated on the example
presented in Figure 1-1.

1.1.1  Method of least squares

In the following we want to determine the unknown coefficients ¢y and ¢; from
Figure 1-1 in such a way that the length of v is minimized. The length (1-4)
is minimal, when

Q(co,c1) = (v,v) — min, (1-5)

which is known as objective, target or cost function. Rearranging (1-3) and
inserting into (1-5) yields

O(cp,c1) =(®—L ®—L). (1-6)



1.1 APPROXIMATION OF VECTORS

With (1-2) and since the scalar product is bilinear, equation (1-6) results in

Q(co, c1) = (codg + c1h1 — L, codg + c1py — L)
= (coto, codg) + (codo, c1p1) — (coo, L)
+ {11, codo) + (c1dy, c1d1) — {1y, L)
— (L, codg) — (L, c1¢py) + (L, L). (1-7)

As the constant coefficients ¢y and ¢ can be extracted from the scalar product,
the objective function (1-7) reads

Q(co,c1) = cg{do, o) + coc1 (Po, d1) — co{do, L)
+cocr (b1, o) + (b1, 1) — 1 (P, L)
- C0<L/ ¢0> - <L/ d’l) + <L/ L> . (1_8)

Introducing the necessary conditions for a minimum of the objective function

(1-8)
1aQ(Co,C1) - 1 aQ(CQ,Cl)
2 aCO =0 and 2 ac1

and with (¢g, dq) = (P, dg), equations (1-9) results in

=0 (1-9)

10Q0(cy,

2 E’)Cco o) co(do, o) +c1(dpg, d1) — (o, L) =0,
0

180(00,61)

2 Jc = C0<(1)1, ¢0> + Cl<¢1r ¢1> - <¢1/L> =0. (1_10)
1

The resulting system of equations (1-10) are known as normal equations and
can be written in matrix notation as follows

Nx=n
(o, do) (o, 1) | |co| _ | (o L) (1-11)
(b1, dg) (b1, d1)| | ($1,L)

Since the basis vectors ¢ and ¢ are linear independent, the normal matrix
N is invertible and the normal equation system (1-11) can be solved. For the
example depicted in Figure 1-1, the normal equation system (1-11) reads

5k
H i tj ' (1-13)

Inserting the coefficients (1-13) into (1-2) yields the least squares approxima-
tion of L

and the coefficients are

1
D =) cjb;=cobg+ci1p; =18y +24
j=0

3 -1 5.4 24 3
=18|_1|+24| 2| =|-18|+| 48| = [3], (1-14)
0 0 0 0 0

which is depicted in Figure 1-2.
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Throughout this thesis we only
consider unknown functions as a
linear combination of basis
functions and since (v,v) > 0, it is
ensured that the objective
function has only one stationary
point, which is a minimum.
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Figure 1-2: Least squares
approximation of a 3D vec-
tor L in a 2D vector space V'
spanned by the basis vectors

¢o and ¢y.

APPROXIMATION THEORY

[[v][2 = min

1.1.2  Orthogonal projection

As can be clearly seen in Figure 1-2, the length of v is minimal if it is or-
thogonal to V. Consequently, we can determine the unknown coeflicients cg
and ¢; of an least squares approximation of L by demanding that v must be
orthogonal on V. From a geometrical point of view, this is only the case if v
is orthogonal to the basis vectors and therefore the scalar products must be
equal to zero

(b;,v) =0 fori=0,1. (1-15)

However, this can also be shown in general, as done in (LANGTANGEN 2016b,
p. 10). Therefore, we consider an arbitrary vector u € V. If v is orthogonal to
V, then it is also orthogonal to u. Hence, the scalar product is equal to zero

(u,v)=0 VYueV. (1-16)

As all vectors u can be written as a linear combination of the two basis vectors

1
u= Zui b;, (1_17)
i=0
equation (1-16) results in
1
(3 iy v) =0 (1-18)
i=0

and rearranging yields

1
Y ui{db;,v) =0
i=0
u0<d)0,v> + u1<(|)1,v> =0. (1—19)

Since (1-19) must hold true for all u € V with arbitrary u;, the two scalar
products in (1-19) must be equal zero

(bg,v) =0 and (¢Ppy,v)=0, (1-20)

which finally gives the same equations as from the geometric considerations
in (1-15). Rearranging (1-3) and inserting into (1-20) yields

(o, @ —L) =0
=0.

(1, ® L) (1-21)
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Introducing (1-2) into (1-21) yields

(o, copg+c1p1 —L) =0
(1, copg+c1p; —L) =0 (1-22)

and results in

co(Po, do) +c1({dg, d1) — (dpo,L) =0,
co(d1, dg) +c1(d1, d1) — (dq,L) =0, (1-23)

which is the same equation system as already given by (1-10). To derive the
normal equation system of a least squares approximation by demanding that
v must be orthogonal to the basis vectors ¢; is known as projection.

1.1.3 Least squares approzimation of general vectors

The presented least squares approximation of three—dimensional vectors in

Section 1.1 can directly be transferred to vector spaces of any dimensions.

Let us consider an arbitrary vector L € RN to be approximated by ®, that
lies in a vector space V spanned by p + 1 basis vectors

V= span{q)o,cbl,...,q)p}, (1-24)

with N > p+1 and
P
D= cipj=cobo+crp+...+cpby,. (1-25)
j=0

According to Section 1.1.1 and 1.1.2 the length of v is minimal when
Q(co,c1,...,¢p) = (V,v) — min, (1-26)
or, when v is orthogonal to the basis vectors ¢; with
(b;,v) =0 fori=0,1,...,p. (1-27)
Introducing v = ® — L into (1-27) yields
(¢p;, ®—L)=0 fori=0,1,...,p (1-28)
and as the scalar product is bilinear equation (1-28) reads
(b;, ®) = (¢p;, L) fori=0,1,...,p. (1-29)

Inserting (1-25) results in
p .
(i, Y cidj) = (d;,L) fori=0,1,...,p (1-30)
j=0
and rearranging yields the p + 1 normal equations
p .
Y ci{dbi, b)) = (b, L) fori=0,1,...,p, (1-31)
j=0

or in detail

co(di, o) +c1(di, 1) +... +cp(dy, by) = (d;, L) (1-32)

19
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For detailed information on the
approximation of functions in
general please refer to standard
literature such as (BURDEN and
FAIRES 2011, Chapter 8.2), (SULI
and MAYERS 2003, Chapter 9) or
(TREFETHEN 2013).

In the literature, the residual
function is usually denoted by
R(x).

APPROXIMATION THEORY

fori =0,1,...,p. Writing the normal equation system (1-32) in matrix nota-
tion reads

Nx =n
(o, o) (o, d1) ... (Do, dp)| |co (o, L)
<¢11¢0> <¢1r¢l> <d)1/(bp> C.l _ <¢1/L> . (1_33)
<¢p/ (b0> <(bpr ‘bl) tee <¢pl (bp> CP <¢p/L>

1.2 APPROXIMATION OF FUNCTIONS

As already shown for vectors, functions can also be approximated by the
method of least squares. For this purpose we consider an arbitrary function
f(x) € L?([a, b)), the Hilbert space of square integrable functions. In addition,
we assume that we want to approximate f(x) by another function &(x), that
lies in vector space V spanned by p + 1 basis functions

V = span{o(x), ¢1(x), .., ¢y (x)} (1-34)

Thus, function &(x) can be written as a linear combination of these basis
functions

p
Q(x) = Z(:)Cj ¢j(x) = copo(x) + c1p1(x) + ...+ cpp(x), (1-35)
=

with the unknown parameters c;. Since f(x) is generally not in V, it is different
from @(x) and this difference is known as residual function. As for vectors,
we obtain the following relationship

f(x)+o(x) =P(x). (1-36)

Now the objective is to determine the unknown parameters in such a way that
®(x) approximates f(x) to the best possible extent and as for vectors we use
the length of v(x) as a measure for the best approximation, which is given by

the L2 norm
lo(x)]]2 = m = /ﬂb (0(x))* dx, (1-37)

with (-,-) being the inner product of two functions, see for example (BRON-
SHTEIN et al. 2007, page 920) and

p
v(x) = @(x) - f(x) = ;)Cj $j(x) = f(x) . (1-38)
=

1.2.1  Method of least squares

Like before, we want to determine the unknown coefficients ¢; in such a way
that the length of v(x) is minimized and this is the case when

Q(co, c1,..-,¢p) = (v,v) — min . (1-39)
Inserting (1-38) into (1-39) yields

Q(co,c1,...,¢p) =(P—f, P~ f) (1-40)
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and with (1-35) the target function (1-40) reads
P 4
Q(COICL---/CP):<2Ci¢i_frzcj¢j_f>' (1_41)
i=0 j=0
Since the inner product is bilinear, equation (1-41) results in

PP p
Qco,c1,--,0p) = Y Y cici(pin ¢)) _2l§)ck<¢krf> +(f, f)- (1-42)

i=0j=0

Introducing the necessary conditions for a minimum of the objective function
(1-42) yields

100(cg,c1,- .., P
i‘lQET‘&ZZZ%@wW—@M7=m (1-43)
i j=0
or rather )
Z(:)Cj <(Pi/ 4)]) = <¢l/f> ’ (1-44)
]:

for i =0,1,...,p. The system of normal equations (1-44) can be written in
matrix notation as follows

Nx=n
(Po,¢0) (o, 1) - (Po,Pp)| |co (¢o, f)

Qo) (@) o lovgp| Ja| @A) g

(Pp.p0)  (PpP1) - (PpPp)] Loy (Pp, f)

For a least squares approximation of f(x) with respect to a certain set of basis
functions ¢;(x) we only have to calculate the integrals

@u9) = [ 010910
@uf) = [ 90 f2) 0 (1-46)

for i,j =0,1,...,p and to solve (1-45) for the unknown coefficients c;.

1.2.2  Orthogonal projection

As already shown in Section 1.1.2, we can also determine the unknown coef-
ficients ¢; of a least squares approximation of f(x) by demanding that v(x)
must be orthogonal on V. This is only the case if v(x) is orthogonal to the
basis functions and therefore the inner products must be equal to zero

(¢i,v) =0, (1-47)
with i =0,1,...,p. Inserting (1-36) into (1-47) yields
(¢p;,@—f)=0 fori=0,1,...,p, (1-48)

and with (1-35) the system of normal equations reads

P
(91, ;)Cj ¢j(x) = f) = 0. (1-49)
=

21
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APPROXIMATION THEORY

Since the inner product if bilinear, equation (1-49) results in
P
Z Cf <¢i’ 4’]) = <¢ir f> ’ (1-50)
j=0

fori=0,1,...,p and is equal to (1-44).

The normal equation system (1-45) forms the basis for all kinds of approxim-
ations of functions or partial differential equations using the method of least
squares. In addition to the norm and/or the vector space in which the residual
function is orthogonally projected, the choice of a suitable basis is essential
for a reasonable approximation. To clarify this issue, a practical guide to the
approximation of functions for different sets of basis functions is given in Part

11.



ADJUSTMENT CALCULATION

In Chapter 1 we already discussed the method of least squares and demon-
strated in general how functions can be approximated. In addition, we will
present the basics of adjustment calculation in the following and show how
unknown parameters can be estimated from measurements using the method
of least squares. For detailed information about adjustment calculation in gen-
eral please refer to standard literature such as (GHILANI 2018), (MIKHAIL and
ACKERMANN 1976) or (TEUNISSEN 2000). The notation used here is based
on (NIEMEIER 2008).

2.1 MATHEMATICAL MODEL

As described in (MIKHAIL and ACKERMANN 1976, p. 5), for example, the
mathematical model of adjustment calculation consists essentially of two parts:
the functional model and stochastic model. While the stochastic model con-
siders the non—deterministic properties of the observations, the functional
model represents the deterministic properties that reflect the geometrical or
physical situation to be investigated. A clear description of both parts is
indispensable for the solution of an adjustment problem.

2.1.1  Functional model

An essential task in adjustment calculation is to formulate a mathematical
relationship that connects the observations | with the unknown parameters x,
which is known as the functional model. In general, this can be any implicit
functional relationship

®(lL,x)=0, (2-1)

with @(I,x) being in general a nonlinear, differentiable function. A rigorous
solution of adjustment problems resulting from such implicit functional rela-
tionships can be found in (LENZMANN and LENZMANN 2004) and (NEITZEL
2010), for example. At this point, however, we only want to consider the
special case that the observations ! can be represented as a function of the
unknown parameters x, which results in the following explicit functional rela-
tionship

I=o(x). (2-2)

2.1.2 Stochastic model

While usually dealing with heterogeneous types of observations measuring
different physical or geometrical quantities, we have to take their different
stochastic properties into account. Usually this is done by specifying variances
and covariances. In case n observations [; with i = 1,...,n are given, their

23
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From a numerical point of view,
one should always choose an
appropriate value for o0g.

ADJUSTMENT CALCULATION

stochastic properties can be combined in the variance—covariance matrix of
the observations Xy, which is defined by

2
O, Ohl, O,
2
OnL, 0 Y
In=|. T (2-3)
2
oL 9,5, 0

n

with the standard deviation o, of the observations [; being the positive square
root of the variance (712’_. In addition, the correlation coefficient 01, between

two observations /; and I; can be calculated by

0115
7
0’1‘. 0’1/.

ol = (2-4)
with a1, being the covariance. Choosing an arbitrary theoretical reference
standard deviation oy and scaling the variance-covariance matrix (2-3) yields
the cofactor matrix .
Qu= 5Zu- (2-5)
%0
Assuming that Qy is a non-singular matrix, the weight matrix P represents
the stochastic model and reads

P=0Q,". (2-6)
2.2 OBSERVATION EQUATIONS

As already mentioned, we only consider a functional model according to Equa-
tion (2-2). Let us suppose that n observations ; for i = 1,...,n are available
to estimate m unknown parameters x; for j = 1,...,m, then the functional
relationship is given by the equation system

11 = <I>1(x1,...,xm),

12 = @2(x1,...,xm),

In = @p(x1,.--, Xm) - (2-7)

In general, only those cases will be considered in adjustment calculation where
more observations than unknown parameters are given with n > m. Hence,
the equation system (2-7) is usually not fulfilled as the true values for the
observations are in principle not given. Thus, we introduce a residual v; for
each observation [; and Equations (2-7) result in

Lh+v = @1(9(1,...,}(7,1),

L+v, = @2(x1,...,xm),

Iy +on = Pp(x1,..., Xm), (2-8)

which are known as the observation equations. In addition, we only want
to consider linear adjustment problems, so that the system of observation
equations (2-8) can be written in matrix notation as follows

1+v=Ax, (2-9)
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with the vector of observations
-
1= [11 Lo ... ln} , (2-10)
the vector of unknowns
T
X = [xl X2 ... xm} (2-11)

and the design matrix A containing the coefficients of the linear model.

2.3 LEAST SQUARES ADJUSTMENT

In the following we want to determine the vector of unknown parameters x
from the linear observation equations (2-9) in such a way that the sum of
weighted squared residuals is minimum. Hence, the target function reads

Q(x) = v'Pv — min . (2-12)
Solving (2-9) for v and inserting in (2-12) yields
Q(x) = (Ax—1)TP(Ax —1) (2-13)
and results after rearranging into
Q(x) = (xTAT —1T)P(Ax —1),
=x"ATPAx —1"PAx — x"ATPI +17PI,
=x"ATPAx — 2x"ATPI +17PI. (2-14)

Introducing the necessary conditions for a minimum of the objective function
(2-14)

100(x)
2 Xt O (2-15)
results in
ATPAx— APl =0 (2-16)

and yields the normal equation system
ATPAx=ATPI,
Nx=n, (2-17)
with the normal matrix N = ATPA and the vector of the right hand side

n = ATPL. Solving (2-17) yields the least squares estimate of the unknown
parameters

X = Nfln,
= Qun, (2-18)

with the cofactor matrix of the unknown parameters Qs = N~'. The empir-
ical reference standard deviation sy can be calculated by

v'Pv
= -1
%0 n—m’ (2-19)
with
v=Ax—1. (2-20)

The variance—covariance matrix of the unknown parameters is given by
Zex = 5 Qsx/ (2-21)

providing the standard deviations s, of the adjusted unknown parameters £;
on the main diagonal of Xg4.

25
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This problem can also be solved
by eliminating unknown
parameters, which is not covered
here.

ADJUSTMENT CALCULATION

2.4 LEAST SQUARES ADJUSTMENT WITH CONSTRAINTS

Let us assume that in addition to the observation equations in (2-9), the
following n. linear constraints between the unknown parameters x are given

Cx=0, (2-22)

with matrix C containing the coefficients of the linear constraints. The least
squares solution of such a problem can be determined by formulating the
Lagrange function

L(x,A) = v Pv 4 2ATCx, (2-23)

with the vector of Langrangian multiplier A, see (BRONSHTEIN et al. 2007, p.
403). For linear adjustment problems the Lagrange function in (2-23) has only
a saddle point, see e.g. (BRONSHTEIN et al. 2007, p. 862), that can be found
by introducing the necessary conditions

10L(x,A) _
2 oxT
19L(xA)

which in the end results in the extended normal equation system

T ][] (AT
A'PA C x| _ A'Pl ’ (2-25)
C 0 A 0
or in short o _
T
N C x| _nf (2-26)
C 0 A 0

Solving (2-26) yields the least squares estimate of the unknown parameters

-1

x| |IN CT n
A CcC o 0

_ |Qw Q| |n ’ (2-27)
Qxx Qar| [0

under the requirement that the constraints (2-22) must be fulfilled. The em-
pirical reference standard deviation sy can be calculated by

vIPv
=y — 2-2
50 \/n_ernC (2-28)

and the standard deviations s, of the adjusted unknown parameters £; can be
determined from the variance-covariance matrix of the unknowns X, which
can be calculated according to Section 2.3.

2.5 QUALITY ASSESSMENT OF ADJUSTMENT RESULTS

So far, we have mainly dealt with the estimation of unknown parameters, how-
ever, it is indispensable to assess the quality of the adjustment result. In gen-
eral, conclusions about the quality of adjustment results are based on measures
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referring to precision and reliability. The precision describes the reproducibil-
ity or repeatability of the unknown parameters estimated from measurements
acquired under the same conditions and under the assumption that the func-
tional and stochastic model is appropriate and that measurements are only
affected by random errors. Only if this is the case, it makes sense to provide
measures describing the precision, because otherwise the result can be strongly
falsified by, for example, possible outliers in the observations. Therefore, meas-
ures for the reliability are describing to what extent outliers can be detected,
how large their impact on the estimation of the unknown parameters is and
how well the observations control each other. A common measure describing
the precision is the standard deviation of the unknown parameters s, which
is derived from the cofactor matrix of the unknowns Qg and has already been
discussed in Section 2.3 or 2.4. In contrast, all measures describing the reliab-
ility are derived from the cofactor matrix of the residuals Qy, which can be
calculated by

Qw =Qn — Qii ’ (2'29)

with the cofactor matrix of the adjusted observations
Qi = AQiAT. (2-30)

However, the measures known from literature to describe the internal and
external reliability are not discussed here, further information can be found
e.g. in (NIEMEIER 2008, Chapter 8.3). In the following we only want to
consider the redundancy numbers (EVs), the global test of the adjustment
calculation and the standardised residuals (NVs) in more detail.

2.5.1 Redundancy numbers

The redundancy number r; can be regarded as a transfer factor indicating the
extent to which an error in an observation I; is transferred to its corresponding
residual v; and is given by

ri = (QwP), . (2-31)

The redundancy number r; can take values between 0 and 1, where r; = 1
means that an error in the observation [; is to be found completely in its
residual v; and hence is detectable. While for r; = 0 the error can not be
found in its residual at all and therefore is not detectable. The redundancy
number r; thus indicates how well an observation I; is controlled by the others
and can be given in percentage by EV; with

EV; =100% 7;. (2-32)

In practice, the following rating scale for the evaluation of the redundancy
numbers is used:

0% < EV; < 1% observation is not controlled,

1% < EV; < 10% observation is poorly controlled,
10% < EV; < 30% observation is sufficiently controlled,
30% < EV; < 70% observation is well controlled,

70% < EV; < 100% observation can be removed

without loss of reliability.
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2.5.2  Global test

After an adjustment, a global test is usually performed first. Assuming that
the functional and stochastic model was chosen appropriately and the obser-
vations are well controlled, this test can indicate if outliers may be present
in the observations. Thereby it is checked whether the empirical reference
standard deviation sy corresponds to the theoretical reference standard devi-
ation oy chosen before the adjustment. This is done by a x*>-test with the null
hypothesis

Hy: E{s3} = o, (2-33)

while £{-} being the expectation operator. The alternative hypothesis results
in

Hp: E{s3} > ot (2-34)
The test statistic is given by
2
S
=13 (2-35)
%

and the critical value of the x?-distribution for a degree of freedom f and
error level a is denoted by xff,a. The null hypothesis Hy will be rejected in
favour of the alternative hypothesis Hy if

X > K- (2-36)

In case the null hypothesis will be rejected and under the aforementioned
assumptions it can be concluded that outliers are present in the observations.

2.5.3 Standardised residuals

If the null hypothesis of the global test must be rejected, we have to check the
observations for outliers and remove them from the adjustment. The following
approach for the localisation of outliers was developed by BAARDA (1968) and
is referred to as Data Snooping. The measure for the localisation of outliers
is called standardised residual NV; and is defined by
|vi [vi
NV = 2 — , 2-37

! 0’0,‘ UO vV LIviv,- ( )
where gy, is the cofactor from Qyy for observation /;. In practice, the following
rating scale for the evaluation of the standardised residual can be applied:

NV; < 25 no outlier identifiable,
NV, < 4 outlier is possible,

IN A

NV; outlier is very likely.

The outliers must be eliminated iteratively, whereby the observation with the
largest NV is always removed from the adjustment.



Part II

A PRACTICAL GUIDE TO APPROXIMATION
OF FUNCTIONS






SYNOPSIS

At first we give a general practical introduction to the approximation of uni-
variate functions using different sets of basis functions and discuss the main
advantages as well as the disadvantages. Here, the main focus is on the extent
to which a best approximation can be realised at all and, therefore, the numer-
ical stability of the different sets is also briefly discussed and compared. One
aim of this work is to obtain a comprehensive understanding of the general
behaviour of approximations, which is fundamental for a successful damage
analysis using MeMoS, since the functional model is based on an approximation
of the unknown analytical solution of the physical model, represented usually
by a set of PDEs. In accordance to Figure 1.4, this part also deals with the
approximation error within modelling reality, see Figure S.1.

MODELLING

u
True

solution ‘ "

Approximation err()rs“

u
Approximate

solution ‘ "

Furthermore, we will also consider the transformation between different sets of
basis functions und briefly discuss the challenges arising for the approximation
of multivariate functions. In addition, a set of basis functions for approxim-
ation is presented, which is apparently best suited for the approximation of
continuous functions and the determination of the optimal degree is solely
based on its coefficients. In practice, it has been shown that this approach
works very well and in general always guarantees that the deviations from the
true function are within machine precision. Consequently, one can assume
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that basically no approximation errors are present any more. Finally, we will
briefly demonstrate how the unknown solution of PDEs can be approximated,
which, therefore, is the basis for the examinations of the second research topic
using MeMoS.



APPROXIMATION OF FUNCTIONS IN ONE DIMENSION

Any polynomial can be written in the well known form
p p .
Py(x) =Y ¢jpj(x) =Y cj¥) =co+c1x+ X%+ + cpxP (3-1)
i=0 =0

with the linear independent basis functions 1, x, x2, ..., xP, which are called
monomials. Let us choose a polynomial of 3'd degree to approximate the

following continuous real function

f(x) = sin(3x) (3-2)

on the interval x € [~1,1]. While choosing monomials x/ as basis functions
¢;(x), the least squares approximation of (3-2), according to (1-45), yields the
following normal equation system

(x0,x0) (1, x%) (&%, 2% (x3,x0) | |co (x0,sin(3x))
(10, ah) (xhat) (P ah) ()| e _ | (x,sin(3x)) (3-3)
(x0,x2)  (x1,x%) (&%, 2% (23,x%)| | (x?,sin(3x))
(x0,x%)  (x1,x3) (2% a3 (32| |cs (x3,sin(3x))
Solving the integrals
. | o
(x', %)) = /4 x'x/dx = P ( - (71)”””) with 7,7 =0,1,2,3
and )
(x!,sin(3x)) = l (¥ sinGr)dx withi=0,1,23
yields
2 0 2/3 0 co 0.000 000 000 000 000
0 2/3 0 2/5| |y _ 0.691354 999524712 . (3-4)
23 0 2/5 0 cy 0.000 000 000000000
0 2/5 0 2/7| |c3 0.293171670090401

The solution of the normal equation system yields the unknown coefficients

co 0.000 000000 000 000
el _ 2.633 574950 607 669 (3-5)
2 0.000 000 000 000000
c3 —2.660904 085534 336

for a polynomial approximation of 3'4 degree. The resulting approximation
and the residual function are depicted in Figure 3-1.
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The choice of a 3" degree is a
compromise between a “good fit”
and a small equation system as an
example.
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Figure 3-1: Given function
(3-2) in blue and it’s polyno-
mial approximation P3(x) in
red (left). Residual function
v(x) = sin(3x) — P3(x) (right).

It has been verified that the
results of numerical integration
for the monomial basis are within
machine precision.

Programme 3-1: Code for
polynomial approximation in
the monomial basis.

The interested reader who wants
to refresh his knowledge on
conditioning is referred to
(TREFETHEN and BAu 1997,

pp. 89-96).

© 00 N O Gk W N

e e e e e s e e
© 0 N O O W NN = O

APPROXIMATION OF FUNCTIONS IN ONE DIMENSION

The polynomial P;(x) approximates (3-2) within roughly +0.1 and only ex-
ceeds it at the limits of the interval. The residual function for this and all
upcoming examples have been determined by discretising the function using
at least 1 million equispaced points. For the plots, these points have been
reduced in such a way that the main characteristic of the residual function
and especially their extreme values have been preserved.

The computations have been done with the MATLAB code in Programme 3-
1. While the integrals in the normal matrix can be easily solved directly,
the integrals for the right hand side have been solved numerically using a
global adaptive quadrature. Parts of the MATLAB built-in function integral
are based on (SHAMPINE 2008). Furthermore, all entries in the symmetric
normal matrix have been calculated individually, so the performance of the
code is not optimal.

%Approximation of f(x) on [-1, 1]
a=-1; b=1;

%#Polynomial degree
pP=3;

%Preallocate matrices
N=zeros (p+1); n=zeros(p+1,1);

%Normal equation system
for j=0:p
for i=0:p
N(j+1,i+1)=1/(i+j+1)*(1-a~(i+j+1));
end
n(j+1)=integral (@(x) sin(3*x).*x."j,a,b);
end

%Solution
c=N\n;

Depending on the problem it might be already a sufficient approximation or
not. Nevertheless the question might arise, which polynomial degree is needed
to approximate function (3-2) to roughly machine precision, about 15 digits
of relative accuracy?

To answer this question, different polynomials are fitted while increasing the
polynomial degree up to 50. For each polynomial degree the maximum abso-
lute difference max | sin(3x) — P,(x)| and the 2-norm condition number x of the
normal matrix N was calculated and the results are depicted in Figure 3-2.
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As shown in Figure (3-2) (left) the best fitting polynomial is of 15*" degree. A
further increase of the degree results in a worse approximation. A closer look
at the condition number in Figure 3-2 (right) reveals an exponential increase
with growing polynomial degree. From a polynomial of 25" degree onwards,
MATLAB also displays a warning that the normal matrix is close to singular
and the result may be inaccurate. According to TREFETHEN and BAU (1997,
p- 95)

If a problem Ax = b contains an ill-conditioned matriz A, one
must expect to “lose log,,k(A) digits” in computing the solution,
except under very special circumstances.

The condition number of the normal matrix for fitting a polynomial 15t de-
gree is in this case x(N) ~ 5-10'°, which already corresponds to roughly 10 di-
gits. Fitting polynomials in the monomial basis is in general an ill-conditioned
problem. The determination of the unknown coefficients is inaccurate. The
resulting normal matrix N corresponds to the HILBERT matrix, defined on an
interval [0, 1], which is a well known example of an ill-conditioned matrix.

In order to illustrate the extent of this numerical ill-conditioned problem of
polynomial approximation in the monomial basis, we will consider the follow-
ing function

f(x) = sin(30x%). (3-6)

Also in this case we fitted different polynomials while increasing the polyno-
mial degree up to 200.
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Figure 3-3 clearly reveals, that an increase of the polynomial degree will not
necessarily improve the approximation itself. It is also not possible to clearly
identify the degree for the best fitting polynomial. In this case a polynomial
of 124*h degree leads to the smallest value for max |sin(30x?) — Py(x)| and is
depicted in Figure 3-4 (left).
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Figure 3-2: Logarithmic plot
for max | sin(3x) — Py (x)| (left)
and 2-norm condition number
x(N) (right) for different poly-
nomial degree p. For better
visibility, the discrete points
are usually represented by a
line plot.

Best in terms of
max | sin(3x) — Py (x)| — min.

A comprehensive insight into this
very interesting topic about the
accuracy of numerical algorithms
can be found in (HicHAM 2002).

Figure 3-3: Logarithmic plot
of max | sin(30x2) — P,(x)| for
different polynomial degree.
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Figure 3-4: Given function
(3-6) in blue and it’s polyno-
mial approximation Pjpg(x)
in red (left). Logarithmic
plot for the coefficients |¢;| of
Pipy(x) (right).

Figure 3-5: The difference of
P124 (JC) — P123(x) in blue and
P124(x) — P126(x) in red (left).
Coefficients ¢; for Pyps(x)

in blue, Pjp3(x) in red and
Piy¢(x) in yellow (right).

APPROXIMATION OF FUNCTIONS IN ONE DIMENSION
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As one can see from this graph the largest deviations between (3-6) and its
approximation Pjp4(x) are around zero and at the two peaks to the left and
right. Even a polynomial of 1000t" or higher degree will not reduce these
deviations significantly.

Figure 3-4 (right) depicts the absolute values of the coefficients for the best
fitting polynomial Pjp4(x). Due to the symmetry of (3-6) the coefficients for
the monomials of odd degree are very small in comparison to the even ones,
which are up to 108. The increase in values with increasing degree and these
very large values are typical for such polynomials of higher degree.

Another property of polynomial approximation in the monomial basis will be
illustrated by the approximations Pip3(x) and Pips(x) of the same function
(3-6) as depicted in Figure 3-4 (left). The difference of these two polynomials
with respect to the best fit Pjp4(x) and the coefficients for all three polynomials
are depicted in Figure 3-5.
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Although Pyp3(x) and Pps(x) are very similar and only differ by ~ 5%, their
coefficients deviate significantly from each other in values up to ~ 10”7 and
sometimes even change their sign. In addition the approximation Pjy(x) con-
sists only of two more terms than Pjp4(x) but results in a completely different
set of coefficients as can be seen in Figure 3-5 (right). While Pjp4(x) preserves
at least the main characteristics of the function (3-6), Figure 3-5 (left) reveals
that Pppe(x) is extremely different from Pjp4(x) and therefore is not coinciding
with function (3-6) depicted in (3-4). One can say that Piy(x) is a very bad
approximation of (3-6).

Before one might conclude that polynomial approximation in the monomial
basis might be not suitable for wiggly functions like (3-6), but obviously suit-
able for smooth functions like (3-2), we will consider the following function

f(x) = exp(—100x?). (3-7)
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Following the same procedure as before we find out that a polynomial of 108"
leads to the smallest value for max |exp(—100x2) — P,(x)|. Function (3-7) and
Pjpg(x) are depicted in Figure 3-6 (left).
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The plot of Pygg(x) clearly reveals the oscillatory behaviour with increasing

frequency at the limits. This is characteristic for a least squares approximation.

On closer inspection this behaviour is also visible in Figure 3-1 and Figure
3-4. For polynomial approximation in the monomial basis this behaviour can
also cause huge deviations at limits or jump discontinuities.

In order to intensify this behaviour we change (3-7) to
f(x) = exp(—1000x2), (3-8)

which amplifies the spike in the function. We found Pi7;(x) as a best fitting
polynomial, which is depicted in Figure 3-7.
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In Figure 3-7 (left) it is clearly visible that Pj7;(x) as a best fitting polynomial
is a very bad approximation of (3-8). It is not possible to find a polynomial
approximation in the monomial basis that, at least, preserves the main shape
of the given function (3-8).

In general, we can conclude that polynomial approximation in the monomial
basis is not a good idea, especially for higher degrees. Based on the previous
examples we can identify the following drawbacks:

e Normal matrix N is usually a full matrix. This means that the coeffi-
cients cannot be determined independently of each other. Each time the
polynomial degree will be altered, a new normal equation system needs
to be solved again.

e The condition number of N grows exponentially with increasing polyno-
mial degree. Therefore, it is an ill-conditioned problem and the coeffi-
cients for polynomials of higher degree cannot be determined accurately.
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Figure 3-6: Given function
(3-7) in blue and it is polyno-
mial approximation Pjgg(x)
in red (left). Logarithmic
plot for the coefficients |c;| of
Pygg(x) (right).

Figure 3-7: Given function
(3-8) in blue and it is polyno-
mial approximation Pj7;(x)
in red (left). Logarithmic
plot for the coefficients |¢;| of
P73 (x) (right).

Best in terms of
max | exp(—1000x%) — Pp(x)| —
min.
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Figure 3-8: Basis functions x/
for j=0,---,10.

APPROXIMATION OF FUNCTIONS IN ONE DIMENSION

The coefficients tend to take extremely large values and a small change
in the polynomial degree usually leads to a completely different set of
coefficients.

e Only in some cases it is possible to find a suitable polynomial approxim-
ation for a given function. In most cases the polynomial is inadequate
as an approximation.

But why is it such an ill-conditioned problem?

The reason for this ill-conditioning is due to the chosen basis functions, the
monomials. Figure 3-8 depicts the first 11 monomial basis functions.
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While the first three monomials can easily be distinguished, the monomials
for higher even or odd degree become more and more similar. To get an im-
pression of the impact of this similarity onto an approximation, it is of great
advantage to understand the method of least squares as an orthogonal pro-
jection, as already described in Section 1.2.2. A least squares approximation
of a function is its orthogonal projection into the vector space V spanned by
these monomials

V = span{¢;(x)} = span{x/}. (3-9)

The set of basis functions ¢;(x) are basis vectors in space V. Figure 3-8 illus-
trates that monomials become more and more similar with increasing degree,
as a consequence the basis functions become more and more similar. This
implies, that from a certain polynomial degree onwards, the basis functions
are showing nearly in the same or opposite direction.

To illustrate this problem, we calculate the angle between two basis functions
¢i(x) and ¢;(x). The inner product of two functions reads

(9i, ¢7) = lIpill2 | pjll2 cos(a;;), (3-10)

where a;; is the angle between the two basis functions and |- ||z is the
L*([-1,1]) norm. Rearranging (3-10) and with (1-37) yields

(i, ;) )
; j = arccos 7 |- (3-11)
: ( (i 0 (95,97))”
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The angle a;; between all 11 basis vectors depicted in Figure 3-8 has been
calculated according to (3-11) and is listed in the following table.

1 x x? x3 x* x° x® x7 x8 x° x10

1 0 100 465 100 590 100 656 100 69.7 100 72.6
x 0 100 262 100 387 100 46,5 100 51.8 100
x? 0 100 184 100 293 100 36.7 100 422
¥ 0 100 143 100 237 100 30.5 100
x* 0 100 116 100 199 100 26.2
x° 0 100 9.8 100 172 100
x0 0 100 8.5 100 15.1
x7 0 100 7.5 100
x8 0 100 6.7
x? 0 100

As one can see, monomials of even degree are orthogonal to those of odd
degree and vice versa, which was already visible in the normal matrix in (3-4)
while the corresponding entries are zero. Table 3-1 shows, that monomials
of higher even or odd degree are nearly showing in the same direction. The
angle agq9 between ¢g(x) = x® and ¢10(x) = 210 is only 6.7 gon. Furthermore,
the length of the basis vectors x/ will decrease with increasing degree j. The
basis vector ¥ is already nearly 5 times shorter than x°, which is shown in
Figure 3-9.

| |
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Both properties, the angle between the basis vectors and their length ratios,
are illustrating, from a geometrical point of view, the reason why a polynomial
approximation in the monomial basis is an ill-conditioned problem. Figure 3-
10 clarifies this matter.

A geometrical interpretation of an orthogonal projection of a function f(x)
into a vector space V spanned by orthogonal basis vectors ¢;(x) and ¢;(x)
with equal length is given in Figure 3-10 (left). For an approximation of f(x)
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Table 3-1: Angle «;; in [gon]
between the first 11 monomial
basis functions. Due to sym-
metry only the upper triangu-
lar part is presented.

Figure 3-9: The length |x/||2
of the first 11 monomial basis
functions.

While we approximate functions
on x € [—1,1] the length of the
basis vectors are not playing such
an important role. Yet this will be
dependent on the chosen interval,
while the length ratios between
the monomials can be huge.

Figure 3-10: Orthogonal pro-
jection of f(x) into vector
space V spanned by ortho-
gonal basis vectors with
equal length (left) and non-
orthogonal basis vectors with
different lengths (right).
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Table 3-2: Coordinates for all
nodes v and the nodes for all
three elements (.

APPROXIMATION OF FUNCTIONS IN ONE DIMENSION

we need to determine the unknown coefficients ¢; and c;. Hence, we need
to determine the intersection of two straight lines. While the basis vectors
are orthogonal, these two lines will also intersect orthogonally. For a polyno-
mial approximation of f(x) in the monomial basis, the vectors ¢;(x) = x' and
Pj(x) = x/ are usually not orthogonal, as depicted in Figure 3-10 (right). In
most cases they are nearly showing in the same or opposite direction. Fur-
thermore, these basis vectors have different lengths. Once again we need to
determine the intersection of two straight lines, while this time these lines will
intersect in a very acute angle. From a geometrical point of view it is quite
obvious, that the determination of an intersection of two lines is more accurate
for orthogonal than for non-orthogonal basis vectors, like monomials.

Since the approximation in the monomial basis is an ill-conditioned problem,
numerous approaches have been developed for various fields of application in
order to obtain suitable approximations for arbitrary functions. One approach
already arises from Figure 3-10, namely the approximation using orthogonal
basis functions. Another approach frequently used in engineering sciences is
based on an elementwise approximation with polynomials of low degree. Both
approaches will be addressed in more detail in the following sections.

3.1 ELEMENTWISE APPROXIMATION IN THE MONOMIAL BASIS

As it has been already shown in the previous section, polynomial approxima-
tion in the monomial basis leads to numerical problems for even small polyno-
mial degrees. However, the normal matrix for a polynomial of low degree is
well conditioned, so the coefficients can be determined accurately. Thus, one
might conclude that monomials are still suitable for polynomial approxima-
tion and an accurate solution can be still computed with the following strategy.
The whole domain where one wants to approximate any given function can be
divided into several sub domains and each sub domain will be approximated
by a polynomial of low degree. Hence, the accuracy of the approximation can
be increased by introducing more sub domains.

Following the same terminology with the well known finite element method
(FEM) we will also call these sub domains elements and we will call the point
connecting two successive elements a node.

3.1.1 Elementwise non continuous approximation

To illustrate the procedure of an elementwise non continuous approximation
we approximate function (3-2) by dividing the whole domain into N = 3
equispaced elements and each element will be approximated by a straight line.
Before we set-up the normal equation system for each element, it is of great
advantage to introduce a unique identifier for the nodes v and elements (,
which can be stored in the following tables.

and




3.1 ELEMENTWISE APPROXIMATION IN THE MONOMIAL BASIS

Based on the definition of nodes and elements in Table 3-2 and the two basis
functions of a straight line we can set-up for each element ¢ the normal equa-
tion system

‘Néx =*‘n, (3-12)
which reads
Sx0,x0)  S(xl, 20 | [feo|  |4(x0,sin(3x)) (3-13)
Sx0, xSty | (G ¢(x1,sin(3x))
with ¢ =1,2,3. Solving the integrals in (3-13)
o i1 1
gz]_)z] _ 7 1+]+_§ 1+j+
(x*, %)) /xxdx i+j+1(( ,,2> (le>
Cx,,
and
i,
$(x, sin(3x)) = / x sin(3x) dx,
tx,,

for i,j = 0,1 results in the following three normal equation systems

/3 —4/9 | |lcg| | —0.510098267 489528
—4/9  26/s1| |1 0.312214313213494 |

2/3 0 | |2c0| | 0.000000000000000 (3-14)

0 281 (26 0.066926373097 724 |

23 49 | |3co| | 0.510098267489528

4/9  26/81| |3¢; 0.312214313213494 |

which can be solved individually. The solution of these equation systems yields
the unknown parameters of a straight line for each element

leo | —1.517129759 281 461
ey ~1.127973537070754 |
] - :
co| _ 0.000 000 000 000000 ) (3-15)
2¢q 2710518110457 811
3¢co _ 1.517129 759 281 465
3¢ —1.127973537 070758

All computations have been done with Programme 3-2.
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Programme 3-2: Code for
elementwise non continuous
polynomial approximation in
the monomial basis.

Figure 3-11: Given function
(3-2) in blue and it’s element-
wise linear approximation in
red (left). Residual function
o(x) = sin(3x) — L3_; <Py (x)
(right).

At least better approximations as
depicted in Figure 3-4 (left) or
Figure 3-7 (left).
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APPROXIMATION OF FUNCTIONS IN ONE DIMENSION

%Approximation of f(x) on [-1, 1]
a=-1; b=1;

%polynomial degree for each element
p=1;

%number of elements
num_elements=3;

%Position of the equispaced nodes
nodes=linspace(a,b,num_elements+1) ;

%Preallocate matrices
N=zeros (p+1); n=zeros(p+1,1); c=zeros(p+l,num_elements) ;

for zeta=1l:num_elements
for i=0:p
for j=0:p
N(i+1,j+1)=1/(i+j+1)*(nodes (zeta+1) "(i+j+1)-nodes(
zeta) " (i+j+1));
end
n(i+1)=integral (@(x) sin(3*x).*x."i,nodes(zeta) ,nodes(

zeta+1));
end
c(:,zeta)=N\n;
end

The solution of the elementwise approximation of (3-2) and the resulting re-
sidual function are depicted in Figure 3-11.
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Figure 3-11 clearly reveals that the resulting approximation is not continuous,
which is the major drawback of this approach. In case continuity is not re-
quired, one can achieve suitable approximations for even complex functions.
The question might arise, how many elements are needed to approximate (3-2)
within machine precision? Therefore, the number of elements was increased
up to N = 20000 and we determined the maximum absolute deviation between
(3-2) and each elementwise approximation. Furthermore, each element was ap-
proximated by a polynomial of 15, 274 and 3'¥ degree. The result is depicted
in Figure 3-12.
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For the presented elementwise approximation computed by Programme 3-2
and based on the results depicted in Figure 3-12, the following conclusions
can be made:

e It is not possible to approximate (3-2) within machine precision.

¢ In comparison to a linear polynomial approximation (blue curve), using
quadratic (red) or cubic (yellow) polynomials will dramatically reduce
the number of elements, while max |v(x)| is nearly equal. A best approx-
imation of (3-2) can be achieved while using roughly 8000 elements for
a linear, 350 for a quadratic and 50 for a cubic approximation. But this
also implies that ~ 16000 (linear) resp. ~ 1050 (quadratic) or ~ 200
(cubic) parameters are needed in order to approximate (3-2) only within
~1077.

e A further increase of elements will always lead to a worse approxim-
ation than the presented one. For an elementwise quadratic or cubic
polynomial approximation this is even much worse.

Although the resulting normal matrix ¢N of an elementwise linear, quadratic
and cubic polynomial approximation is well conditioned for a small amount
of elements, it will dramatically change with increasing N. To gain a better
understanding of this issue, we will have a closer look at the angles between
the basis vectors and their length ratios for each element. In addition, we also
consider their change, while increasing the number of elements.
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Figure 3-13 (left) shows the angle ¢ag; between the two basis vectors ¢ (x) = 1
and ¢¢;(x) = x, depending on the location of the element, reaching from
0—200gon. In case we want to approximate a function within the first element,
starting at x = —1, the angle between both basis vectors is nearly 200 gon,
no matter if we have 5, 10 or 25 elements. This means that both vectors
are showing nearly in an opposite direction. For elements close to x = 1
it is the other way round, both basis vectors will nearly show in the same
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Figure 3-12: Logarithmic plot
of max | sin(3x) — Y, ¢ Py ()|
for an elementwise linear
(blue), quadratic (red) and
cubic (yellow) polynomial ap-
proximation of function (3-2).

Which is even worse than the
solution using a polynomial of
15" degree from Figure 3-2 (left).

Figure 3-13: Angle éao/l in
[gon] between the two basis
vectors S¢p(x) = 1 and
¢p1(x) = x (left) and length
ratio I1¢oll2/||¢¢, |l (right) for
5 elements in blue, 10 in red
and 25 in yellow.
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direction, while the angle between them is nearly 0gon. Only for an element
with a symmetric interval around x = 0 the angle xg; between the two basis
vectors will be exactly 100 gon. In this case, both basis vectors are orthogonal.
However, Figure 3-13 (left) reveals that the length ratio I°¢oll2/|¢gy||, for this
element in the middle is ~ 9 : 1, while using 5 elements. This means that
Cpo(x) = 1 is roughly nine times longer than ¢¢;(x) = x. While using 25
elements (yellow curve) it is even worse. These effects of a changing angle or
length ratio between basis functions for an element will be amplified, while
using more elements and/or higher polynomial degree.

To illustrate this issue, we determined the 2-norm condition number x('N)
always for the normal matrix of the first element for each approximation for
up to N = 1000 elements. This was done for an elementwise linear, quadratic
and cubic approximation and is depicted in Figure 3-14.

Figure 3-14: Logarithmic plot 1020
of 2-norm condition number
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ear (blue), quadratic (red)
and cubic (yellow) polynomial 1010 |- B
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Figure 3-14 clearly shows, that x(!N) increases very fast and highly depends
on the number of elements and polynomial degree. The normal matrices of
a cubic polynomial approximation with only 100 elements are nearly singular.
Using quadratic polynomials with roughly 800 elements will also yield nearly
singular normal matrices. This problem is not as serious for an elementwise
linear approximation, but the normal matrices are still far from being numer-
ically well-conditioned.

Just for the sake of completeness. Although the approximation is non-continuous and is usually not used in en-
gineering science and other fields, we will also present the best approximation
for the functions (3-6) and (3-8). Based on previous considerations, we will
use quadratic polynomials, as a compromise between a good approximation
and not too many elements.

Figure 3-15: A best ap- 1074
proximation of function 1
(3-6) with 470 elements us-

ing quadratic polynomials

(left). Residual function

v(x) = sin(30x2) — Zg@l &Py (x) 0
(right).
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Figure 3-15 (left) depicts the best non-continuous approximation of (3-6) with
470 elements using quadratic polynomials, which is quite similar to the original
function (3-6) depicted in Figure 3-4 (left) in blue. The largest deviation
between both functions is in the range of 2-10~* and is much smaller than
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an approximation with one single polynomial of high degree, as depicted in
Figure 3-4 (right). It is also possible to achieve a similarly good approximation
of function (3-8) as can bee seen in Figure 3-16.
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For the presented approximation in Figure 3-16 (left) we have limited ourselves
to 1000 elements using quadratic polynomials. The difference between the
original function (3-8) and the chosen approximation is smaller than 10~%, but
only around the peak within the interval x € [—0.1, 0.1]. Outside the peak,
the residual function is zero within machine precision. In a direct comparison
to the approximation Pyz(x) depicted in Figure 3-7 (left) we can see a big
improvement. While introducing more elements the residual function can be
further reduced, but only to a certain extent. With this approach it is possible
to obtain non continuous approximations, that can preserve at least the shape
of even complex functions. But usually a large number of elements are needed.

3.1.2 Elementwise continuous approzimation

As already mentioned in the previous section, the presented approximation is
not continuous. An approximation with N elements will have N — 1 discon-
tinuities located at the inner nodes. Thus, we will focus on the question of
how to remove these discontinuities at the inner nodes in order to obtain an
elementwise approximation which is continuous. While we still use monomials
as basis functions, we can enforce continuity by introducing a constraint at
each inner node, namely

gPl (gxi/z) = éJrlPl (€+1XV1 ) (3_16)
Based on the previous example of approximating (3-2) using 3 elements, we
have to introduce the following two constraints

1 1.1 2 2.2
co+ 'c1'xy, — (Pco +%01°x,) =0,

3-17
(3(20 + 3C13x1,1) =0. ( )

ZCO + 2clzx,,2 —
Each constraint depends always on the unknown parameters of two success-
ive elements. These constraints induce a dependency between the unknown
parameters of the elements and the three normal equation systems (3-14) can
not be solved individually any more. In order to solve this issue we combine
the three normal equation systems of the non continuous approach to a single
one as follows
IN o 0 Ix In
0 2N o0 2x| = |?n]| ,
0 0 °N| [’ n

(3-18)
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Figure 3-16: An approxim-
ation of function (3-6) with
1000 elements using quad-
ratic polynomials (left).
Residual function v(x) =
exp(—1000x?) — Y329 € Py (x)
(right).

The computational effort to
determine an optimal number of
elements and polynomial degree
for the best possible
approximation is enormos,
especially in contrast to the
resulting residual function, which
will only be smaller by a factor of
10 — 100.
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or in a shorter notation
Nx=n, (3-19)

and rewrite the constraints (3-17) in matrix notation

Cx=0 (3-20)
with
1 4 2
|1, -1 2, 0 0 (3:21)
0 0 1 2x, -1 =3x,

Now with (3-19) and (3-20) we obtain an equation system with constraints
between the unknown parameters. As shown in Section 2.4 a solution of such
a problem can be obtained by solving the following extended normal equation
system

N CT| |x _ |m ) (3-22)
cC oA 0
which reads in this case
(23 -4/ 0 0 0o o 1 0] [| [-0510098267489528]
49 22/8 0 0 0 0 -3 0] |l 0312214313213 494
0 0 23 0 0 0 -1 1]/|% 0.000 000 000 000 000
0 0 o1 0 0 1/3 /3| |20 | 0.066926373097724
0 0 0 0 23 4/ 0 —1]||3%| | 0510098267489528|
0 0 0 49 2/ 0 —1/3| |3 0312214313213 494
1 -3 -1 13 0 0 0 0f|n 0.000 000 000 000 000
Lo 0o 1 13 -1 -3 0 0] [A] | 0.000000000000000]
(3-23)

The solution of the extended normal equation (3-23) system yields the un-
known parameters of a straight line for each element

Leo [—1.350786978 874 439 ]
ey —0.914104 247976 010
2¢o _ | 0.000000000000000 . (3-24)
2¢q 3.138256 688 647 309
3¢co 1.350786 978 874 442
3¢ ] 1 —0.914104 247976 016

These results have been obtained with the code listed in Programme 3-3.
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3.1 ELEMENTWISE APPROXIMATION IN THE MONOMIAL BASIS

%Approximation of f(x) on [-1, 1]
a=-1; b=1;

spolynomial degree for each element
p=1;

%number of elements
num_elements=3;

%Position of the equispaced nodes
nodes=linspace(a,b,num_elements+1) ;

%Preallocate matrices
N=zeros ((p+1) *num_elements); n=zeros ((p+1)*num_elements ,1) ;
C=zeros (num_elements -1, (p+1) *num_elements) ;

%Normal matrix and right hand side
for zeta=l:num_elements
index=(p+1) *zeta-p;
for i=0:p
for j=0:p
N(index+i,index+j)=1/(i+j+1) *(nodes(zeta+1) ~(i+j+1)
nodes (zeta) ~(i+j+1));
end
n(index+i)=integral (@(x) sin(3%*x).*x."i,nodes(zeta),
nodes (zeta+1));
end
end

%Matrix for the conditions
for zeta=2:length(nodes) -1
index=(p+1) *(zeta-1) -p;
C(zeta-1,index:index+2x(p+1)-1)=...
[nodes (zeta) .”(0:p) -nodes(zeta). " (0:p)];
end

%Extended normal equation system

N_ext=[N C’;C zeros(num_elements-1)]; n_ext=[n; zeros(
num_elements-1,1)1];

c=N_ext\n_ext;

%“Deleting the Lagrangian multipliers
c(end-num_elements+2:end)=[];

Function (3-2), the resulting approximation and the residual function are de-
picted in Figure 3-17 and it can clearly be seen that the approximation is
continuous. The straight lines (red) of the elements are connected at the in-
ner nodes 2xv1 = —1/3 and 3xv1 = 1/3 and therefore the residual function in
(3-17) (right) is continuous.
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Programme 3-3: Code for

an elementwise continuous
polynomial approximation in
the monomial basis
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Figure 3-17: Given func-
tion (3-2) in blue and it’s
continuous approximation
with 3 elements using lin-
ear polynomials in red
(left). Residual function
o(x) = sin(3x) — Y2_; Pi(x)
(right).

Figure 3-18: Residual function
0(x) = sin(3x) — 2%, Py (x) of
a non-continuous (right) and
continuous (left) approxima-
tion.

Since the normal equation system
is ill-conditioned, an exact
symmetrical distribution of the
residual function is usually not
resulting.

Figure 3-19: An approxim-
ation of function (3-2) with
3 elements using quadratic
polynomials.

APPROXIMATION OF FUNCTIONS IN ONE DIMENSION

Now we can obtain an elementwise continuous approximations of any real-
valued function f(x), but one might wonder what happens if we will increase
the number of elements and polynomial degree. Is it possible to achieve more
accurate approximations than using the non-continuous approximation from
the previous section, or will it be even worse? In the continuous case we have
to solve one large equation system, while in the non-continuous case we have
to solve many small equation systems. In both cases, the normal matrix is
badly conditioned for a larger amount of elements or higher polynomial de-
gree. Based on Figure 3-12 we determine the non-continuous and continuous
approximations of function (3-2) with 350 elements using quadratic polynomi-
als. The resulting residual functions of the two approximations are depicted
in Figure 3-18.

107° 107°
1 y 1f :
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The residual functions of the non-continuous and continuous approximation
of (3-2) are very similar and do not differ significantly. Also if we choose a
different number of elements and/or polynomial degree even for some other
functions, we always obtain very similar results. In most cases the continuous
approximation yields slightly smaller values for the residual function, with the
only advantage that the resulting approximation is continuous. However, the
following figure reveals a small drawback so far.

T
/)




3.1 ELEMENTWISE APPROXIMATION IN THE MONOMIAL BASIS

The approximation of function (3-2) with 3 elements using quadratic polyno-
mials in Figure 3-19 is continuous but reveals a kink (yellow circle) at the
inner nodes x, = —1/3 and x3 = 1/3. The approximation is continuous but
only piecewise smooth. To remove these kinks, we can enforce continuity in
the first and second derivative by introducing the following two additional
constraints for each inner node

P (bxy,) = ST1P{ (1),

(3-25)
Py (fxy,) = TP (),

which implies that the second derivative $*1P;’ must be at least a constant.
Therefore, we will now focus on cubic polynomials and approximate (3-2) with
3 elements. In this case each normal matrix N in (3-18) is larger and refers
to 4 unknown parameters. For the constraints (3-17) and (3-25) we obtain
three matrices enforcing continuity in the functional value

C, - 1, W2 I -1 —2x, —2x2 -2 0 0 0 0
0 0 0 O 1 2x, 2x52 2x§2 —1 —3xy, 73x§1 73x31
(3-26)
in the first derivative
C, - 012, 32 0 -1 —22x, —3%x2 0 0 0 0 (3-27)

00 0 0 0 1 22x, 32%x7, 0 -1 —23x, —33x7

V1
and in the second derivative

1 . _g2
C,— [0026%,00-2-6%,00 0 0 | (3-28)
000 0 00 2 62x,00 —2 —63x,

These three matrices can be combined to
C

c- | (3-29)
G

and will be inserted in (3-22). Extending the code in Programme 3-3 by a

couple of lines for C; and Cz, we obtain the following smooth approximation
without any kinks at the inner nodes.
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Figure 3-20 (left) shows a very smooth and already quite good approximation
of (3-2) while using only 3 elements. The smoothness is also visible in the
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A function f(x) is said to be C"
continuous if its first n derivatives

d"f(x .
d{{(” ) are continuous.

Such an approximation is known
as a cubic spline, with the only
difference that we use monomials
as basis functions. The approach
shown was also presented by
(EzHOV etal. 2018).

We say an approximation is
smooth, if it is C2 continuous.

Figure 3-20: Given func-
tion (3-2) in blue and it’s
smooth approximation

with 3 elements using cu-
bic polynomials in red
(left). Residual function
o(x) = sin(3x) — Y2_; ¢Ps(x)
(right).
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Figure 3-21: A near best
smooth approximation

of (3-2) with 80 elements
using cubic polynomials
(left). Residual function
o(x) = sin(3x) — £, Py (x)
(right).

Figure 3-22: A near best
smooth approximation of
(3-6) with 100 elements

using cubic polynomials
(left). Residual function

o(x) = sin(30x%) — 1% ¢Ps(x)
(right).

Figure 3-23: A smooth ap-
proximation of (3-6) with 300
elements using cubic polyno-
mials (left). Residual function
o(x) = sin(3022) — £, € Py (x)
(right).

APPROXIMATION OF FUNCTIONS IN ONE DIMENSION

residual function in Figure 3-20 (right) as no kinks are noticeable. While the
computational effort to find the best approximation of (3-2) is huge we only
present a near best fit in Figure 3-21. Based on numerical investigations it is
very likely that the difference to the best approximation is small.

108

Figure 3-21 (right) shows, that the residual function for the near best smooth
approximation of (3-2) is in a range of ~ 5-1078 and is, in that case, not
really better or worse than an approximation without the constraints (3-25).
The same applies for the near best smooth approximation of function (3-6),
which is depicted in Figure 3-22.
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The residual function in Figure 3-22 (right) is a bit worse than the one of
a non-continuous approximation in Figure 3-15. The main benefit of such
approximations is, that they are continuous in the 1% and 2"? derivative, so
they are smooth. But this benefit has also a downside while dealing with
monomials as basis functions. The constraints (3-25) are having a big impact
on the solution of the unknown parameters and while we deal with an ill-
posed problem, a small change in the parameters of one element can have a
huge impact on the unknown parameters of neighboured elements. Such a
numerical effect on the solution of the unknown parameters can be seen in
Figure 3-23.
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3.2 ELEMENTWISE APPROXIMATION IN AN ALTERNATIVE BASIS

Figure 3-23 (left) shows some strange oscillations around x = 0.7, which are
caused by the solution of the ill-conditioned normal matrix. This effect should
not be confused with RUNGE’s phenomenon.

For sake of completeness, we also present a near best smooth approximation
of function (3-8), which is depicted in Figure 3-24.
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While the residual function of the elementwise non-continuous approximation
in Figure 3-16 is zero within machine precision off site the peak, the smooth
approximation also shows large deviations in these areas as illustrated in Fig-
ure 3-24 (right). Once again, these deviations are caused by the constraints
and the ill-conditioned normal matrix.

At the end of this section we can conclude that polynomial approximation
in the monomial basis is still an ill-conditioned problem. Significant improve-
ments have been achieved, while we divided the whole domain into elements
and introduced constraints in order to obtain smooth approximations. So far
we only focused on equispaced elements, probably the easiest case. For sure it
can be further improved, like implementing strategies to identify the optimal
number of elements and especially where the nodes must be located, etc. But
in the end, it is still an ill-conditioned problem. We are familiar with the
monomials basis and it is easy for us to handle it, but nevertheless it should
never be used for numerical work. Only for didactic reasons or maybe in case
that a low polynomial degree is needed.

3.2 ELEMENTWISE APPROXIMATION IN AN ALTERNATIVE BASIS

An elementwise continuous polynomial approximation can also be obtained
without the necessity of introducing constraints at the inner nodes. The basic
idea shall be exemplified on an elementwise linear approximation, as depicted
in Figure 3-25.

Figure 3-25 illustrates one single element of an elementwise polynomial ap-
proximation, while the elements must be connected at the inner nodes. The
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Figure 3-24: A near best
smooth approximation of
(3-8) with 300 elements us-
ing cubic polynomials (left).
Residual function v(x) =
exp(—1000x2) — 3%, €P3(x)
(right).

Like a butterfly effect - a small
error in one element, can disturbe
the whole approximation.

Figure 3-25: Illustration
of an element for a linear
approximation.
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previous and successive elements are only indicated by a black dashed line.
The straight line of the depicted element is uniquely described by the two
parameters Scg and ¢c;. In the previous sections, these parameters were es-
timated for each element under the constraint, that the elements must be
connected at the inner nodes. However, the same straight line is also uniquely
described by the two nodes (blue dots) and while we set ¢x,, and %x,, only
the y—coordinates ®y,, and ¢y, of the two nodes are unknown. The basic
idea is now to substitute the two unknown parameters ¢cy and %¢; by the
two y—coordinates ¢y, and ¢y,,. Hence, we have the following two equivalent
representations of the same polynomial

1 1
Py(x) = ;}gcj ¢i(x) = ggdj ¥;(x), (3-30)
j= j=

with the monomial basis ¢;(x) = x/ and the new unknown parameters 5dj,
containing the y—coordinates ¢y,, and ¢y,,. Now the question arises, how to
determine the two new basis functions ¥;(x)? First of all we rewrite (3-30) in

matrix notation
¢ 2d,
[4’0 4’1} [C()] = [4’0 lPJ lgd(l)] : (3-31)

ey

Furthermore, we know the following two equations based on Figure 3-25

Sco+Ccr1bxy = Cyuy,
gco + gclngZ e gyVZ . (3—32)

Substituting the y—coordinates ¢y,, and %y, in (3-32) with the new unknown
parameters gd], yields

Sco +Ccrbxy, = Cdo,
Cop+Eerfry, = Bdy (3-33)

which can be written in matrix notation

o _ |l (3-34)
ey £dq

Solving (3-34) for the unknown coefficients ¢cy and ¢c; reads

gCO _ 1 ngz _ngl gd(] (3_35)
€C1 ngz - ngl -1 1 édl

Inserting (3-35) into the left hand side of (3-31) results in

1 Cxy,  —Sxy | |fdo| Sdy
Txy, — Cxyy [4’0 4’1] [ 3 1 ] Ldll = {1/)0 lPl} [édll ’

ﬁ [4’0 S, =1 P1— o éxw} [23(1)] = [% lPl} |:€d1] - (3-36)

Equating the coefficients in (3-36) yields the two new basis functions

~ ¢obxy, — 1

4
) = 2P g = P o ru (3-37)

Exy, — Cxyy



3.2 ELEMENTWISE APPROXIMATION IN AN ALTERNATIVE BASIS

Inserting the monomial basis ¢;(x) = x/ in (3-37) yields

éx — X X — gx
—— d = 71/1 . —
IPO(x) éxl/z - éxl/l o lpl(x) éxl/z - @xw (3 38)
Introducing a new variable
. x —%xy,
x —_— m 7 (3_39)
with % € [0,1] for all elements, the two basis functions (3-38) are
1/30(9?) =1-x and l/NJl (f) =X, (3—40)

and are depicted in Figure 3-26.

1

=

The basis functions (3-40) are referring to a generalised element and therefore,
are always equal for all elements. The angle between (%) and (%) is
ap1 = 66.67gon and both are of equal length. In contrast to monomials,
the angle between these basis functions and their length do not depend on
the position of the element, but are always equal. These facts are of great
advantage from a numerical point of view, as we shall see in the following
example.

To illustrate an elementwise linear approximation in the derived alternative
basis (3-40), we approximate function (3-2) by dividing the whole domain into
N = 3 equispaced elements. Based on the definition of nodes and elements
in Table 3-2 and the two alternative basis functions of a straight line we can
set-up the normal equation system for each element

o, po) S yo)| [Sdo| _ | (o, sin(3x))
o, 1) (g, yn)| |Cda (¢, sin(3x))

with ¢ = 1,2,3. Using the definition of the basis function in (3-38), the integ-
rals in the normal matrix are expressed by

, (3-41)

£xyy

Cpp) = [ i, 9y dx (3-42)

¢ le

with i,j = 0,1. But it is more feasible to solve the integral for the general-
ised coordinate %, which is always within the interval [0,1] for all elements.
Inserting (3-40) and adopting the limits of the integrals yields

1
“oy) = [B@F@A for ij=0,1. (3-43)
0
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In FEM these basis functions are
known as the hat functions.

These basis functions are equal to
the Bernstein polynomials By
and By 1, see e.g. (PIEGL and
TILLER 1997, p. 16).

Figure 3-26: Alternative basis
functions for a straight line,
while the two y—coordinates
é:yyl and gy,,z of the nodes are
unknown parameters.
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In order to change dx we take the derivative of the generalised coordinate
(3-39)

dx d / x—F%x, 1
=2 = 3-44
dx dx(gxw—@xul) Exy, — Cxyy (3-44)
and after rearranging we obtain
dx = (°x,, — x,,) dx. (3-45)
Inserting (3-45) with ¢J = ¢x,, — ¢x,,into (3-43) yields
1
i) = / for  i,j=0,1. (3-46)
0

Solving the integrals in the generalised coordinate is of great advantage, while
the integrals simplify to

i) =i, g;)  for  ij=0,L (3-47)
The integrals
1
@) = [H@FRdr for  ij=0,1 (3-48)
0

are referring to a generalised element and therefore, they only needs to be
solved once. The integrals for the normal matrix only have to be scaled by
the factor ¢

gN = C] Nelement (3-49)
with
1 1
Nelement = /3 /6 ’ (3—50)
1/6 1/3

which saves a lot of computational time. In case of equispaced elements, ¢] is
also constant for all elements. The integrals for the right hand side will also
be solved for the generalised coordinate ¥ and yields

1
¢ (4, sin(3x)) / ¥) sin(3x) d for i=0,1. (3-51)
0

Rearranging (3-39) as
x = (Cxy, —Sxy) X+, =7+ Cxy, (3-52)

and inserting into (3-51) results in
1

(4, sin(3x)) = / (%) sin (3(°] %+ %xy,)) dx (3-53)
0

for i = 0,1. The linear approximation of (3-41) using 3 elements yields the
three normal equation systems

2/9 19| |1y, | | —0.213272336075477

/9 2/9| |1y, —0.296825931414051 |

29 /9| |Pyw | _ | —0.100389559 646 586 (3.54)
9 2/9| |2y, 0.100 389 559 646 586

2/0 19| Py | _ | 0.296825931414052

/9 2/9| |3y, 0.213272 336 075477




3.2 ELEMENTWISE APPROXIMATION IN AN ALTERNATIVE BASIS

Based on Table 3-2, two elements share the same node, namely
", =23, = x (3-55)

and
2x, =33, = x3. (3-56)

Substituting ¢y, and ¢y,, in (3-54) by the unique identifier for the nodes, the
normal equation system can be written as

29 1/o| || | —0213272336075477

19 2/9| |y —0.296 825931414051 |

29 15| |y2| _ | -0.100389550646586 (3-57)
19 2/9| |ys 0.100 389 559 646 586

29 1/o| lys| | 0.296825931414052

o 29| |y, 0.213 272 336 075 477

While two elements share the same nodes, the three normal equation systems
can not be solved individually. To solve for the unknowns parameters, the
normal equation systems needs to be combined as follows

.. i‘z _ = (3-58)

Y4
and will read
2/9 1/9 0 0 11 —0.213272336 075477
/9 4/9 1/9 0 yo| | —0.397215491060 637 (3-59)
0 19 4/9 1/9| |ys 0.397 215491 060 637
0 0 1/9 2/9| |ya 0.213272336 075477
Solving (3-59) yields the unknown parameters
Y1 —0.436 682730 898 429
yo| | —1.046 085562882435 (3-60)
Y3 1.046 085 562 882 435
Ya 0.436 682730 898 429

The resulting elementwise continuous linear approximation of (3-2) is depicted
in Figure 3-27 and is equivalent to the approximation in the monomial basis
depicted in Figure 3-17.
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Figure 3-27: Given function
(3-2) in blue and it’s continu-
ous approximation with 3
elements using the derived al-
ternative linear polynomials in
red (left). Residual function
v(x) = sin(3x) — 22:1 &Py (x)
(right).
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Table 3-3: Comparison of de-
rived coefficients based on the
solution for the y—coordinates
of the nodes in (3-60) and the
solution from an elementwise
continuous approximation in
the monomial basis in (3-24).
Deviations are due to round-
ing errors.

Programme 3-4: Code for

an elementwise continuous
polynomial approximation in
the derived alternative basis
(3-40).
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APPROXIMATION OF FUNCTIONS IN ONE DIMENSION

In order to prove that the result is really equal to the one in the monomial
basis (3-24), we insert the result from (3-60) into (3-35) and determine the
parameters écy and éc; for all three lines from the y—coordinates of nodes.
The derived coeflicients and the coefficients from (3-24) are listed in Table

3-3.

Derived from (3-60) Monomial basis
Teg | —1.350786 978874438  —1.350786978 874439
Tep | —0.914104247976009 —0.914 104247976 010
2co 0.000 000 000 000 000 0.000 000 000 000 000
2cq 3.138256 688 647 305 3.138256 688 647 309
3co 1.350786 978 874 438 1.350786 978 874 442
3¢1 | —0.914104247976009 —0.914 104247976016

Table 3-3 shows, that the elementwise approximation in the alternative
basis (3-40) is equivalent to an elementwise continuous approximation in the
monomial basis, while we introduce constraints at inner nodes, as described
in Section 3.1.2.

The presented linear approximation in the alternative basis (3-40) has been
performed with the MATLAB code in Programme 3-4.

%Approximation of L(x) on [-1, 1]

a=-1; b=1;
%number of elements
elements=3;

%Position of the equispaced nodes
nodes=linspace(a,b,elements+1) ;

%Initilisation of the matrices
N=zeros (elements+1); n=zeros(elements+1,1) ;

%Normal matrix for a generalised element
N_element=[1/3 1/6;1/6 1/3];

for zeta=l:elements
J=nodes (zeta+1)-nodes (zeta) ;
N(zeta:zeta+l,zeta:zeta+1)=N(zeta:zeta+l,zeta:zeta+1)+J
*N_element;
n(zeta)=n(zeta)+J*integral (@(x) sin(3*(J*x+nodes (zeta))
) . x(1-x),0,1);
n(zeta+l)=n(zeta+1l)+J*xintegral (@(x) sin (3*(J*x+nodes(
zeta))) .*x,0,1);
end
c=N\n;

In direct comparison to the code for an equivalent approximation in the
monomial basis in Programme 3-3, the one in the alternative basis is shorter
and also faster. Furthermore, an approximation in the alternative basis is nu-
merically more stable and also applicable for a large amount of elements. For



3.2 ELEMENTWISE APPROXIMATION IN AN ALTERNATIVE BASIS

the monomial basis, the condition number of the normal matrix increases rap-
idly with increasing number of elements, in contrast to the derived alternative
basis, as illustrated in Figure 3-28.
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Figure 3-28 depicts the condition number of the normal matrix for the
monomial (blue) and alternative basis (red) with increasing number of ele-
ments N. The difference between both is huge. While the condition number
of the normal matrix for the monomial basis grows rapidly towards 107 with
increasing number of elements, the one for the normal matrix in the derived
alternative basis tends towards 4. Another difference between both sets of
basis vectors is the size of the normal equation system in dependence to the
number of elements N. While the normal matrix in the alternative basis is
only of size N + 1, the normal matrix in the monomial basis is already of size
3N — 1. For the presented approximation of functions in one dimension this
difference is not huge, but this changes for approximations of functions in two
or more dimensions.

3.2.1 The generalised 1D element

In the previous section we derived an alternative basis for a linear approxim-
ation. While introducing & we transformed each element onto a generalised
element, which allows an easy and fast way to set-up the normal matrix. The
derived basis functions are always equal and are not depending on the ele-
ments any more. To define basis functions of a more complex approximation,
than for the presented one in Section 3.2, it is sometimes of great advantage to
distinguish between the transformation of the element and the transformation
of the coefficients between different basis functions. This allows to determine
the new basis function directly for the generalised element, which is usually
very simple. Therefore, we will introduce two different transformations:

1. Transformation of the elements.
2. Transformation of the coefficients.

The application of these two transformations will be illustrated on the de-
rivation of an alternative basis for a cubic elementwise approximation, as
illustrated in Figure 3-29.

EP3(x) = %cg + Scyx + Sepx? 4 Se3xd RN
5 (%) 0 1 2 3 \ Ty, .
N o,
~ . Y,

éyvl
iy
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Figure 3-28: Logarithmic plot
of the condition number of
the normal matrix of an ele-
mentwise continuous linear ap-
proximation in the monomial
basis (blue) and in the altern-
ative basis (red) for increasing
number of elements N.

Figure 3-29: Illustration
of an element for a cubic
approximation.
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Figure 3-30: Transformation
of a 1D element.

We parameterise x.

APPROXIMATION OF FUNCTIONS IN ONE DIMENSION

Like in the previous section, we substitute the four unknown parameters ¢c;
by the two y—coordinates ¢y,, and %y, of the nodes and the two derivatives
of the approximation at the nodes

dtPy(x) _iy
dx x=tx,, n’

d§P3(X) Z.

W) =y 61
dx ngxvz y]/z (3 6 )

Thus, we have the following two equivalent representations of the same poly-

nomial s R
CPy(x) = ) Cepgilx) = Y Cdpi(x), (3-62)
j=0 j=0
with the monomial basis ¢;(x) = »/ and the new unknown parameters
&dy Sy,
A (3-63)
&d, Sy,
€d3 gy:&

Choosing these parameters ensures an approximation, that is also continu-
ous in its first derivative. In the following we will present the derivation of
the new basis functions ¢;(x) for an elementwise cubic approximation, while
introducing the aforementioned two transformations.

3.2.1.1 Transformation of a 1D element

Although this transformation is very simple and obvious for a 1D element, it
is a bit different for a 2D or 3D element. Therefore, we will address this issue
also for a 1D element in more detail. Consider the following transformation
of an arbitrary 1D element, depicted in Figure 3-30.

original element generalised element
X = = X
ngl z;sz g.?C] =0 gJCQ =1

The problem is to define a transformation that maps an element (blue) onto
the generalised element (red) and vice versa. In general, this can be done by
any functional relationship

x=f(%),
— f(x). (3-64)

For convenience and to ensure a unique transformation, we will focus on a
linear combination of some arbitrary basis functions

=

4
x = ;)éaj &i(®) (3-65)
j=

and choose monomials {;(%) = %. While an element is defined by its two nodes
¢xy, and ¢x,,, we define a linear combination of two basis functions in order
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to ensure a unique solution for the unknown parameters for each element ‘a i
Finally, the linear transformation reads
x="%ag+°m%, (3-66)

with the two unknown parameters ¢ay and %a;. To compute the unknown
parameters we set-up the following equation system based on the two nodes
of each element

CxV] _ 1 0| [%a (3-67)
ngz _1 1| [¢ay
and obtain _ ~
faol _ |t (3-68)
&g Cx x|
1_ L 1% 141

The transformation reads

¢

x = °x, + (gxl,2 — gxul)aﬁ, (3-69)

which is exactly the same as (3-39). The basic concept of the presented trans-
formation is directly extendible for 2D or 3D elements, as shown in Section
4.4.

3.2.1.2 Transformation of the coefficients

The transformation of coefficients between different sets of basis functions has
already been briefly discussed. However, to easily solve the integrals of the
normal matrix for any kind of basis functions or to convert a set of coefficients
into a different basis or to convert different basis functions, it is necessary
to get a better understanding of this issue. Figure 3-31 illustrates the four
main transformations between different basis on the original and generalised
element.

complicated

original element T
o o > Yicipi(x) ——— XTidjpi(x)
vy vy
Ty T,
generalised element Y §C~],43], (%) = Y gd”jl/;] (%)
= 2
0 1 X .

For the example of an elemetwise cubic approximation, the blue box in Figure
3-31 represents a polynomial on the original element

3

3
EPy(x) =Y ejpj(x) = Z(:)gdjll’j(x) (3-70)
=

j=0

and the red box represents the same polynomial on a generalised element

(3-71)
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The transformation is equivalent
to a parameterisation.

Figure 3-31: Transformation
of the coefficients between
different basis functions.
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Both polynomials are describing exactly the same curve only on different in-
tervals, thus
“Py(x) = *P3(%). (3-72)
The derivative of the polynomials in (3-72) reads
ngg,(x) - dgpg(ff) d€P3( )dx
dx dx dx dx’

(3-73)

with 4 . .
b
e —— (3-74)
dx gx,,2 — ngl ¢
Based on these relationships we can determine the four different transforma-
tions illustrated in Figure 3-31.

1. Determination of the transformation matrix T to convert gcj into gd]..

Based on Figure 3-29 and Equation (3-61) we know the following four
equations

e+ by, + Syl 4 eybad = by

5 +2 éczg +3 éc3 Xy, = gy/vl ,
é gcl ng + éczngz + gCBg 32 = sz 4
gc1 +2 é'czgxl,2 +3% gxﬁz gyf,z , (3-75)
which can be written in matrix notation as
1 gx,,l gxsl éxﬁl gco gdo
0 1 2%, 3% ||%, ‘a,
7 22 w3 |l | T gy | (3-76)
1 °x, Xy, Xv, Cy d,
0 1 2%, 3%,] |, td,
or,
tTéc =¢4d. (3-77)
2. Determination of the transformation matrix ng to convert °c j into gc”j.

First of all, we need to find four equations in order to solve for ng. In
general, these can be any kind of relationship between both coefficients,
as long as they are linear independent. Due to simplicity, we chose
the same kind of equations as in (3-75). Based on the nodes of the
generalised element in Figure 3-29 and under consideration of (3-72) —
(3-74), we obtain

gcO éclé"xv b gx —i—§c3€x3l = géo

e 7. .02 _ 1o
0+ 2%y xy, +3%¢37xy, = ﬁ( cl),

Cey+ Sy by + Sy 0o, 4 Sy, = oy 4 B, + 6, 4 ey,

1
Se, + 2%, 5%, +3%;5x, = 57 (550 +52 + 8, + éc~3) . (3-78)

Writing (3-78) in matrix notation yields

1 &, 92 x| e 1 0 0 o0]|[%,
0 1 2%, 3%, |%| _|o va o0 of|% (3.79)
1 %, 92 93| |5, 11 1 1] |%,
0 1 2%, 3%,] |%; 0 v 2y 3] |t
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and rearranging gives the transformation matrix

- Z {2 03

1 0 0 0 1 *xy, X, Xy,
c 0 /g5 0 0 0 1 2%, 3%
T, = ¢ 2 i3 (3-80)
1 1 1 1 1 *x, Xy, Xy,
0 vy g 3y [0 1 2%, 3%
Finally, the transformation matrix reads
1 ngl g'x%l éxls;l
gT _ |0 éxl/z - ngl 2 €XV1 (vaz - @le) 3 éxsl (éxlfz - ngl)
1 2 2| 7
0 0 (ngz - val) 3 Cx1?;1 (vaz - ngl)
3
0 0 0 (‘x,, — x,))
(3-81)
which can be used to convert the coefficients
‘T, fc = . (3-82)
. Determination of the transformation matrix gT2 to convert gfj into ngj.

The transformation matrix §T2 can be determined in exactly the same
way as °T, with the only difference that it refers to the generalised
element and therefore, only depends on #. éT2 is completely independent
of x and hence we obtain the following four equations

G =,

G =4,

bey+ %6, + %6, + ey = i,
fe, +2%,+3%, =7, (3-83)

which can be written in matrix notation as

1.0 0 0f|%, td,

ix %

01 0 of |%| |4
=10 (3-84)

111 1| %, d,

I i

01 2 3] |%, d,

or,

‘T,%e =4d. (3-85)

. Determination of the transformation matrix gT3 to convert gd} into gzzlj.

The determination of the last transformation matrix is based on (3-72)
and (3-73). The following four relationships between gd} and éd]. can be
derived

gyw = gyvl ’
1c.
?gyf/l = gy‘/ﬂ ’
g]]l/z = gsz ,

1.,
g% =y, . (3-86)
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Writing (3-86) in matrix notation results in

1 0 0 o] |%, ¢,
0 1/ 0 0 gJl _ gdl (3-87)
0 0 1 o/||%| |44’
0 0 o0 ] |4, b,
or equivalently
‘T,%d = d. (3-88)

All four transformation matrices are regular and can be used to transform one
arbitrary set of coefficients into another one and vice versa. The transforma-
tion matrix ¢T can also be derived by

T = *T,°T,°T, . (3-89)

Furthermore, these transformation matrices allows us to easily convert the
basis functions.

3.2.1.3 Transformation of the basis functions

The basic methodology for the To determine the new basis function i;(x) we rewrite (3-70) in matrix notation
transformation of the basis
functions can be found in e.g. Cp3(x) — ¢§C — q)@d (3-90)

(GANDER 2005).

with the monomial basis
d = [1 x  x? x3} . (3-91)
Solving (3-77) for ¢c and inserting in (3-90) yields
G T 1ed=ytd. (3-92)
Equating the coefficients of (3-92) yields the new basis
P =¢ T, (3-93)
with

(x— ngZ)Z(Zx -3 ngl + ngz)

<
o
Il
o~
]
~

Yy = — (x— éva)z(Zx + %%, —3%%,,)

(ngz - ngl )3

— (x - ng1)2(x - ngl) 3-94
1P3 (éxvz - ng1)2 . ( )

It is usually quite complicated to derive the new basis functions for the original
element, while we need to substitute the generalised coordinate (3-69) in (3-94)
and rearrange the equations in a suitable way. As already mentioned, it is
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easier to determine ¢;(%) directly on the generalised element. Therefore, we
write (3-71) in matrix notation

tPy(%) = pe =ptd (3-95)
with the generalised monomial basis
b= [1 ¥ 2 323} . (3-96)
Solving (3-85) for % and inserting in (3-95) yields
¢ T, d=pid. (3-97)

Equating the coefficients of (3-97) directly yields the new basis for the gener-
alised element

b =d°T,", (3-98)
with
o =25 - 382 +1,
¢ =% 282+ %,
p = —2%° +3%2,
3 =3 — 7. (3-99)

The derived basis functions (3-99) are known as Hermite basis functions and
they are defining the basis of a cubic Hermite spline. The basis functions

(3-99) can be converted into (3-94) according to
RS (3-100)

The Hermite basis functions are depicted in Figure 3-32.

1
I I,EO
0.5 —
123
I ll~)3

0

As we have seen in the previous section, an elementwise continuous linear
approximation in the derived alternative basis outperformes the one in the
monomial basis, in both, computational speed and numerical stability. There-
fore, we will also have a closer look at the four Hermite basis functions de-
picted in Figure 3-32. The angle a;; between these basis functions has been
calculated according to (3-11) and is listed in the Table 3-4.

EE T
Go | 0 314 775 1348
o 0 652 1530
s 0 1686

Table 3-4 shows, that the Hermite basis is not an orthogonal one and hence,
is not optimal. The angle between 9y and ¢, is only 31.4gon and 168.64 gon
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Figure 3-32: Cubic Hermite
basis functions

Table 3-4: Angle «;; in [gon]
between the four Hermite
basis vectors (3-99). Due to
symmetry only the upper
triangular part is presented.
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The Hermite basis should not be
confused with Hermite
polynomials. It refers to a cubic
Hermite spline.

APPROXIMATION OF FUNCTIONS IN ONE DIMENSION

between P, and 3. In both cases, the vectors are tending to show in the
same/or opposite direction. Furthermore, the Hermite basis functions are
also of different lengths, which are

ldoll2 = |22 = 0.6094,

1§12 = [l = 0.0976. (3-101)

As already mentioned, for the numerical computation of the unknown coeffi-
cients of an approximation, the angle between the basis functions and their
length ratios are playing an important role. In contrast to monomial basis,
the aforementioned geometric properties of the Hermite basis do not depend
on the position of an element. It can therefore be assumed that the computa-
tion of the unknown coefficients in the Hermite basis yields numerically more
accurate results than using monomials.

In general, it has been shown that it is easier to derive a new set of basis
functions on the generalised element directly. The coefficients can always be
converted into a different basis as depicted in Figure 3-31. An approximation
in the Hermite basis and how to easily solve the integrals for the normal matrix
will be shown in following section.

3.2.2 Elementwise approximation in the Hermite basis

In the previous section, we derived an alternative basis for an elementwise
cubic approximation, which is C! continuous. To illustrate an approximation
in the cubic Hermite basis, we approximate function (3-2) by dividing the
whole domain into N = 3 equispaced elements. Based on the definition of
nodes and elements in Table 3-2 and the four basis functions (3-94), we can
set-up the normal equation system for each element

o, o) (g1, 90) (g2, 90) s, po)| | do ¢ (¢, sin(3x))
o 1) ) o) S(gsgn)| |Sdi| _ |4(yr,sin(3x))
o, g2) S w2) o) S(Ws, )| |Cda ¢ (12, sin(3x))
o, ps) (g, ys) (g ys) s, ¢s)] [Cds £ (3, sin(3x))

for £ = 1,2,3. To solve the integrals based on the generalised element, we
introduce

b= [1/70(9‘) Pr(x)  Pa(x) 1/)3(9()} (3-103)
and rewrite the normal matrix of an element (3-102) as
‘N=CwTy) = / YT pdr. (3-104)
I

Xy
Inserting (3-45) and (3-100) into (3-104) and adopting the limits of the integral
yields

1
IN=CpT,p) = g]/ S PRRTARTRS Vi b (3-105)
0



3.2 ELEMENTWISE APPROXIMATION IN AN ALTERNATIVE BASIS

with
1 0 0 0
1/¢
T (0 V00 (3-106)
0 0 1 0
0 0 0 1y

and ¢] = ngZ — ngl. While gT; T only contains constant values, we can extract
it from the integral and the normal matrix reads

1
IN=CpT,p) =4 e T /II)T pdz iT; . (3-107)
0
Introducing
1
Nelement = /q"TlI’d-f/ (3—108)
0
with
($o, o) (P1,%0) (P2, %0) (W3, o)
Nelement = <ll?°’4:’1> @1’@ sz’@ @3’@ : (3-109)
(Po,¥2) (P, 92) (P2, $2)  (P3,2)
($o,P3) (P, P3) (P2, 3) (3, P3)

Solving the integrals in (3-109) with the Hermite basis functions (3-99) yields
the normal matrix for the generalised element

13/35 11/210 9/70  —13/420
11/210 1/105 13/420 —1/140

Nelement = . (3—110)
9/70 13/420 13/35  —11/210

—18/420 —1/140 —11/210 1/105
Inserting Nejement into (3-107) yields the normal matrix for each element
gN = g<1I)T/1I)> = §] éT?,_T Nelement éT3_1 . (3—111)

In the same way we can solve the integrals for the right hand side

=T ) = [T ) dr. (3-112)
4

X

Inserting (3-45) and (3-100) into (3-112) and adopting the limits of the integral
yields

1
=S, f) = / T f(x) di. (3-113)
0

After rearranging (3-113) the right hand side can be expressed by

1
‘=t f) = éIgT;T/J)Tf(éxl + (fxp — Exp)%) dx. (3-114)
0

65
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The cubic approximation of (3-102) with 3 elements yields the following three
normal equation systems

/105 /s 3 —1/ass| | Ly, —0.204 667105 858 953 |
2/945  8/2835  13/aas  —2/ass5 | |/, | | —0.027559579 350093
3/35 13/945  26/105 —22/5| | ly, 1 -0.305431161630575 |
| —13/945  —2/945 —22/945  8/as35| |y, ]| | 0.033296 399494 442 |
[ 26/105  22/945 3/35  —13/ os| [ 2y, ] [-0.121067910317 044
/95 8/2835  13/9a5  —2/9s5 | | %'y | | —0.006892783 556819
3/35 13/945  26/105 —22/45| |2y, | 0121067910317043 | °
| —13/945  —2/9a5 —22/oa5  8/2835] |2/, | | —0.006 892783 556 819 |
[ osp0s 2/os 3/ —13/0s| [3y,| [ 0.305431161630575)
2/05  8/2835  13/9as  —2/9ss | |3y | | 0.033296399494442
3/35 13/945  26/105 —22/u5| |3y, | 0.204667105858953
| —13/945  —2/9a5 —22/oa5  8/2835| |3/, | | —0.027 559 579 350 093 |
(3-115)

The three normal matrices in (3-115) are equal, while we introduced equis-
paced elements, thus, ¢ and also gT3 are equal for all elements. Based on
Table 3-2 two elements share the same node, namely

"x, =2x, = 2 (3-116)

and

2, = w0, = 23, (3-117)
Substituting é"yl. and gy'i in (3-115) by the unique identifier for the nodes, the
normal equation system (3-115) reads

2/105  2/os5s 335 —13/oss| [y1]| | —0.204667105858953 ]
2/945  8/2835  13/oa5  —2/oa5 | |yi| | —0.027559579 350093
3/35 13/945  26/105 —22/945| |2 | -0305431161630575|
| —13/945  —2/945 —22/9a5  8/2835| |y} | 0.033296 399494 442 |
[ 26105 2/5 335 —13/0ss| 1| [-0.121067910317044]
22/945  8/2835  13/oa5 —2/oa5 | |y4| | —0.006892783 556819
3/35 13/945  26/105 —22/945| |y3 | 0121067910317043|
| —13/945  —2/945 —22/9s5  8/2835| |4 | | —0.006 892783 556 819 |
[ 26105 2/es5 335 —13/ess| [y3] | 0.305431161630575]
2/945  8/2835  13/oa5  —2/9a5 | |y4i| | 0.033296399494 442
3/35 13/945  26/105 —22/945| |y4 | 0.204667105858953
| —13/945  —2/945  —22/9a5  8/2835| |y} ]| | —0.027 559 579 350 093 |

(3-118)
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To solve for the unknown parameters, the three normal equation systems need
to be combined as follows

n
!

Wi
Y2

/

Y
Y3

/

Y3
Ya

/

Yy

Solving the combined equation system

with
[ 26/105 22/945
22/945  8/2835
3/35 13/945
N — —13/945 —2/945
0 0
0 0
0 0
. 0 0
and

3/35
13/94

52/10

3/35
—13/9
0
0

Nx=n,

—13/945 0 0
5  —2/945 0 0
5 0 3/35
16/2835  13/945
13/945 52/105 0
45 —2/945 0
0 3/35
0 —13/945

[ —0.204667105 858953
—0.027 559 579 350 093
—0.426499 071947 619

0.026 403 615937 623
0.426499 071947 618
0.026 403 615937 623
0.204 667 105 858 953

| —0.027 559 579 350 093 |

yields the solution for the unknown parameters

n
vy
Y2
V2| _
Y3
Y3
Ya
A

[—0.127892892 631587 |
3310672567507 778
0,846 388 475928 077

1.699 324 240428 790
0.846 388 475 928 077
1.699 324 240 428 787
0.127892 892 631 591
| ~3.310672567507 737 |

—13/945

—2/945 0 0

16/2835
13/945

—2/945

(3-119)

(3-120)

o O O

0
0
0

3/35
13/945
26/105

_22/945

—13/945
—2/945
22 / 945

8/2835 |
(3-121)

(3-122)

(3-123)

The resulting cubic approximation of (3-2) in the Hermite basis is depicted in

Figure 3-33.
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Figure 3-33: Cubic approx-
imation of (3-2) with 3 ele-
ments using Hermite basis
functions (3-99) (left). Re-
sidual function v(x) =
sin(3x) — ¥-2_; ¢P5(x) (right).

Figure 3-34: First derivat-
ive of the given function
f(x) = sin(3x) in blue

and its approximation with
3 elements using Hermite
basis functions (3-99) in
red (left). Residual function

i d°p,
o(x) = dﬂga(?x) - 22:1 d3x(X)

(right).

APPROXIMATION OF FUNCTIONS IN ONE DIMENSION

1072

-1 -0.5 0 0.5 1

Figure 3-20 (left) shows a very smooth and already quite good approximation
of (3-2) while only 3 elements are used. The residual function in Figure
3-20 (right) is within the range of 1072. Figure 3-34 shows that the cubic
approximation in the Hermite basis is also continuous in its first derivative.
But of course reveals a kink at the inner nodes x, = —1/3 and x3 = 1/3, as
indicated by a yellow circle in the residual plot in Figure 3-34 (right).

\ﬂ/\ |

| |
-1 -0.5 0.5 1

X X

o

All calculations of a cubic approximation in the Hermite basis have been done
with the MATLAB code in Programme 3-5.
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3.2 ELEMENTWISE APPROXIMATION IN AN ALTERNATIVE BASIS

%Given function
f=0(x) sin(3x*x);

%Approximation of f(x) on [-1, 1]
a=-1; b=1;

%number of elements
elements=3;

%Position of the equispaced nodes
nodes=linspace(a,b,elements+1) ;

%Initilisation of the matrices
N=zeros (2*(elements+1)); n=zeros (2*x(elements+1) ,1);
n_element=zeros (4,1);

%Hermite basis functions
phi{1}=@(x) 2*x.°3 - 3*x.72 + 1;

phi{2}=@(x) Xx."3 - 2*%x.72 + x;
phi{3}=0@(x) -2*x.73 + 3*x.72;
phi{4}=0(x) x.73 - x.72;

%Normal matrix of the generalised Element
N_element=[13/35 11/210 9/70 -13/420; 11/210 1/105 13/420
-1/140;
9/70 13/420 13/35 -11/210;-13/420 -1/140 -11/210
1/1051;

for k=1:elements
J=nodes (k+1) -nodes (k) ; T_3=diag([1 J 1 J]);
%Index for the normal matrix
from=2%k-1; to=2x(k+1);
N(from:to,from:to)=N(from:to,from:to)+J.*T_3’*N_element
*T_3;
%right hand side
for 1=1:4
n_element (1)=integral (@(x) f (J*x+nodes(k)) .*phi{1}(
x),0,1);
end
n(from:to)=n(from:to)+J*T_3’*n_element;
end
c=N\n;

When deriving the Hermite basis, we have recognized that it is not orthogonal
and therefore not an optimal basis. Consequently, we determine the condition
number of the related normal matrix for increasing N, which is depicted Figure
3-35.
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Programme 3-5: Code for an
elementwise cubic polynomial
approximation in the Hermite
basis (3-99).
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Figure 3-35: Logarithmic

plot of the condition num-
ber of the normal matrix of
an elementwise continuous
cubic approximation in the
monomial basis (blue) and in
the Hermite basis (red) for
increasing number of elements

N.

Figure 3-36: Cubic approx-
imation of (3-6) with 10000
elements using Hermite
basis functions (left). Re-
sidual function v(x) =
sin(30x%) — L1290 Py (x)
(right).

Figure 3-37: Cubic approx-
imation of (3-8) with 10000
elements using Hermite
basis functions (left). Re-
sidual function v(x) =
exp(—1000x2) — 7000 Ty x)
(right).
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1020

1010

100 ! ! !

The red curve in Figure 3-35 represents the condition number of the nor-
mal matrix for a cubic approximation in the Hermite basis. The blue curve
represents the condition number of the normal matrix for an equivalent cubic
approximation in the monomial basis. In the previous chapter we noticed that
the Hermite basis is not optimal, while we addressed the angles between the
basis functions and their length. This is also reflected by the condition num-
ber for the normal matrix, while it is already ~ 107 for 200 elements. However,
this is significantly smaller than the condition number of the normal matrix
for the same approximation in the monomial basis, which is already ~ 10V
for only 100 elements.

That an approximation in the Hermite basis is numerically more stable than
in the monomial basis can also be seen in the approximation of function (3-6)
using 10000 elements, which is depicted in Figure 3-36.
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Figure 3-36 (left) shows a smooth and very good approximation of (3-6). The
residual function indicates deviations in a range of ~ 10711, In the same way
function (3-8) can be approximated by 10000 elements, as it is illustrated in
Figure 3-37.
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Off site the peak, the residual function in Figure 3-37 (right) is zero within
machine precision and only reveals deviations of ~ 107! around the peak at
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x = 0. Numerical effects, as presented for the cubic approximation in the
monomial basis with only = 300 elements as depicted in Figure 3-23 or Figure
3-24, are not apparent so far. A further increase up to 15000 elements only
reduces the residual function by a factor of 2, while using 20000 elements the
residual function starts to increase again and get worse. The condition number
of the normal matrix for 20000 elements is already =~ 10'!. The computational
effort for an improvement of the approximation is huge. To emphasize once
again, both approximations in Figure 3-36 and Figure 3-37 are functions of
20002 parameters.

3.3 APPROXIMATION USING ORTHOGONAL BASIS FUNCTIONS

As shown before, polynomial approximation in the monomial basis is an ill-
posed problem and has hardly any relevance for practical applications. In
many engineering sciences, an elementwise approximation with polynomials
of low degree is used for various tasks, whereby the choice of a suitable basis is
decisive. In this way, depending on the task at hand, approximations can be
achieved that are sufficiently accurate for most applications, as demonstrated
in Section 3.2.2. However, depending on the selected basis, the accuracy of the
approximation can usually not be increased arbitrarily and also the number
of required parameters increases very quickly. Therefore, we also will discuss
a further approach for the approximation of functions.

Having a closer look on especially the angle between the basis functions al-
lows a simple geometrical interpretation of the aforementioned ill-conditioned
problem and gives the motivation to use another set of basis functions, which
are orthogonal. In the broad literature one will find a variety of orthogonal
polynomials, such as

e Chebyshev polynomial of the first kind,

Chebyshev polynomial of the second kind,

Gegenbauer polynomial,

Hermite polynomial,

Jacobi polynomial,
e Laguerre polynomial and
e Legendre polynomial,

just to name a few important ones. But in approximation theory in general one
will encounter two closely related sets of orthogonal basis functions associated
with the names of Chebyshev and Fourier, slightly rephrasing (TREFETHEN
2013, p. 12). Reason enough to introduce Chebyshev polynomials of the
first kind and Fourier series as a basis for the approximation of functions and
whenever we use the expression “Chebyshev polynomial” we refer exclusively
to the Chebyshev polynomial of the first kind Tj(x).

3.3.1 Approximation in the Chebyshev basis

The Chebyshev polynomial T;(x) of degree j > 0 is defined by

Ti(x) = cos(j arccos(x)) for x € [-1,1]. (3-124)
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A comprehensive overview on
Chebyshev polynomials can be
found in MASON and HANDSCOMB
(2003) and RIVLIN (1974).
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Figure 3-38: Basis functions
Tj(x) for j=0,---,10.

APPROXIMATION OF FUNCTIONS IN ONE DIMENSION

These polynomials satisfy the three term recurrence relation

Ti(x) = 2xTj_q(x) — Tj—2(x) forj>2 (3-125)
with the initial conditions
To(x) =1 and Ty (x) = x. (3-126)

The Chebyshev polynomials are orthogonal with respect to a weighted inner
product

T, i=j=0,
1 Ti(x) Tj(x)
(T;, T;) = . ﬁ dy=4¢ n/2, i=j>1, (3-127)
0,  i#j

The first 11 Chebyshev polynomials are depicted in Figure 3-38.
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In direct comparison to the first 11 monomials depicted in Figure 3-8, the
Chebyshev polynomials in Figure 3-38 can easily be distinguished.

As for the monomial basis, we will first approximate function (3-2) on the in-
terval x € [—1,1] by a polynomial of 3" degree. According to (1-45), the least
squares approximation in the Chebyshev basis of (3-2) yields the following
normal equation system

(To, To) (T1,To) (To,To) (T3, To)| |co (To, sin(3x))
Mo T) (TT) (TT) (T T o _ [(TusinG0)| 0
<T0,T2> <T1,T2> <T2,T2> <T3,T2> 1)) (Tz,sin(3x))
(To, T3) (T, T3) (T2, T3) (T3, T3)] |c3 (Ts,sin(3x))

and while choosing orthogonal basis functions, the normal equation system
simplifies to

(To, To) 0 0 0 o (Tp, sin(3x))
0 (T1, Th) 0 0 cr| _ |(Ty,sin(3x)) (3-129)
0 0 (LT 0 e (T», sin(3x))
0 0 0 (T3, T3) | |c3 (T3, sin(3x))

Thus, the normal matrix N is diagonal and the unknown coefficients can
directly be determined by
(T;,sin(3x))

(T Tj)

¢ = (3-130)
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with

1 T;sin(3
(Tj,sin(?:x)):/ jsin(3x) dx for j=0,1,2,3. (3-131)

—1 /1 — X2
The coefficients for a polynomial approximation in the Chebyshev basis of 3"4
degree are

co 0.000 000 000 000 000
| _ 0.678117917 051 832 . (3-132)
2 0.000 000 000 000 000
c3 —0.618125444 510 544

Due to the symmetry of (3-2) the even coefficients are zero. The resulting
approximation and the residual function are depicted in Figure 3-39.

0.1
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The polynomial approximation in the Chebyshev basis in Figure 3-39 (left)
is very similar to the one in the monomial basis depicted in Figure 3-1 (left),
but they are not equal. The residual function in Figure 3-39 (right) shows
deviations smaller than +0.1.

The Matlab code for the presented polynomial approximation in the Cheby-
shev basis is given in Programme 3-6.

%Approximation of f(x) on [-1, 1]
a=-1; b=1;

%degree of approximation
p=3;

%Initialization of the matrices
c=zeros (p+1,1);

%First coefficient
c(1)=1/pi*integral (€(x) sin(3*x)./sqrt(l1-x.72),a,b);

%Remaining coefficients

for i=1:p

c(i+1)=2/pixintegral (@(x) sin(3*x).*cos(i*acos(x))./sqrt
(1-x.72) ,a,b);

end

Like in the previous sections, we want to know which polynomial degree is
needed to approximate (3-2) within roughly machine precision. Therefore, we
iteratively determine the coefficients up to csy and calculate the maximum
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Figure 3-39: Given function
(3-2) in blue and it’s polyno-
mial approximation in the
Chebyshev basis P5(x) in

red (left). Residual function
v(x) = sin(3x) — P3(x) (right).

The least squares approximation
in the Chebyshev basis is a
near-minimax or near-Le
approximation, see MASON and
HANDSCOMB (2003, Chapter 5.5).

Programme 3-6: Code for
polynomial approximation in
the Chebyshev basis.
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Figure 3-40: Logarithmic
plot of max|sin(3x) — Py(x)]
for different polynomial de-
gree (left). Residual function
v(x) = sin(3x) — Pig(x) for
the best fitting polynomial
(right).

For all examples presented here,
the analytical solutions have been
derived using (WOLFRAM

RESEARCH, INC. 2021).

Figure 3-41: Residual function
v(x) = sin(3x) — Py;(x) for the
best fitting polynomial using
the analytic solution (3-133)
for the integrals of the right
hand side.

APPROXIMATION OF FUNCTIONS IN ONE DIMENSION

absolute difference between function (3-2) and it’s approximation. The result
is depicted in Figure 3-40.
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The residual function for the best fitting polynomial Pjg(x) in Figure 3-40
(right) shows an oscillatory behaviour with an amplitude of about 10713 and
is not within machine precision. Increasing the polynomial degree will not
improve the approximation and reduce the residual function. The reason why
it is not possible to approximate (3-2) within machine precision is due to
the numerical integration of the right hand side (3-131), while the last two or
three digits are wrong. These inaccuracies are leading to the presented residual
function and can be avoided while using the following analytic solution for the
integrals of the right hand side of (3-131)

(=1)"2m];(3), ifjis odd,

(sin(3x), Tj) = o
0, if j is even,

(3-133)

with J;(x) being the BESSEL function of the first kind. As a result we found a
polynomial of 21%¢ degree which approximates (3-2) within machine precision.
The residual function is depicted in Figure 3-41 and reveals deviations smaller
than £1071,

.10715
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The non zero coefficients of Py;(x) are

o 0.6781179170518730]
c3 —0.618125444 5105032
cs 0.086 056 869 754 0952
c7 —0.005 094 588 903 609 4
co 0.000 168 790 042 618 2
cin | = | —0.000003 5879793247 (3-134)
c13 0.000 000053 1813926
c1s —0.000 0000005815290
c17 0.000 000 000 004 887 0
c19 —0.000 000000000 032 6
lcn] L 0.0000000000000002]

and revealing a very interesting and important property of polynomial ap-
proximation in the Chebyshev basis. According to MASON and HANDSCOMB
(2003, Chapter 5.3.2) the Chebyshev series expansion will converge to f(x)
as long as f(x) satisfies the Dini-Lipschitz condition, thus if f(x) is Lipschitz
continuous. The truncation error of this approximation is in the same order-
of-magnitude as the absolute value of the last coefficient, see (BoyD 2002,
Chapter 2.12). This is of great advantage to approximate functions within
machine precision.

Right now we are facing the problem that the numerical integration of the
right hand side (3-131) is not very accurate and to use its analytic solution
is also not really feasible, as it is usually very hard to derive. While it is
quite comfortable to integrate the right hand side numerically, we can obtain
a numerical more accurate representation of

/1 (x) Tj(x) e — /1 f(x) cos (j arccos(x)) dx (3.135)
-1 V1—x2 -1 V1—x2
by the following change of variable
x = cos(6) (3-136)
and with 4 dcos(0)
x cos ,
B- a8 - sin(6) (3-137)
we obtain
dx = —sin(6) d6. (3-138)

Inserting (3-136) and (3-138) in the right hand side of (3-135) and changing

the limits according to cos(7r) = —1 and cos(0) = 1 yields
V) Ti(x) 0 f(cos(f)) cos(jO)

/4 V1—x2 dx = /n 1 — cos2(0) sin(6) d@

= /ﬂo f(cos(si)l)(ejos(je) sin(0) do

_ /O'nf(cos(e)) cos(j8) de. (3-139)

The derived integral (3-139) as a function of 6 yields more accurate results for
the numerical integration of the right hand side (3-131). Figure 3-42 depicts
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In simplified terms, this means
that the slope of f(x) cannot
become arbitrarily large.

A rule-of-thumb.

Due to singularities of the
weighting function at x = £1.
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Figure 3-42: Residual function
v(x) = sin(3x) — Py (x) for the
best fitting polynomial using
(3-139) for the integrals of the
right hand side.

Figure 3-43: The two ex-
amples from the previous
sections, f(x) = sin(30x2)
(left) and the shifted function
f(x) = exp(—1000(x — 0.2)%)
(right).

Figure 3-44: Residual function
v(x) = sin(30x2) — Pg5(x) (left)
and logarithmic plot for the
coefficients [c;| (right).

APPROXIMATION OF FUNCTIONS IN ONE DIMENSION

the resulting residual function of the best approximation of (3-2), while using
(3-139) for the numerical integration of (3-131).
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Although the residual function in Figure 3-42 is slightly different than the one
for the analytic solution in Figure 3-41, it also only shows deviations within
+10715. Thus, the numerical integration using (3-139) nearly gives the same
results as the analytic solution (3-133).

Let us now consider the other two examples from Chapter 3, while this time
we shift function (3-8) a bit to the right in order to avoid symmetry. The two
functions are depicted in Figure 3-43.
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Function f(x) = sin(30x?) can be approximated within 10~!* by a polynomial
of 85t degree, as can be seen in the residual plot in Figure 3-44 (left).

,10—14
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10°° .
—18 | | | |
10 0 20 40 60 80
x j

The absolute value of the coefficients are illustrated in Figure 3-44 (right)
and due to the symmetry of the function the odd coefficients are zero within
machine precision. The even coefficients are rapidly converging to zero, while
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the last one is ~ 10~1°. Even the exact solution for the integral of the right
hand side

—cos((b+)m+15 7t Jis,(15), if j is even,
((4 2 / J

(sin(30x%), T}) =
0, if j is odd,

(3-140)

will yield nearly the same result as depicted in Figure 3-44. The polynomial
approximation Pgs(x) of function (3-6) is within machine precision. The same
occurs for the shifted function

f(x) = exp ( —1000(x — 0.2)2). (3-141)

The residual plot and the absolute values of the coefficients are depicted in
Figure 3-45.
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A polynomial of 3624 degree approximates (3-141) within 10~'* and while
the function depicted in Figure 3-43 (right) is not symmetric with respect to
x = 0, neither the even nor odd coefficients are zero, except the last ones
which are ~ 101,

In direct comparison to the approximation in the monomial basis presented in
Chapter 3 the approximation in the Chebyshev basis is more accurate, much
faster and easier to implement. The only problem so far is the numerical
integration of the right hand side. Using the integral (3-139) instead of (3-135)
usually yields more accurate results for the numerical integration, but only to
a certain extent. Until now the limitation of a least squares approximation in
the Chebyshev basis is the solution of the integrals of the right hand side in
both accuracy and computational time.

3.3.2 Approximation in the Fourier basis

As the Chebyshev series are closely related to the Fourier series, we will also
present an approximation in the Fourier basis. According to BRONSHTEIN
etal. (2007, p. 420 ff.) the Fourier series is given by

N =

P P
Sp(x) = sag+ Y _ ajcos(jwx) 4+ ) _ bjsin(jwx) (3-142)
=1 =1

with the angular frequency w = 27/T and period T. The complex representa-
tion of (3-142) is given by

4
Sp(x) = Z cjexp(tjwx) (3-143)
J==p

7

Figure 3-45: Residual function
v(x) = exp(—1000(x — 0.2)%) —
P3gp(x) (left) and logarithmic
plot for the coefficients |c;|
(right).

I intentionally omitted the term
periodic function.
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Figure 3-46: Given function
(3-2) in blue and it’s approx-
imation in the Fourier basis
S3(x) in red (left). Residual
function v(x) = sin(3x) — S3(x)
(right).

APPROXIMATION OF FUNCTIONS IN ONE DIMENSION

with the imaginary unit 1 = v/—1. The coefficients a; and b; can be converted
into c; as follows

%ﬂo, j=0,
C]' = %(ﬂj—lb]'),
2(aj+by),
As in the previous chapters we will approximate function (3-2) by a Fourier
series with p = 3, while using the complex representation (3-143). The basis
functions ¢; = exp(ijwx) satisfy the orthogonality condition

j>0, (3-144)

j <O0.

(P, 0) = /11 exp(tiwx) exp(rjwx) dx = { T, i=-j (3-145)

0, else.

and hence, the normal equation system of a least squares approximation of
(3-2) in the Fourier basis reads

000 0 0 0 0 T|[cs| [(exp(=3iwx),sin(3x))]
0 00 0 0O T 0] |ca (exp(—21wx), sin(3x))
0 0 0 0T 0 0} |cq (exp(—lwwx),sin(3x))
0 00T 0 0 Of]|c|=1 (exp(Owwx),sin(3x)) | - (3-146)
0 0T 0 0 0 0ff|c (exp(liwx), sin(3x))
0T 0 0 0 0 0f]c (exp(2iwx), sin(3x))
T 0 0 0 0 0 O] [c3] | (exp(3wwx),sin(3x)) |

While the normal matrix N is anti-diagonal, the coefficients can be directly
determined by

1
cj= %/ sin(3x) exp(—tjwx) dx, (3-147)
-1

for j = —3,-2,-1,0,1,2,3 and T = 2. This solution can also be found in
BRONSHTEIN et al. (2007, pp. 421) and yields the coefficients
[c5]  [0+0.016661456383217]
C_2 0 — 0.029092 165 239 7091
c_1 04 0.509 819 844 563 8441
co | = [0+ 0.000000000 000000z (3-148)
c1 0 — 0.509 819 844 563 8441
1)) 0+ 0.029092 165 239 7091
5| [0—0.016661456383217:

Due to the symmetry of (3-2) the real part of the coefficients are zero. The
resulting approximation and the residual function are depicted in Figure 3-46.
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3.3 APPROXIMATION USING ORTHOGONAL BASIS FUNCTIONS

The Matlab code for the presented approximation in the Fourier basis is given
in Programme 3-7.

%Approximation of sin(x) on [-1, 1]
a=-1; b=1;

%angular frequency and period T
omega=2*pi/(b-a); T=b-a;

%degree of approximation (number of harmonic ascillations)
p=3;

%Initialization of the matrix
c=zeros (p+1,1);

%#Calcutaion of the coefficients

for j=-p:p
c(j+p+1)=1/T*xintegral (@(x) sin(3*x) .*xexp(li*j*omegax*x),a
,b);
end

%Flipping the coefficients due to anti-diagonal normal
matrix
c=flipud(c);

Increasing the number of terms to p = 50 will generally reduce the residual
function, but will still keep the large deviation at the limits as depicted in
Figure 3-47.

0.1 N
0 VA" v
—011 N
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-1 -0.5 0 0.5 1
X X

These deviations at the limits will not vanish while increasing the number of
harmonic oscillations. Although it is mentioned in BRONSHTEIN et al. (2007,
pp. 420), and probably also in most books about Fourier series expansion,
that we can

...represent a given periodic function f(x) with period T exactly or
approximatively by a sum of trigonometric functions. ..

So far we have neglected the term periodic. But this is very important, be-
cause a representation of a function in the Fourier basis can only be exact in
case we use an interval equal to an integral multiple of the period. While we
approximated (3-2) on the interval x € [—1,1] we implicitly assumed a period
of T = 2, whereas the exact period is Texact = 27/3. This is the reason why
it is not possible to achieve an approximation in the Fourier basis within ma-
chine precision. The resulting approximation will always preserve an implied

79

Programme 3-7: Code for an
approximation in the Fourier

basis.

Figure 3-47: Given func-
tion (3-2) in blue and it’s
approximation in the Four-

ier basis Ss0(x) in red (left).

Residual function v(x)
sin(3x) — Ssp(x) (right).
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Figure 3-48: Given function
(3-2) in blue and it’s least
squares approximation on

the interval x € [—1,1] in
the Fourier basis S3(x) in
red. We extended the interval
to x € [—3,3] in order to
illustrate what we wanted to
approximate (left) and what
we actually did (right).

Or, in other words, we tried to
approximate a non continuous
function by a continuous one.

Figure 3-49: Approximation
in the Fourier basis Sso(x) of
function (3-6) (left). Residual
function v(x) = sin(30x?) —
San(x) (right).

APPROXIMATION OF FUNCTIONS IN ONE DIMENSION

periodicity of function (3-2) with a period of T = 2. Figure 3-48 illustrates
this issue.

The different periods of the given function and the least squares approxima-
tion in the Fourier basis can be seen in Figure 3-48 (left), but this plot does
not illustrate the actual situation of the performed adjustment. While we
approximated function (3-2) on the interval x € [—1,1], we implicitly defined
that this function has a period of T = 2. As we already know this period is
not the exact one. Hence, the actually performed least squares approximation
in the Fourier basis is depicted in Figure 3-48 (right), which clearly reveals
jump discontinuities at the limits x = —1 and x = 1. The approximation
is not only a best to fit of function (3-2), it also tries to approximate these
jumps as best as possible, which is also the reason for the large oscillations of
the residual function in Figure 3-47 (right). This oscillating behaviour of the
approximation in the vicinity of the jump discontinuities is known as GIBBS
phenomenon.

Let’s consider the last two examples depicted in Figure 3-43. An approxima-
tion of function (3-6) is given in Figure 3-49.
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Although it seems like function (3-6) is periodic on the interval x € [—1,1], it
is not. Once again we have jump discontinuities at the limits, which causes
large deviations, as depicted in the residual plot Figure 3-49 (right). The
coefficients of Ssp(x) are illustrated in Figure 3-50.
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Due to the symmetry of the function the imaginary part of the complex coef-
ficients c; is zero, as can be seen in Figure 3-50 (right). The imaginary part of
the coefficient for the offset ¢( is always equal to zero and hence always a gap
at j = 0 appears in these plots. The real part of the coefficients are decreasing
with increasing j. However, they will not converge to zero, due to the wrong
period or to the resulting jump discontinuities at the limits.

The last example depicted in Figure 3-43 (right) is also not periodic, but
it is possible to approximate function (3-141) within machine precision with
p =112 terms. Sq12(x) and the residual function are depicted in Figure 3-51.
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The largest deviations of ~ 10714 are appearing at the position of the peak of
the function, as can be seen in Figure 3-51 (right). The coefficients of S112(x)
are illustrated in Figure 3-52.
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The logarithmic plot of the absolute values in Figure 3-52 shows that the
coefficients rapidly converging to zero within machine precision with increasing
j. Although function (3-141) is not a periodic function we can approximate it
within machine precision using the Fourier basis. But this is only due to the
nature of this exponential function. The functional value at the limits is only
f(x = £1) =~ 107?7 and its first k derivatives are only increasing by a factor
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Figure 3-50: Logarithmic plot
of the absolute values for the
real (left) and imaginary part
(right) of the complex coeffi-

cients c; of Sso(x).

Figure 3-51: Best approxim-
ation in the Fourier basis
S117(x) of function (3-141)
(left). Residual function

v(x) = exp(—1000(x — 0.2)?) —
S112(x) (right).

Figure 3-52: Logarithmic plot
of the absolute values for the
real (left) and imaginary part
(right) of the complex coeffi-

cients ¢; of Sy1p(x).
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This section is essentially based
on (TREFETHEN 2013, Chapter 3
& 4), while mainly focussing on
the integrals instead of the series
expansion.

Figure 3-53: Unit circle in
the complex plane with the
imaginary unit 1 = v/ —1.

APPROXIMATION OF FUNCTIONS IN ONE DIMENSION

~ 1000%. And while we only deal with roughly 15 digits of relative accuracy
we can conclude, that function (3-141) is an almost periodic function. At least
from a numerical point of view.

3.3.3 Chebyshev vs. Fourier

As already mentioned in Section 3.3, the Chebyshev and Fourier basis are two
closely related sets of orthogonal basis functions. To illustrate this relation-
ship, we will consider a least squares approximation of a Lipschitz continuous
function f(x) on [—1,1] in the Chebyshev basis according to (3-130). The
coefficients can be calculated by

L /1 LGN (3-149)

c =

Cheby; (T;,T;) J-1 /1 -2

or by introducing the change in variables (3-136), the coefficients can also be
determined by

1 n '
CCheby; = W/O f(cos(6)) cos(j ) db

1 T :
= ) ’/0 F(0)cos(j0)de. (3-150)

This change in the variables can also be interpreted as a mapping of f(x) onto
the upper half of the unit circle, which is depicted in Figure 3-53.

y
1
z=exp(1) = x+1y = cosf 41 sinf
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An arbitrary point z on the unit circle is uniquely defined by its coordinates
(x,y), satisfying
24y =1, (3-151)

or an angle 6, with

Re(z) = x = cos b,

Im(z) =y =sin, (3-152)
while the upper equation in (3-152) is the introduced change in variables

(3-136). Due to
x = Re(z) = Re(2) (3-153)

it follows
F(0) = F(—6) (3-154)

and the integral in (3-150) can also be written as

1 1
el = 2 T, )

/;” F(6) cos(j0) do. (3-155)
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While mapping f(x) onto the unit circle we obtain a so-called transplanted
function F(0) for 6 € [—r, ] which is an infinitely differentiable, even, peri-
odic function, see ORSZAG 1971. Therefore, F(6) has a Fourier cosine series
expansion

1 > )
F(6) = 5% + 211]- cos(jwb) . (3-156)
]:
A least squares approximation of the periodic function F(#) on [—, 7] in the
Fourier basis according to Section 3.3.2 results in the coefficients

1

T
CFourier; = 5 LnF(G)exp(—zij)dQ. (3-157)

Using Euler‘s equation
exp(£16) = cosf +1sinf (3-158)

and with w = 27/T =1 the integral in (3-157) can be written in the form

CFourler] 2 /

F(0)[cos(j0) —1sin(j6)] do

21” / F(6) cos(j6) d6 — 1 7/ 0)sin(j6)do.  (3-159)
While F(6) is an even function
T
/ F(6) sin(j8)d6 = 0 (3-160)
—7T
and Equation (3-159) simplifies to
1
CFourier; = 27r/ F(6)cos(j0)de. (3-161)

Now it is quite obvious that the Chebyshev coefficients CCheby, in (3-155) are
equal to the Fourier coefficients CRourier; 1Nl (3-161), only scaled by a constant
factor. An approximation of f(x) on [—1,1] in the Chebyshev basis is directly
related to an approximation of a transplanted function F(6) on [—7, 7] in the
Fourier basis.

As we have seen in Section 3.3.1, solving the integrals (3-150) using the MAT-
LAB built-in function integral is slow and also not very accurate. But in case
F(0) is known only at equally spaced points 6y, the integrals in (3-159) can be
approximated by the Fast Fourier Transformation (FFT), see (BRONSHTEIN
etal. 2007, Section 19.6.4). Using FFT is very fast and in case a sufficient
amount of points are given, it is also accurate down to the last digit. Let us
consider some equally spaced points on the upper half of the unit circle as
depicted in Figure 3-54.

Im
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For a non-periodic function f(x)
we obtain a periodic function F()
only after the change of variable
(3-136).

According to (TREFETHEN 2013, p.
15) this was probably observed
around 1970, see (AHMED and
FIsHER 1970) or (ORSZAG 1971).

Figure 3-54: Equispaced
points on the upper half on
the unit circle in blue and
Chebyshev points in red.
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In the following we call them only
Chebyshev points.

Figure 3-55: Procedure for a
fast and accurate approxima-
tion of f(x) in the Chebyshev
basis via FFT.

APPROXIMATION OF FUNCTIONS IN ONE DIMENSION

The projection of these equally spaced points onto the real axis are known as
Chebyshev points of the second kind, Chebyshev extreme points, or Chebyshev-
Lobatto points and are given by

X = COS (k%r), 0<k<mn. (3-162)
And if we discretize f(x) at the Chebyshev points we obtain
fxe) = F(6k), (3-163)

which can directly be evaluated using FFT. The basic procedure for an efficient
approximation of f(x) with the aid of the FFT is illustrated in Figure 3-55.

fast & accurate

slow & inaccurate

F(0)

Mapping
onto the

unit circle § « o 33 o

- .. L. mf

Solving Solving (3-157)
(3-149) via FFT
CChebyj Re CFourierj

The Chebyshev coefficients CCheby, are the real part of CRourier;; only scaled by
a constant factor. While for Part ii the coefficents are determined by using the
MATLAB built-in function integral, FFT is used for the practical applications
Measurement— and Model-based Structural Analysis (MeMoS) in Part iii.



APPROXIMATION OF FUNCTIONS IN TWO
DIMENSIONS

The basic methodology for the least squares approximation of univariate func-
tions shown in Chapter 3 can in principle be directly extended to bivariate or
multivariate functions, as already remarked in (LANGTANGEN 2016a, Chapter
8). For detailed information about multivariate approximation of functions in
general please refer to standard literature such as (ATKINSON and HAN 2009,
Chapter 14 ) or (REIMER 2003). A general overview of different methods
and/or different sets of basis functions can be found in (SCHABACK 2015).

For the approximation of univariate functions we in general only considered
the domain [4,b] mapped onto [—1,1]. But we have not considered the other
two domains, namely [a,00) and (—oc0,00), and have not discussed the result-
ing problems in solving the integrals in the normal equations system (1-45).
However, there are many different types of domains for the approximation
of bivariate functions. Solving the integrals of the normal equation system,
therefore, turns out to be the main problem in the computation of a least
square approximation of bivariate functions. Thus, we restrict ourselves in
this thesis only to functions defined on the unit square [—1,1]2 and we only
briefly discuss the mapping of simple arbitrary convex domains on the unit
square in Section 4.4.

Any bivariate polynomial of degree p can be written in the form

pop pop o
Pp(x,y) =Y Y ciidii(x,y) =) Y cijx'y/ (4-1)

i=0j=0 i=0j=0

while i+ j < p. The advantage of this representation of a bivariate polynomial
is, that the indices of the unknown coefficients c;; are directly referring to the
corresponding basis function ¢;;(x,y) = x'y/. Storing these coefficients in a
matrix allows an easy way for a visual inspection and further interpretation.
Using (4-1) for the implementation of a least squares approximation in ac-
cordance to (1-45), might lead to some confusion. Therefore, it is better to
rewrite the two sums in Equation (4-1) into a single one and use the following
equivalent representation of (4-1) for a bivariate polynomial of degree p

P pn
Pp(x,y) = Y apr(xy) =Y axy  i+j<p, (4-2)
k=0 k=0

with p, = 2(p+1)(p +2) and where i,j permute accordingly. An appropriate
way to illustrate the terms of a bivariate polynomial is by the usage of the
Pascal triangle as depicted in Figure 4-1.
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Therefore, hardly any additional
literature has been used
throughout this chapter.

For practical application and since
any function can be discretised,
we would also like to refer to
standard literature on the
approximation of scattered data,
such as e.g. (BUHMANN 2003),
(LANCASTER and SALKAUSKAS
1988), (P1EGL and TILLER 1997)
or (WENDLAND 2004).
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Figure 4-1: Pascal triangle for
the terms of a bivariate poly-
nomial of degree p. Including
the number of terms p, +1
for each degree. The terms
for a polynomial of 24 degree
are shaded in light blue. The
illustration was adopted from
ZIENKIEWICZ et al. (2013, p.
153) and slightly modified.

Figure 4-2: Given function

f(x,y) = cos (x/(y+15)).

Table 4-1: All p, + 1 permuta-
tions of i and j under the con-
dition i +j < p for polynomial
degree p = 2 and resulting
basis functions ¢ = x'y/.

APPROXIMATION OF FUNCTIONS IN TWO DIMENSIONS

P pn +1
1 0 1
A\
X y 1 3
/N / N\
x2 xy A 2 6
/SN /N /N
x3 x%y xy? v 3 10
SN/ N/ N /N
DA A S

X

For a least square approximation of a function in two dimensions, the repres-
entation (4-2) with only one sum can be used in the same way as already done
in Chapter 3. To illustrate the procedure we will approximate the continuous
real function

feop =cos(5) ) el1R (43)

X
y+15

by a polynomial of 2°¢ degree with p, +1 = 6 unknown coefficients. Function
(4-3) is depicted in Figure 4-2.

In order to approximate (4-3) the 6 basis functions ¢ = x'y/ of a polynomial
of 274 degree are defined as listed in Table 4-1.

k i e=xy
0o 0 0 1
10 1 y
2 0 2 la
31 0 X
4 1 1 xy
5 2 0 x2
The normal equation system
Nx=n

of a least squares approximation of (4-3) by a polynomial of 2*4 degree results
in

(¢o,¢0) (¢1,¢0) (Ppa o) | | co (¢, cos (*/(y+15)))
<<P0/.¢1> (fP11.<P1> <¢Pn./¢1> C'l _ | (1, cos (’.‘/(y+1.5))> s
(@0, bp.) (D1 Pp) - (Dporbp)] Lep, (@pn,cos (¥/(y+15)))
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with the integrals

1 1
(P 1) = L [1¢k¢1dxdy for k,1 =0,1,2,...,pn

and

1,1
(1, c0s (¥/(y+15))) = /71 /71 @1 cos (¥/(y+15)) dx dy

for 1 =0,1,2,...,pn. Based on the basis functions ¢ listed in Table 4-1 the

normal matrix in (4-4) reads

(4-5)

Ly w1 @A) (1) (yl) (A1)
Ly) Wy Gy &y yy ()
No | by Ry eyt Gwy?) (PR
(Lx) (w2 @A) (vx) (wx) (P2
(Lxy) (yxy) (Pxy) (nxy) (yay) (2 xy)
(L2 (va?) (A7) (2 (xy,2)  (%5%)
The integrals in (4-5) can be solved directly and yields the following normal
matrix i i
4 0 4/3 0 4/3
0 43 O 0 0 0
N — 43 0 45 0 4/
0 0 0 43 0 0
0 0 0 0 49 0
14/3 0 4/9 0 0 4/5]

As in the previous sections we solve the integrals of the right hand side nu-
merically using the MATLAB built-in function integral2 for double integrals.

The right hand side reads

I (1, cos (x/(y+1.5))> ]
(y, cos (*/(y+15)))
(y?, cos (¥/ (y+15)))
(x,cos (*/(y+15)))
(xy, cos (*/(y+15)))

L (x?, cos (¥/(y+15))) |

3.508 314 674752977
0.231521 135 845 772
1.104 046 536 710 792
—3.951960 28679656 - 1014
—8.604228 44084496 - 10710
| 1.042930815846 090

(4-7)

The solution of the normal equation system (4-4) yields the unknown coeffi-

cients o i
co 1.056 984 072 386 777
1 0.173 640 851 884 329
| |—0.183914123081812
c3 | =2.96397021509742 - 1014
cy —1.93595139919012 - 10~ 1°
les| [ —0.355802088013786

(4-8)

for a bivariate polynomial approximation of 2" degree. The resulting approx-
imation and the residual function are depicted in Figure 4-3.
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Figure 4-3: Polynomial ap-
proximation Py (x,vy) of
function (4-3) (left). Re-
sidual function v(x,y) =

cos (¥/(y+15)) — P (x,y) (right).

Figure 4-4: Best polynomial
approximation Pi4(x,y) of
function (4-3) (left). Re-
sidual function v(x,y) =
cos (*/(y+15)) — Pra(x,y)
(right).

Figure 4-5: Polynomial ap-
proximation P (x,y) of
function (4-3) (left). Re-
sidual function v(x,y) =
cos (¥/(y+15)) — P (x,y)
(right).

APPROXIMATION OF FUNCTIONS IN TWO DIMENSIONS

04
0.2 >
5"
—0.2 -
—04
—-0.6
—-0.8
1 \ . I
! 05 o T W 05 1
—0.5_1 1 —05
y x

As Figure 4-3 illustrates, P,(x,y) is only a very coarse approximation of func-
tion (4-3) with the largest deviations at the two corners for y = —1. The best
approximation can be achieved by using a polynomial of 14" degree, which
yields a residual function smaller than 1073, as depicted in Figure 4-4.

A further increase of the polynomial degree leads to a larger residual function
and therefore, to a worse approximation. A polynomial of 2274 degree already
yields a residual function which is slightly smaller than for P>(x,y), as depicted
in Figure 4-5 (right).

As already mentioned, polynomial approximation in the monomial basis is
an ill-conditioned problem. The condition number of the normal matrix for a
polynomial of 20*" degree is ~ 10'* and exponentially increases with increasing
degree. A polynomial approximation of 24*" degree has already no similarities
to function (4-3) any more, as Figure 4-6 illustrates.
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In order to visualise the coeflicients it is convenient to convert the column wise
representation ¢ into a matrix c¢;j. The coefficients of Py (x,y) are depicted in
Figure 4-7 and are offering the same characteristics as in the one-dimensional
case.

20 E
: 10°
0% -5
0 10

Each point in Figure 4-7 represents the coefficients c;; corresponding to the
basis function ¢;;(x,y) = x'y/. The absolute value for each coefficient is visual-
ised by a colour on a logarithmic scale. Due to the symmetry of function (4-3)
with respect to x = 0 the coefficients for odd i, are very small in comparison
to the ones for even i, which takes values up to ~ 107 with increasing degree i
and j. Due to the condition i+ j < p in the definition of a bivariate polynomial
of degree p, the upper triangular part in Figure 4-7 is always empty.

The MATLAB code for the presented polynomial approximation of functions in
two dimensions is given in Programme 4-1. Due to the symmetry of the normal
matrix only the upper triangular part has been determined and mirrored to
the lower one. Further optimisation of the source code has been avoided in
favour of readability.
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Figure 4-6: Polynomial ap-
proximation Py (x,y) of
function (4-3) (left). Re-
sidual function v(x,y) =
cos (¥/(y+15)) — Pos(x,y)
(right).

Figure 4-7: Colour coded
visualisation of the absolute
values for the coeflicients c;
of Py (x,y) on a logarithmic
scale.
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Programme 4-1: Code for

an approximation in the 1 %Approximation of f(x) on x,y in [-1, 1]
monomial basis for bivariate 2 a=-1; b=1;
functions. 3
4 Jpolynomial degree
5 p=2; p_n=(p+1)*(p+2)/2;
6
7 %Preallocation of the matrices
8 N=zeros(p_n); n=zeros(p_n,1);
9
10 %Permutation of i and j for i+j<=p
11 [ii, jjl=meshgrid (0:p);
12 ii=reshape(ii,[],1); jj=reshape(jj,[]1,1);
13
14 %index for i+j>k and deleting entries
15 out=(ii+jj)>p; iiCout)=[1; jjCout)=I[1;
16
17 %Basis function
18 phi=e@(x,y,i,j) x. i.*y."j;
19
20 %Integral for the product of two Basis functions
21 int_phi=@(i,j,a,b) 1/(i+j+1)*x(b~(i+j+1)-a~(i+j+1));
22
23 for k=1:p_n
24 for 1l=k:p_mn
25 N(k,1l)=int_phi(ii(k),ii(1),a,b)*int_phi (jj(k),jj(1)
;a,b);
26 end
27 n(k)=integral2(@(x,y) cos(x.*y) .*phi(x,y,ii(k),jj(k)),a
,b,a,b);
28 end

29 %Adding the lower triangular part
30 N=N+triu(N,1) ’;

31

32 c=N\n;

4.1 ELEMENTWISE APPROXIMATION IN THE MONOMIAL BASIS

As in Section 3.1 we improve the approximation by dividing the whole domain
into elements and approximate each element by a polynomial of low degree.
Furthermore, we enforce continuity at connecting nodes in order to achieve a
continuous approximation on the whole domain. The division of the domain
into elements can be done arbitrarily, but for convenience we will now focus
on quadratic elements, while their edges are aligned parallel to the x— and
y—axis as illustrated in Figure 4-8.
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y
O O
3 6 9
2 4
2 5 8
1 3
O O
1 4 7

The choice of quadratic elements as aligned in Figure 4-8 allows an easy de-
termination of the integrals for all elements only based on the coordinates of
the corner nodes. In order to illustrate the procedure we approximate function
(4-3) by dividing the whole domain into N = 4 elements using polynomials
of 27 degree. Before we set-up the normal equation system in accordance to
(3-18) we need an unique identifier for the nodes v and the elements ¢, which

can be stored in tables as follows.

Nodes Elements
v Xy Yu v v vz n
1| -10 -1.0 1 1 2 4 5
2| —-1.0 0.0 2 2 3 5 6
3| -1.0 1.0 3 4 5 7 8
4 00 -1.0 4 5 6 8 9
5 0.0 0.0
6 0.0 1.0
7 1.0 -1.0
8 1.0 0.0
9 1.0 1.0

Based on the definition of nodes and elements in Table 4-2 and the basis
functions of a quadratic polynomial in Table 4-1 we can set-up the normal

equation system for each element ¢
IN%x = %n

which reads in accordance to (4-4)

¢ (Pp., o) Sco
Hppar 1) | | Car

(o, o) “{P1,¢0)
o, 1) “{P1,¢1)

€<¢0/¢pn> g<‘PO/4’pn> g(‘f’pnfﬁbpn) écpn

(4-9)

&(cos (*/(y+15)), ¢o)
¢(cos (*/(y+15)), ¢1)

¢(cos (*/(y+15)), pp,.)
(4-10)

Due to the alignment of the elements depicted Figure 4-8 and the order of
the corner nodes for each element in Table 4-2, the limits for the integrals in
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Figure 4-8: Alignment of
the elements and position
of the nodes. Elements are
highlighted in light grey and
numbered in blue and nodes
in black. The colour of the
circles indicates the number
of constraints of each node
in order to enforce continu-
ity at the nodes, with white
= 0, blue = 1 and red = 3

constraints.

Table 4-2: Coordinates for

all nodes v and the corner
nodes for all four element { as
illustrated in Figure 4-8.
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(4-10) are defined by the coordinates of v; and v4 for each element. For the

integrals in the normal matrices we get

Sy, Sxi,

“prg) = |

Ty, Exy
and for the right hand side
Sy, Cx,

¢(cos (*/(y+15)), ¢p) = /

‘Zyld 5xvl

/ ¢rpdxdy for k,1=0,1,2,...,pn

/ cos (*/(y+15)) ¢y dx dy,

with | = 0,1,2,...,pn and { = 1,2,3,4. Approximating each element by a
polynomial of 274 degree leads to p, = 6 basis functions. Inserting the basis
functions from Table 4-1 in (4-10) the normal matrix for each element reads

YL Yy YA Yx1) o Sayl)
“y) Yy SRy Yoy Yayy)
ine SV Suyt) R Syt )
YLx)  Syx) Yy Snx) Yy
“ay) Syxy) CWhay) Yxay) Sxyxy)
(1,02 Sy a?) SR ) Hxa?) Sy, x?)

and the right hand side yields

£(1,cos (*/(y+15))
(y, cos (¥/(y+15))
$(y?, cos (*/(y+15)))
&(x, cos (¥/(y+15))
§(xy, cos (*/ (y+15)))
[ ¢(x2, cos (*/(y+15)))

)
)
)

a2,y ]

fa2y)
S p?)
£(x2,x)
¢(x%,xy)

¢(x?,x2) ]

(4-11)

(4-12)

Due to the the alignment of the elements with respect to x = 0 and y = 0,
the entries in all four normal matrices have the same absolute values and only

their algebraic sign changes. For the normal matrices these values are

(1 12 Y3 12 s 13
/2 1/3 14 /4 1/¢ 1/g
IN| = /3 1/a 1/5 1/ 1/8 1/9
2 a4 16 1/3 1/ 1/a
/s 16 1/8 1/6 1/9 1/g
L1/3 e 1/9 1/4 1/8 1/5]

(4-13)

While the given function (4-3) is symmetric with respect to x = 0 the absolute
values for the entries in the right hand side are also equal for elements mirrored

at x =0, with

[0.797 961310921 639 |
0.365 984 483 528 582
0.229 825889 790 003
0.350 103 493 838 381
0.150 796 269 875 836

0.214 341 565 866 359 |

'n| = [°n| =

(4-14)
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and ) i
0.956 196 026 034 606
0.481745052176112

Pn| = [*n| = 0322197377003 143 | (415)

0.467 200192 747 361

0.236 326734 438 577

10.307 123 841 908 079 |

The algebraic sign for each entry of the right hand sides are as follows

[+] [+] [+] [+]
- + - +
Mgign = + , Ngign = + , SNgign = + , Ngign = * (4-16)
- - + +
+ - - +
|+ |+ |+ L+

and for the entries in the normal matrices (4-13) the algebraic signs are given
by
gNsign = gnsigngnl—igm (4_17)

The four normal equation systems are combined to a single one as follows

IN 0 0 0] | In
2 2 2
0 N 0 0 x| _ |'m (4—18)
0 0 3N 0] 3% 5n
0 0 0 °*N| |3 4n
or in shorter notation
Nx=n, (4-19)

while x contains the unknowns parameters of a polynomial of 2"d degree for all
four elements. In order to obtain a continuous approximation, we introduce
constraints at nodes connecting two or more elements as already described
in (3.1.2). As the colour for the nodes in Figure 4-8 indicates the number of
constraints, we have to introduce for nodes in white = 0, for nodes in blue =1
and for nodes in red = 3 constraints. According to Figure 4-8 and Table 4-2
the constraints between the polynomials (4-2) at these nodes are

v=2
1P2(1x1/2/1y1/2) - 2P2(2x1/1’2y1’1) =0, (4-20)
v=4:
1P2(1xV3/13/V3) - 3P2(3x1/1/3]/1/1) =0, (4'21)
v=>5:
1P2(1x,,4,1yv4) - ZPZ(szyZJ/lfs) =0, (4-22)
1P2(1xV4/1yV4) - 3P2(3XV2'3yV2) =0,
1P2(1x1/4/1y1/4) - 4P2(4x1/1/4y1/1) =0,
v==6:

2P2 (2x1/4/2y1/4) - 4P2 (4sz/4sz) =0, (4_23)
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Figure 4-9: Polynomial ap-
proximation of function (4-3)
with N = 4 elements using
quadratic polynomials (left).
Residual function v(x,y) =
cos (¥/(y+15)) — 22:1 Py (x,y)
(right).

APPROXIMATION OF FUNCTIONS IN TWO DIMENSIONS

and for v = 8:
3P2 (va4/3y1/4) - 4P2(4x1/3/4y1/3) =0. (4_24)

As an example the costraint for (4-20) explicitly reads
Lo+ Loy by, + Leav2, + Leslay, + Leala, Iy, + o5,
- (ZCO + 20121/1/1 + 2522]/%1 + 2C32x1/1 + 2C42x1/12]/V1 + 20527531) =0. (4-25)
Rewriting the seven constraints (4-20) to (4-24) in matrix notation

Cx=c with c=0 (4-26)

and inserting the coordinates of nodes from Table 4-2 yields

1 0 0-1 0 1-1 001 0-10000000O0G0O0 0 0
1-1 10000 000O0O0-11-1020000U00 0 0
0 000000O0O0O0O0O0T1O0O0O0O0 012002000
C=1]o000001000000000°00O0-100000
100 000000O0GO0O0GO0O0O0O00 010000 0
0000001 1100000000 O0-1-1-12000
0 00 0000O00O0GO0O0OT100T10 1-10 0-1 01
(4-27)
Extending the normal equation system (4-19)
T
N C x| _ |n (4-28)

cC o A 0

and its solution yields the unknown parameters of a two-dimensional polyno-
mial of 2"d degree for all elements

e 0.918692574762579|  [2¢, 0.918 692 574762 579
1o, —0.554136455301609| |2, 0.189589 873 414247
ley| | -0473688826744928| |2c,| | -0.128719468 646491
ley| | -0290392910713106| " |2¢5| | —0.111985010531353|
le, ~0.991210870907134| | 2c, 0004195 617 695992
los] | -0.402288988764597| |2cs| | -0.223881088582844]
3] [ 0918692574762579] [4cy| | 0.918692574762579]
3¢, —0.554136455301626| | 4c; 0.189580 873414254
cy| _ | —0.473 688826744945 ) ey| _ | —0.128719468 646497 . (4-29)
3¢ 0.290392910713097| ~ |4cs 0.111985010531 362
3¢ 0.991210870907132| | %c, 0.004195 617 695991
3] | -0.402288988764592| |4cs| |-0.223881088582857]

The resulting approximation of (4-3) with N = 4 elements using quadratic
polynomials and the residual function is depicted Figure 4-9.

15 0.1
L 01

0.5 —02
0 —03

—05 04
s > 1 tgs > 1

05 4 —, 05 05 4 —, 05
—05_,7, —05 =05, 4 -05



4.2 ELEMENTWISE CONTINUOUS APPROXIMATION

As one can see in Figure 4-9 (left), 22:1 P, (x,y) is only a very coarse approx-
imation of function (4-3) with the largest deviations at the two corners for
y = —1. The nodes of neighboured elements are connected but the residual
function in Figure 4-9 (right) also shows discontinuities along their edges for

y=0.

While dealing with an elementwise approximation of two-dimensional func-
tions we face some problems which do not occur in the one-dimensional case.
To introduce constraints at nodes in order to obtain a C" continuous approx-
imation, as we did for the one-dimensional case, is no longer sufficient. In
general, a continuous approximation for any number of elements and arbit-
rary polynomial degree can not be guaranteed any more. In this way, one
must always define a suitable polynomial for a certain element, for instance,
triangle or rectangle and desired C" continuity. In the presented example of us-
ing rectangular elements and introducing constraints to enforce C° continuity
only

éP1 = gco + gclx + gczy + é63xy (4-30)

would always yield a continuous approximation for any number of elements.
One loses the flexibility of choosing an arbitrary number of rectangular ele-
ments and of any polynomial degree.

4.2 ELEMENTWISE CONTINUOUS APPROXIMATION

As we have seen in the previous section, introducing constraints at nodes to
achieve an elementwise C" continuous approximation is only suitable for a
certain typ of element and an appropriate polynomial. In order to keep the
flexibility of choosing any typ of element and an arbitrary polynomial degree,
two slightly different approaches for defining appropriate constraints will be
presented and are referred in this thesis as

e Node based and
e Edge based approach.

The node based approach is simply an extension of the concept to enforce
continuity by introducing constraints at nodes connecting elements, as already
shown in Section 3.1.2. The basic idea of this approach is also widely used
in the finite element method to derive higher order elements, see e.g. (ZIEN-
KIEWICZ etal. 2013, p. 153). In contrast, the edge based approach has been
developed in this thesis only out of pure curiosity. The motivation behind
this was to obtain continuity between elements not by introducing constraints
at discrete points, but rather continuously along common edges. Both ap-
proaches are discussed in detail in the following sections.

4.2.1 Node based approach

Perhaps the simplest way to obtain a continuous approximation is to intro-
duce additional constraints at auxiliary nodes along an edge connecting two
elements. As an illustration we consider the same example as in Section 4.1,
while approximating function (4-3) by N = 4 elements using polynomials of
2nd degree. The curve along an edge connecting two elements is a cross section
of éPZ (x,y) and therefore also a polynomial of 2"¢ degree. So far, two connec-
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Figure 4-10: Placement of the
auxiliary nodes (yellow) for
an continuous elementwise
polynomial approximation.
For polynomials of 24 degree
we have to introduce four
auxiliary nodes (left) and for
polynomials of 3'9 degree
eight auxiliary nodes (right).
Elements are highlighted in
light grey and numbered in
blue and nodes in black

Table 4-3: Tables for the co-
ordinates of the auxiliary
nodes as illustrated in Figure
4-10 (left).

APPROXIMATION OF FUNCTIONS IN TWO DIMENSIONS

ted elements are sharing two nodes and while any polynomial of 27 degree
is uniquely described by three different points, we only have to introduce one
further auxiliary node on the edge connecting two elements. For convenience
we introduced the auxiliary nodes in the middle on the edges as depicted in
Figure 4-10 (left).

y yI
3] 6 9] 3] 6T 9]
2 4 2 | 4
2 5 8 x 2] A5 A65] A7 A3 8] X
1 3 1 J 3
1° 4 70 1° 4[ 70

Figure 4-10 illustrates the placement of the auxiliary nodes while using poly-
nomials of 24 degree (left) and also for 3'4 degree (right). With increasing
polynomial degree we have to introduce more auxiliary nodes accordingly. For
our example we only need to introduce four auxiliary nodes as depicted in Fig-
ure 4-10 (left). The coordinates of these nodes are listed in Table 4-3.

Auxiliary nodes

v Xy Yv
Al 00 —0.5
A2 0.0 0.5
A3 | 0.5 0.0
A4 0.5 0.0

For each of these auxiliary nodes we have to introduce one additional con-
straint and according to Table 4-3 and Figure 4-10 these constraints are

v =Al:

'Py (xa1,ya1) = °Py (xa1,ya1) =0, (4-31)
v=A2:
2Py (xa2,ya2) — Py (¥a2,¥a2) =0, (4-32)
v=A3:
'Py (xa3,¥a3) = *Py (¥a3,ya3) =0, (4-33)
v= A4
°P; (xa4,ya4) — *P (¥a4,yaa) = 0. (4-34)
As an example the constraint for (4-31) explicitly reads
[1% +lepyar+ e vhy + e xar + ey xaryar + o szl} -
— [3c0 43¢y ya1 + 2y yag + 23 xa1 4 2y xa1ya1 + s szJ =0, (4-35)

Rewriting the four constraints (4-31) to (4-34) in matrix notation

Cax=cap with ca=0 (4-36)
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and inserting the coordinates of nodes from Table 4-2 yields

1-} 1 oo0oo0o0o00000-14i-2 000000000
CA:0000001%§000000000717%7%000
10 0-20t-1 00131 0-200000000UO0TO0TUO0TO
000 0O0O0OOOOOOOTOT1IO0O0I3Io01%i-10 0-1 0-1
(4-37)

Adding the constraints (4-37) to (4-27)

C
Coxt = (4-38)

Ca

yields in total 11 constraints, which can be used to extend the normal equation
system (4-19)

N Cl

ext S n

=" (4-39)
Cext 0 A 0

Solving (4-39) yields the unknowns parameters of ng (x,y) for each element
of an continuous approximation of function (4-3)

[1eo] [ 0918692574762582] [20] [ 0918692574762582]
1o —0.613605755362188 | | 2c; 0.130120573 353 657
lep| | —0.523246576795413| |2ca| | —0.079161718 596 000
o] | —0201188960622225| " |2¢5| | —0.201188960622225|
le, ~0.991210870907130| | 2¢4 ~0.004 195617 695 996

les]  |-0.313085038673720| |2cs] |-0313085038673719]

3] [ 0918692574762582] [4cy] | 0.918692574762582]
3¢, —0.613605755362188| | %c; 0.130120573 353 656
Y| _ |-0523246576795412| |%c| _ | -0.079161718595999 (4-40)
3 0.201188960622226| | 4cs 0.201188960 622226
3¢ 0.991210870907130| | ey 0.004 195 617 695996

3cs| | -0313085038673721| |5  |-0.313085038673721]

The resulting continuous approximation of (4-3) with N = 4 elements using
quadratic polynomials and the residual function is depicted Figure 4-11.

In direct comparison to Figure 4-9 (right) the residual function depicted in
Figure 4-11 (right) does not reveal any discontinuities. In addition, it has also
been proven numerically that two connected elements are always describing
exactly the same curve along their edge. The approximation is C° continuous
within machine precision.
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Figure 4-11: Continuous ap-
proximation of function (4-3)
with N = 4 elements using
quadratic polynomials (left).
Residual function v(x,y) =
cos (¥/(y+15)) — Tt “Pa(x,y)
(right).
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Figure 4-12: Alignment of

the elements and position

of the nodes. Elements are
highlighted in light grey and
numbered in blue, edges in
red and nodes in black. To
enforce continuity between ele-
ments, we need to introduce
constraints for edges coloured
in red.

Table 4-4: Tables for the
nodes, edges and elements
as illustrated in Figure 4-12.

APPROXIMATION OF FUNCTIONS IN TWO DIMENSIONS

4.2.2  FEdge based approach

In the following we will derive a continuous approximation of functions in two
dimensions, while introducing constraints for edges connecting two elements.
To illustrated the procedure we use the same example as in Section 4.1 and
approximate function (4-3) by N = 4 elements using polynomials of 2"¢ degree.
The alignment of the elements is depicted in Figure 4-12.

y
(0 O
3 9 6 29
2 4 6
2 4
2 8 5 1 8 x
1 3 5
1 3
O O
1 7 4 0 7

Based on Figure 4-12 we define a unique identifier for nodes, edges and ele-
ments, which can be stored in the following tables.

Nodes Edges Elements
v Xy Yu €|l 1nn ©n 4 ‘ €1 € €3 €
1| -10 -10 1 1 2 1 1 3
2 | —1.0 0.0 2 2 3 2 2 4
3| —1.0 1.0 3 4 5 3 3 5 10 11
4 00 -1.0 4 5 6 4 4 6 11 12
5 0.0 0.0 5 7 8
6 0.0 1.0 6 8 9
7 1.0 -1.0 7 1 4
8 1.0 0.0 8 2 5
9 1.0 1.0 9 3 6
10 4 7
11 5 8
12 6 9

The alignment of the elements as well as the definition of the nodes is exactly
the same as for the example in Section 4.1. Therefore, we can also use the
same normal equation system (4-18) and we only have to introduce constraints
for edges connecting two elements in order to achieve a C° continuous approx-
imation. For this example we have to introduce constraints for the four edges
coloured in red in Figure 4-12.

The basic idea is to enforce connected elements to share the same curve along
their edge. Each edge € is uniquely defined by its starting and end node ‘v,
and ‘v, according to Table 4-4. The curve is in general a cross section of
CPP (x,y) and therefore a univariate function. In order to describe the curve
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we transform each edge onto a generalised edge, represented by a single gen-
eralised coordinate u. This can be done in the same way as for the transform-
ation of a 1D element, described in Section 3.2.1.1. Figure 4-13 illustrates the
transformation.

Figure 4-13: Transformation
of the coordinates of the edge

Each edge e within the x,y—plane is described by its coordinates €x., and
€Y., which can be expressed as a function of the generalised coordinate u by
applying transformation (3-69). These coordinates are

“xe = xy, + (°xy, — x, )u,
eye = eyvl + (eyvz - eym)u

with u € [0,1]. Let us assume that two neighboured elements ; and ¢, are
sharing the same edge €;. The curve along this edge described by element {;
for a polynomial of 2" degree reads

(4-41)

§1P2 (eGC/ el]/c) _ glCO + glcl €y + §1C2 El]/% + §1C3 €y +
+ glc4 “Ix, Y, + glc5 €1y2, (4-42)
Inserting (4-41) into (4—42) yields
Py (u) = S+ ey (U, + (i, — Uy ) +

- (ym+fww Uy ) +
( (“x,, — “x,, )u)

e (S (O = ) (0

Cl (elx + (

While the coordinates of the starting and end node of edge €; are constants
the polynomial in (4-43) is only a function of u and simplifies to

+ ey (O, +
- + (“1xy, — “x,,

L4t

“x,, — x, )u)2 (4-43)

OP, (u) = dy + Oy u+ Sy u?, (4-44)
with
Gy = Ficy+ Fc, Sy, + ey T2, + Fey Gy 4
+ Clc4 elxm elyv1 + §1C5 €1x12/1 ,
Uy = ey (Y, — ) 296 Y, (Y — )+
+ fley (G, — 1y, ) + Fley Sy, (Txy, — O3y, +
+ glc4 “xy, (v, — yy,) +2 glc5 “x, (Sx, —x,),
Gdy = Ye, (g, — )+ ey (x, — 93,) (T, — )+
+ glC5 (“x,, — elxvl)z. (4-45)
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The same curve along edge e¢; described by element , reads
gzPz (“xe, Mye) = CZCO + €2C1 e + gzcz e + ézc3 Xt
+ €ZC4 “x, Ty, + @65 €x2, (4-46)
Inserting (4-41) into (4-46) and rearranging yields
2P, (u) = Pdy + %dy u+ “dyu?, (4-47)
with
Czdo _ CZCO + €2C1 elyV] + CzCZ ely31 + Czc3 elxw +
e i, Sy, 4 g
“dy = Sy Ty, = ) 2%y, (Ty, — )+
+ ézc3 (“1x,, — “'x,) + €264 Uy, (xy, — x, )+
+ 8,93, (g, — ) +2 %05y, (O, — Oy,
S, = Sy (g, — )+ By (x, — %) (M, — )+
+ §2C5 (“1x,, — elxvl)z. (4-48)

To enforce continuity between element {; and {, along edge €; the two poly-

nomials (4-44) and (4-47) must be equal

Gp, (u) = P, (u),
(4-49)
g]do + €1d1 U+ §1d2 W2 = §2d0 + Czdl u+ €2d2 2

This is fulfilled, if their coefficients are equal. Hence, we get the following
three constraints

g, —dy =0,
44, - %d, =0, (4-50)
Sd, —®d, =0.
For the example of approximating function (4-3) by N = 4 elements as aligned
in Figure 4-12 and based on the tables for nodes, edges and elements in Table

4-4 the constraints (4-50) with (4-45) and (4-48) have to be introduced for
each edge connecting two elements. For edge e = 3 these constraints are

14, -3, =0, (4-51)
4, —3%d, =0

and inserting (4-45) and (4-48) yields
[1C0 + ey Py, e e+ e Py, ey Py, Py, 4 e val} -

3 3. 3 3,32 3.3 3.3 3 3. 3,2
- [ C0+ Cl yV1+ CZ yl/l—"_ C3 xl/1+ C4 xlll yV1+ C5 xvl} :0/ (4_52)

[1C1 (Byvz - 3%/1) +2 1CZ Syvl (3]/1/2 - 3yv1) + 1C?) (vaz - 3951/1)+
+ley Syw (SXVz - wa) +ley 3xV1 (Ssz - Sy‘/l) +2%cs val (3xV2 - val)} -
- [Scl (Syvz - Syvl) + 23C2 3%/1 (3%/2 - 3%/1) + 3C3 (vaz - 3xvl)+

+ 3C4 3yv1 (ava - 3xv1) + 3C4 3xv1 (3%/2 - 3%1) +2 3C5 val (vaz - qul)] =0
(4-53)
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and

[1C2<3ym - 3]/1/1)2 + 164(3"1/2 - val) <3sz - SyVl) + e (Bsz - 3xvl)2} -

- [3C2(3yl/2 - Sylﬂ)z + 3C4(3x1/2 - 3x1/1) <3y1/2 - 3yVl) + 3c5(3x,,2 n 3xV1)2:| =0

Rewriting these constraints in matrix notation
«Cx="“ with €¢=0 (4-55)
and inserting the coordinates for the nodes v, and 1, of edge € = 3 results in

1-1 1

3 o o0 o0o0o0o0O0OO0OGOD-11-1 00O0O0O0TO0OTO0OTO0OTO0
C= o 1-2 00000 O0O0O0OO0O0O0-1 2 00UO0O0O0TO0O0O0 Of-
o o0100O0OOOSOOOSOOO-1 00 O0O0OO0OTO0OO0OTO0OTO0

—

4-56)

The constraints for the other three edges can be derived accordingly and are
reading

4 oo00o0OOTOT11TO0OO0OO0OO0OSO0OUOOOO0OUOO0OTO0O-1 00000
C= o o0o0O0OOOOT11TO0OO0OO0OTO0OO0OO0OTO0OOOOO0O-1T 0 0 0 0fr
o o0oo0O0O0OOOOTTO0OO0OO0OO0OO0OTO0OOOOOO0O-1T 0 00

8 (1 0 0-1 0 1-1 0 01 0-1002000O0GO0TG 0000 0
C= oo0oo010-29090U0-1029000°O0O0O0OO0O0O0O0O0°O0
L0 00001 O0O0O0O0OTO0-100UO0O0O0TO0OTO0O0OTU0TO0OTO0TO0

(4-58)
" 0 0000000O0O0O0GO0T10000 0100000
C=|000000000000000100000-1200
000 0000O0O0O0O0GOO0O0O0O00O0T10000 0-1
(4-59)
While combing (4-56) to (4-59) into
’C
‘c
C= and c=0 (4-60)
8¢
11C

yields in total 12 constraints. As we have seen in Section 4.2.1 only 11 con-
straints are necessary to obtain an elementwise continuous approximation with
N = 4 elements using polynomials of 2°? degree. Therefore, matrix C € R12*24
has a rank deficiency of one with

rank(C) =11, (4-61)

which means that one row in C can be represented by a linear combination
of all other rows. Before we proceed we need to remove this rank deficiency
by choosing any 11 linear independent rows of matrix C in such a way that
C € R1*2* ig of full rank. The remaining 11 constraints are used to extend
the normal equation system (4-19)

T
N C x| _ || (4-62)
cC o A 0
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Solving (4-62) yields the unknown parameters of a two-dimensional polyno-
mial of 2"d degree for each element

o] [ 0918692574762579] [2¢o] | 0.918692574762579]
1o, —0.613605755362192|  |2¢; 0.130120573 353 666
| |-0523246576795415| |%c,| | —0.079161718596009
les| | -0201188960622233| " |2¢5| | —0.201188960622233|
1o, ~0.991210870907130|  |2¢s —0.004195 617 695 995

lcs] | -0313085038673726] |2cs] | -0.313085038673726) )

3] [ 0918692574762579] [4c,| [ 0.918692574762579]
3¢, —0613605755362192|  |4c; 0.130120573 353 666
3| | -0523246576795415| |*c2| | —-0.079161718 596009
Ses| | 0201188960622234| " |4c3| | 0.201188960622234|
3ey 0.991210870907131|  |4c, 0.004195 617 695995

3s]  |-0.313085038673728| |%cs| |-0313085038673728]

while the approximation is continuous along edges connecting two elements.
The coefficients derived from node based (4-40) and edge based (4-63) ap-
proach only differ by ~ 10714, The resulting approximation of the edge based
approach is depicted in Figure 4-14 and does not differ from the result of the
node based approach in Figure 4-11.

Figure 4-14: Polynomial ap-
proximation of function (4-3)
with N = 4 elements using
quadratic polynomials (left).
Residual function v(x,y) =
cos (¥/(y+15)) — L1 “Pa(x,y)
(right).

It has also been proven numerically that two connected elements are always
describing exactly the same curve along their edge. The presented edge based
approach yields also an approximation, which is C? continuous.

Figure 4-15 depicts an approximation with N = 25 elements using quadratic
polynomials, which is already quite similar to function (4-3).

Figure 4-15: Polynomial ap-
proximation of function (4-3)
with N = 25 elements using
quadratic polynomials (left).
Residual function v(x,y) =
cos (¥/(y+15)) — £221 ¢Pa(x,y)
(right).

The residual function in depicted Figure 4-15 (right) reveals deviation in a

The computational effort to find range of ~ 0.1. An approximation with N = 100 elements using polynomials
the best continuous elementwise of 4t degree is depicted in Figure 4-16 and reveals a residual function, which
approximation of functﬁiiijg:: is overall just slightly smaller than the best polynomial approximation Pi4(x,y)

depicted in Figure 4-4.
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—4

But one should remember that for the best approximation Py4(x,y) depicted
in Figure 4-4 only 120 parameters are needed, while for the approximation
ngl ¢Py(x,y) in Figure 4-16 (left) already 1500 parameters are needed. An
enormous increase of unknown parameters with hardly any improvement.

At first glance, the introduced edge based approach seems to be very complex
and difficult in comparison to the node based approach presented in Section
4.2.1. However, the edge based approach is almost as easy to implement
as the node based one and also the rank deficiency can be removed very
easily. Furthermore, the basic concept of the presented edge based approach
illustrates how to obtain approximations with certain characteristics along
borders or arbitrary cross sections. These characteristics can be any given
function expressed as polynomial coefficients, which can directly be imposed
in the constraints without the necessity of defining proper auxiliary nodes as
needed for the node based approach.

4.2.3 FElementwise smooth approzimation

In this section we will briefly show how to obtain an elementwise C? continu-
ous approximation of functions in two dimensions. A smooth approximation
can be achieved, while introducing additional constraints for the partial deriv-
atives in the same way as already shown for a C° continuous approximation
as described in Section 4.2. In this section, however, we will only focus on the
edge based approach and exemplify the derivation of the additional constraints
for the same example as in Section 4.2.2. According to Equation (4-42) the
polynomial of 274 degree for an edge € of an element { is given by

gpz (e, Ye) = gc0 + Ccl Ve + gcz Vo + 4'63 xet
+fey e Yo+ fes X2, (4-64)
with the coordinates of the edge €
xe = xy, + (°x,, — x, )u,
Ve =Yy + (Vup = Yoy )1+

In order to obtain a smooth approximation between two neighboured arbitrary
elements {1 and {», the polynomials of both elements must be equal along their
connecting edge €1, as already shown in Section 4.2.2; and they must also be
equal in their first-order

(4-65)

p) €1P2 (elxe, elye) B ) CZPZ (elxe, elye)
0 lx, o 0 lx, !

aglpz (Elxe/ elye) _ a(:sz (elxe’elye)
Ve Yo

(4-66)

(4-67)
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Figure 4-16: Polynomial
approximation of function
(4-3) with N = 100 ele-
ments using polynomials
of 4*" degree (left). Re-

sidual function v(x,y) =
100

cos (X/(y+1.5)) — Zg:

(right).

1

Py(x,y)
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and in their second-order partial derivatives

92 51132 (elxe’ e1ye) _ 2 §2P2 (Elxe/ elye)

Y 322 , (4-68)
5P, (Cixe, “lye) P, (x, ) 4-69
J €1y2 B 0 €1y2 ' ( )
1Py (1, ) _ 9Py (“xe, “1y)
0%, 0 €1]/e - ) el]/e ad el.l/e . .

The derivation of the constraints for fulfilling Equations (4-66) to (4-70) is
done in the same way as described in Section 4.2.2 and will be exemplified for
(4-66). The partial derivative of (4-66) for element {7 reads

b glpz (elxe’ Elye)
9 x,

Inserting (4-65) into (4-71) yields

=8P, (%, ) = gc3 + gc4 Uy, +2 gc5 fix,. (4-71)

élpx (u) = §1C3 + §1C4 (61%/1 + (61%/2 _ 61%/1)”)"'
+28¢5 (9, + (13, — Uy, )u) (4-72)
While the coordinates starting and end node of edge €; are constants, the
resulting polynomial of the first derivative in (4-72) is only a function of u

and simplifies to
ap (u) = “d, + Y, u, (4-73)

with

§1d0 _ §1C3 + &64 el]/vl +2 5165 elel ,

gldl = §1C4 (elyi/z - elyw) +2 C:ICS (elxi/z - elxl/l ) (4'74)
Analogous to the above, the partial derivative of (4-66) for element > results
in :
9 **P, (“1x,, “1y,
2('§€1xee ¥ ) — gsz (u) = §zd0 + ézdlu, (4-75)
with

Czdo _ €2C3 + €2C4 Elyvl ) ézCS elel ,
ézdl = C2C4 (“vu, = “y0) +2 ézC5 (1xy, = 3y, ). (4-76)
Inserting (4-73) and (4-75) into the first-order partial derivative (4-66) yields
Sy + Odyu = 2dy+ ©d, u. (4-77)

Equation (4-77) is fulfilled, if the coefficients of both polynomials are equal.
Hence, we get the following two constraints

éldo _ §zd0 -0,

(4-78)
g, — 24, =0.

For the example of approximating function (4-3) by N = 4 elements as aligned
in Figure 4-12 and based on the tables for nodes, edges and elements in Table
4-4 the constraints (4-78) with (4-74) and (4-76) have to be introduced for
each edge connecting two elements. For edge e = 3 these constraints are

14y —3d, =0,

4-79
Y, =3, =0 (79)
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and inserting (4-74) and (4-76) yields
eyt ey + 216y, ] = ey ey + 2%, <0 (450

and

(s Gy = Py) + 2765 (P, = %, ) | =
— [Pes (v, = n,) +2%5 (P, = *x,,)] = 0. (4-81)
Rewriting these two constraints in matrix notation
°C,.x = c, with ‘¢, =0 (4-82)
and inserting the coordinates for the nodes v; and v, of edge € = 3 yields

3C:00017100000000007110000000
* o o0o0O0O010O0O0OO0ODO0OTO0OO0OO0OO0OTO0OO0O-100O0O0OO0OTO0OTO0

(4-83)

The constraints for the other three edges can be derived accordingly and are
reading

‘o 0 00 0 00 0000 0-100
* 0 0000 0-1 0
(4-84)
8C — |0 00 1 0-200 010200000000 00
x 000 0 000 0- 0000000 0o ol
(4-85)
e [ 00 0000000000000 100000-1200
x 00 0 0 0000020000 0-2
(4-86)
Combing (4-83) to (4-86) into
3Cx
iC
Cy = x and cx =0 (4-87)
8¢C
11C

yields in total 8 constraints in order to enforce continuity in the first derivative
(4-66) along the four connecting edges. In the same way, constraints for the
remaining partial derivatives can be derived and yields the following matrix
for the first-order partial derivative (4-67)

[0 12 00 00 00000 O0-1220200700TG00 0 0
002 0000000O0G 0G0 O0-200700200000
00000UO0G OT100O0G OO0 O0O0O0O0 GO0 O0-100200

C,=| 0000 0000200000000000-2000
01 00-100-100T100200UO0TU 0O 0O0GO0TO0O0O00
0000710000 O0-100200UO0TG 0 0 0 O0GO0O0O00
00 00O0O0G O O0O0O0O0O0OO0T1O0O0O 0G0 O0-100200

L0 0000000 O0OOOOOOO0TI1O0000 0-1 0

(4-88)
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while the order of the rows in (4-88) is the same as in (4-87). Each of the
three remaining second-order partial derivatives (4-68) to (4-70) yields only
one constraint for each edge. These constraints are

0 0000200000000 00 O0-22000200 0
Co.—| 000000 00000200000000000-=2
XX 7
0000020000 0-2202020200202000200 0
0 00000O0O 0 0O 0O O0O0O0O00020000 0-2
(4-89)
0020000000000 O0-220002000200 0
Coo— | ©0000000200000000000-2000
vy 00 200000-200200020U00UO0G0O0O0G00 0
0 00000O0GO 0 OO0 O0O0O0200000-2200 0
(4-90)
and
0000 10000000000 0100020200 0
Coo— | © 0000000001 00000000000-10
X
v 00001000001 000U0200UO0G0O00G00 0
0 0000000 OO0 U000 0010000 010
(4-91)
Combining the constraints (4-87) to (4-91) with (4-60) into
C
Cx
C
Coxt = | ¥ (4-92)
CXX
Cyy
_ny_

I want to point out that this yields in total 40 constraints, while only 18 are necessary in order to obtain

approach is not well thought out a C2? continuous approximation using polynomials of 2"d degree. To remove
so far and has some weaknesses.

. - ) this rank deficiency, we choose any 18 linear independent rows of matrix Cext
Its derivation and implementation . 1824 - o .
was just pretty straight forward in such a way that Cext € R™*#* is of full rank. The remaining 18 constraints
and it works. are used to extend the normal equation system (4-19)
T
N Couf| x| _ |n . (4-03)

Cext 0 A 0
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Solving (4-93) yields the unknowns parameters of ng (x,y) for each element
of an C? continuous approximation of function (4-3)

[1eo] [ 1.056984074859209 | [2¢9] [ 1.056984074859209 |
1 0.173 640852971296 26, 0.173 640852971296

Ie,| | -0.183914131081515 26| |-0.183914131081515

Ts| | —2.65696385802353 10718 | " |2¢5| | —2.65696385802353-10718|
ey 0 24 0

llos]  |-0.355802088061745 | |2cs] |-0.355802088061745

3co] [ 1.056984074859209 | [4c| [ 1.056984074859209 |
3¢y 0.173 640 852971296 4eq 0.173 640 852971296

S| _ | -0.183914131081515 |fe2| _ | -0183914131081515 . ()
3c3 —2.656963 85802353 - 1018 4es —2.656 963 85802353 - 1018
B¢y 0 4oy 0

3s]  |-0.355802088061745 | |ics] |[-0355802088061745

As can be seen easily, the coefficients are equal for all elements and almost
identical to those in (4-8). While the second order derivative of a polynomial
of 274 degree is only a constant value, the presented elementwise smooth ap-
proximation yields the only possible solution referring to one single polynomial
defined for the whole domain, as already derived in Chapter 4. Polynomials
of 27 degree have only been chosen in order to illustrate the derivation of the
constraints for a smooth approximation, while using higher order polynomials
would have led to very large equations that would have filled several pages.

A smooth approximation with N = 100 elements using polynomials of 4}
degree is depicted in Figure 4-17.

Figure 4-17: Polynomial
smooth approximation of
function (4-3) with N = 100
elements using polynomi-
als of 4P degree (left). Re-
sidual function v(x,y) =
cos (¥/(y+15)) — L2 CPa(x,y)
1 (right).

In comparison to the CY continuous approximation depicted in Figure 4-16,

the resulting smooth approximation in Figure 4-17 shows huge differences.

The residual function in Figure 4-17 (right) shows deviations within a range

of ~ 0.15 and are nearly 1000 times larger than the one for the C? continuous

approximation in Figure 4-16 (right). The introduced constraints for a C? This would not be different if we
continuous approximation are having a huge impact on the solution of the had chosen the node based .
unknown parameters. To increase the number of elements will hardly improve :giﬁiczggrgzitzzti)r;.elementmse
the residual function in Figure 4-17 (right). The chosen polynomial of 4*h

degree with 15 parameters is not flexible enough to approximate the function

in a suitable way under the requirement that the constraints must be full

filled. Even a polynomial of 5" degree with 21 parameters is not suitable as

illustrated in Figure 4-18.
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Figure 4-18: Residual func-
tions of a smooth approxim-
ation of function (4-3) with
N = 9 (left) and N = 100
(right) elements using polyno-
mials of 5** degree.

Figure 4-19: Residual func-
tions of a smooth approxim-
ation of function (4-3) with
N = 9 (left) and N = 100
(right) elements using polyno-
mials of 6*P degree.

APPROXIMATION OF FUNCTIONS IN TWO DIMENSIONS
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As can be seen in Figure 4-18, the residual function of a smooth approximation
using polynomials of 5" degree with only N = 9 elements hardly differs from
the one using N = 100 elements. This will not change even if more elements
are used. The only way to improve the approximation for the presented ap-
proach is to introduce more parameters, so to increase the polynomial degree.
Figure 4-19 depicts the residual functions of a smooth approximation using
polynomials of 6 degree.
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The residual function of a smooth approximation using polynomials of 6"
degree with N = 100 elements, shown in Figure 4-19 (right), is nearly 100 times
smaller than the one with only N = 9 elements (left). The residual function
decreases with increasing number of elements, therefore, the constraints no
longer have an unwanted impact on the approximation, as before. The chosen
polynomial of 6" degree with 28 parameters is now flexible enough to full fill
the constraints and still be able to approximate the function in a proper way.
The already mentioned polynomial smooth approximation of function (4-3)
with N = 100 elements using polynomials of 6** degree is depicted in Figure
4-20.
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— O = N W

~05_, 7, —05 ~05_, 7| —05

(c) TI% CPy (x,) (4) £ P (x,3)

(e) Z}:g)l Pyy(x,y) () ):%[1)1 ¢ Pry (%, )

Furthermore, Figure 4-20 also illustrates the first and second order partial
derivatives given in Equations (4-66) to (4-70), to show that the smooth ap-
proximation in (a) is really C? continuous. It has also been proven numeric-
ally that two connected elements are always describing exactly the same curve
along their edge for all its partial derivatives.

Nevertheless, the presented smooth approximation in the monomial basis us-
ing polynomials of 6" degree is an ill-conditioned problem. The extended
normal matrix in Equation (4-93) is nearly singular for only N = 25 elements.
In summary, a smooth approximation in the monomial basis as presented in
this section is hardly applicable for the approximation of complex functions.

4.3 APPROXIMATION IN THE CHEBYSHEV BASIS

A bivariate polynomial of degree p in the Chebyshev basis can be formed in
the same way as for the monomial basis and reads

p
Y cij gij(x,y) =

p
i=0j=0 i=0 j

=
M~

Py(x,y) = . ¢ij Ti(x)Ti(y) (4-95)
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Figure 4-20: Polynomial
smooth approximation of
function (4-3) with N = 100
elements using polynomials
of 61 degree and its first
and second order partial
derivatives.

It should be noted that, according
to the definition in Figure 4-1, a
polynomial of 6t degree already
consists of 28 basis functions.
That is why the normal matrix
becomes nearly singular even for
small polynomial degrees.

A sophisticated approach for the
approximation of bivariate
functions using Chebshev
polynomials is presented by
(TOWNSEND 2014).
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Table 4-5: All p, + 1 per-
mutations of i and j under
the condition i +j < p for
polynomial degree p = 2
and resulting basis functions

¢ = Ti(x) Tj(y)-

APPROXIMATION OF FUNCTIONS IN TWO DIMENSIONS

while i +j < p. Rewriting the two sums in Equation (4-95) into a single one
yields its equivalent representation

Pn Pn
v) =Y ad(xy) =) aTi(x)Ty) for i+j<p, (4-96)
k=0 k=0

with py = 3(p+1)(p+2) and where i,j permute accordingly. To illustrate
a least squares approximation in the Chebyshev basis, we also approximate
function (4-3) by a polynomial of 2°¢ degree and the resulting 6 basis functions
¢x = T;i(x)Ti(y) of a polynomial of 2"¢ degree are listed in Table 4-5

ki j e=T)Ty)
0 0 0 To(x)To(y)
1 0 1 To(x) Ty (y)
2 0 2 To(x)T2(y)
31 0 T (x)To(y)
4 1 1 T1(x) T (y)
5 2 0 Tz(x)Tg(y)
The normal equation system
Nx=n

for a least squares approximation of (4-3) by a polynomial of 2"¢ degree results
in

(9o, 90) (D1, P0) - (Ppa.P0) | | o (cos (¥/(y+15)), o)

(Po.p1) (P ¢1) - Appa,r) | |1 | _ | (cos (/y+15)),¢1)

(0, Pp.) (1 Pp.) - (Ppo,Ppa)] Lep, (cos (x/(y+1~5))/4’pn>
(4-97)

While Chebyshev polynomials are orthogonal with respect to a weighted inner
product, the basis functions ¢y are also orthogonal and for integrals offside
the main diagonal it holds

1 41
P P
, = —1 " dxdy=0 fork#I 4-98
oo = [ ] e : 99
and k,1 =0,1,2,--- ,pn. Hence, the normal matrix N is diagonal
(o, ¢o) 0 X 0 co (¢0, cos (*/ (y+15)))
0 , e 0 , x 15
. <4’1.<P1> | . C.l _ (¢, cos (’/(y+ ) (4-99)
O O o <4)pn’¢pn> Cpn <¢pn’cos (X/(y+1‘5))>
and the unknown coefficients can be determined directly by
(¢x, cos (*/(y+15)))
k= , 4-100
‘ {rr ) (4-100)
with / )
© cos (¥/(y+15
, x 15 dx d 4-101
(¢px, cos (¥/ (y+ //1\/@\/1_7 y ( )
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for k =0,1,2,---,pn. For the implementation it is convenient to determine
the coefficients c;; of (4-95) by

T
1= T,

() el (4-102)

) Ti(x)Tj(y))

with

), ) - [ [ 2T acay
2

72, =0,
=9 m/2, i=0o0rj=0, (4-103)
n?/4, i,j#0.

and

<Tl-(x)T]-(y),cos (x/(y+1.5))> _ ./11 /1 Tl(x)T](y) cos (X/(y+1.5)) dx dy (4_104)

Ja T Vi A Ay

The integrals for the right hand side (4-104) are solved numerically and as we
have seen in Section 3.3.1, it is more accurate to solve its equivalent repres-
entation derived by a change of variables

X = 91
y=0. (4-105)

According to (3-139) the right hand side in general reads

T s
(f(x,y), Ti(x)Ti(y)) = /0 /0 f(cos(61),cos(6)) cos(ib;) cos(j6) db; db;.
o (4-106)
The coefficients c;; of a least squares adjustment of function (4-3) by a poly-
nomial of 2°¢ degree in the Chebyshev basis are

[coo] | 0.768628045269019
cot 0.292411 417 653 142
¢ = co2| _ |—0.146557372362098 . (4-107)
c10 2.999709 625 65326 - 10~ 7
1 —1.406113 88702497 - 1017
lcoo] [ —0.219584 736147031

The Matlab code for the presented polynomial approximation in the Cheby-
shev basis is given in Programme 4-2.
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Programme 4-2: Code for 2D
polynomial approximation in
the Chebyshev basis.

Figure 4-21: Polynomial
approximation P>(x,y) in

the Chebyshev basis of
function (4-3) (left). Re-
sidual function v(x,y) =

cos (¥/(y+15)) — P (x,y) (right).

Figure 4-22: Polynomial
approximation Pso(x,y)

in the Chebyshev basis of
function (4-3) (left). Re-
sidual function v(x,y) =
cos (¥/(y+15)) — Pso(x, y)
(right).
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APPROXIMATION OF FUNCTIONS IN TWO DIMENSIONS

%Function f(x)
f=0(x,y) cos((x)./(y+1.5));

%Polynomial degree
p=2; c=zeros(p+1);

for i=0:p

for j=0:p-i

c(i+1,j+1)=(2/pi) "2*integral2(@(tl,t2) f(cos(tl),
cos(t2)) ...
.xcos (i*tl1) .*cos(j*t2),0,pi,0,pi, Method’,”’
iterated’);

end
end
%Correcting c¢ due to the different weighted inner product

of N
c(1,:)=c(1,:)/2; c(:,1)=c(:,1)/2;

The resulting approximation and the residual function are depicted in Figure
4-21.

o0 OO0
= ook o

The residual function in Figure 4-21 (right) of a polynomial approximation in
the Chebyshev basis is quite similar to the one in the monomial basis in Figure
4-3 (right). Both residual functions are nearly within the same range and also
share the same characteristic. But as before, this dramatically changes for
increasing polynomial degree. The polynomial in the monomial basis of 24®
degree depicted Figure 4-6 has already no similarities with function (4-3) any
more. In contrast to the polynomial in the Chebyshev basis depicted in Figure
4-22, which approximates function (4-3) very well.

The residual function for a polynomial approximation in the Chebyshev basis
of 50" degree in Figure 4-22 (right) is already within ~ 10~!'. But having a
closer look at the coefficients c;; depicted in Figure 4-23 reveals a drawback so
far.
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50 100 Figure 4-23: Colour coded
visualisation of the absolute
40 N 10-5 values for the coeflicients c;;
of Pso(x,y) on a logarithmic
— 30 N 10-10 scale.
20 =
10"
10~

0010 20 30 40 50
i

Each point in Figure 4-23 represents the coefficients c;; corresponding to the
basis function ¢;;(x,y) = T;(x)T;(y). The absolute value for each coefficient is
visualised by a colour on a logarithmic scale and are offering the same charac-
teristic as in the one-dimensional case. The coefficients c;; rapidly converging
to a2 1071¢ for increasing i and j. But Figure 4-23 also shows that for the x—
and y—direction a different polynomial degree is needed, while the coefficients
converge much faster to zero for i than for j. This is also the reason not to
use a polynomial based on a single parameter p with i +j < p as defined in
(4-95). Usually too many coefficients have to be determined, although they
are already zero within machine precision. In general, it is better to introduce
for the x— and y—direction a separate polynomial degree. For a polynomial
approximation in the Chebyshev basis the bivariate polynomial reads

Px Py

Py, py (x,y) = Z(:) Z(:)Ci/ T;(x)Ti(y) (4-108)
i=0 j=

and it is more suitable than as defined by (4-95). Introducing a different poly-
nomial degree for the x— and y—direction reduces the amount of coefficients
to be calculated and also allows an easy implementation of a break-off con-
dition in order to find the best approximation of a given function. For the
former example we find Pjga(x,y) as the best polynomial approximation in
the Chebyshev basis of function (4-3), which is depicted in Figure 4-24.

10-13 Figure 4-24: Best polyno-
1 mial approximation in the
05 05 Chebyshev basis Piga(x,y)

0 of function (4-3) (left). Re-
0 ~05
—0.5 -1_
1 5 > 1 1
05 - 05

sidual function v(x,y) =
cos (¥/(y+15)) — Piga2(x,y)
(right).

The residual function in Figure 4-24 (right) is ~ 10713 but obviously not zero

within machine precision. Due to the numerical integration of the right hand

side, the last 2 — 3 digits of these values are inaccurate. This results in the

residual function depicted in Figure 4-24 (right), which can not be reduced by

a further increase of the polynomial degree any more.

As in the previous chapter, the advantages of an approximation of bivariate
functions in the Chebyshev basis in direct comparison with the results of an
elementwise continuous approximation in the monomial basis from Section
4.2 are also clearly evident. The optimal polynomial degree for the x— and
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For further information about
affine or isoparemetric mapping in
general please refere to standard
literature, such as e.g.
(LANGTANGEN 2016a, p. 88 fI.),
(LoGa etal. 2012, Chapter 2.4) or
(Z1ENKIEWICZ et al. 2013, Chapter
6.5).

Figure 4-25: Transformation
of a convex 2D element.

This mapping can also be solved
by a projective transformation,
e.g. (HARTLEY and ZISSERMAN

2003, pp. 87).

APPROXIMATION OF FUNCTIONS IN TWO DIMENSIONS

y—direction can be easily determined and usually significantly fewer coeffi-
cients are needed to represent the function with sufficient accuracy. However,
there is also a considerable drawback. While an elementwise approximation
can be performed quite easily on arbitrary domains, this is no longer so easy
for an approximation in the Chebyshev basis as the whole domain must be
mapped on the unit square [—1,1]%.

To illustrate the general problem of mapping arbitrary domains, the next
section will demonstrate how an approximation of bivariate functions can be
performed for an arbitrary convex tetragon.

4.4 THE GENERALISED 2D ELEMENT

Until now we focussed on quadratic elements, while their edges are aligned
parallel to the x— and y—axis. Using such elements allows an easy determ-
ination of the integrals in the normal equation system. But it is not always
convenient to use such elements and in general it would be easier to use any
convex tetragon as elements. To illustrate the procedure, we consider the
following transformation for arbitrary convex tetragons, depicted in Figure
4-25.

original (0,1) (1,1) generalised
element element
£ '3
* (0,0) (1,0) u

A transformation that maps an element (blue) onto the generalised element
(red), can be any two dimensional functional relationship. For convenience we
define two independent transformations

Xe = x(u,v),

Ve =y(u,0). (4-109)

While the procedure to derive the transformation of x, is exactly the same as
for y., we will now only consider the derivation of the transformation for x..

In order to ensure an unique transformation, we once again chose a linear
combination of some arbitrary basis functions

L
Xo = Z a; z_fj(u,v)

j=0

(4-110)

and we also chose monomials, as given in Figure 4-1. While an element is
defined by its four nodes gvl to g1/4, we define a linear combination of four basis
functions in order to ensure an unique solution for the unknown parameters
‘a ; for each element. The linear transformation for x reads

¢

Xe = guo + ayu + guzv + gLISuv, (4-111)
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To solve for the unknown parameters we set-up the following equation system
based on the four nodes of each element as illustrated in Figure 4-25

‘x,, 1.0 0 0| |%,

7 Z

x| _ |11 0 0] fa| (4112)
‘x,, 111 1| |%,

txy, 10 1 0] |%a

and obtain

4, iy,
s .1
Sl = S : (4-113)
ﬂz XV4— le
5&13 cx,,l — ngZ + (:XVP, — gxm

The transformation for the x. reads

e = x4 (bxy, — Sxy )

+ (éxv4 — ngl)v + (g'le — ngZ + é3(1,3 — gxm)uv. (4-114)

The transformation of the y. can be derived accordingly and yields

Ye = Cyvl + (éva - éyw)u
+ Oy =)o+ (v, — Yoy + Sy, — Sy )uo. (4-115)

Based on the transformations (4-114) and (4-115) the integrals of the normal
equation system can also be solved for the generalised elements, as already
shown in Section 3.2.2. This allows to use any arbitrary convex tetragon as
elements. To illustrate this we will approximate the following continuous real
function

f(x,y) = sin(xy) (4-116)
by a polynomial in the monomial basis of 2"? degree on the convex element
depicted in Figure 4-26.

The coordinates of the four corner nodes of the element are listed in Table
4-6.

Nodes
v Xy Yy
1| -15 -1.0
2 1.0 -15
3 0.5 1.0
4| —-1.0 0.5

115

Figure 4-26: f(x,y) = sin(xy)
on an arbitrary convex ele-
ment (.

Table 4-6: Coordinates for the
corner nodes of the element {
in Figure 4-26. The labelling
is in accordance to Figure
4-25 (left).
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The least squares approximation of (4-116) by a polynomial of 2" degree
results in the normal equation system

Nx=n

(¢o,90) (P1,¢0) -+ (P5,00) | |co (¢o,sin(xy))
<¢0,.¢1> <<P1/.4>1> (¢5,.<P1> C.l _ <¢1fsif1(xy)> (4117)

(9o, P5) (@1, ¢5) -+ (¢5,¢5)] Les (¢5,sin(xy))

and with the 6 basis functions ¢, = x'y/ listed in Table 4-1 the normal matrix
reads

(L) w1 A1) (1) () (A1) ]
Ly) (wy) Gy (xy (yy ()
No By ) ey byt Ay
Lx) (yx) Ay (vx)  (yx) ()
(Lxy) (xy) Paxy) (oxy) (xyxy)  (22xy)
(L% (yx%) (5% (%) (w,a?) (6% a%))

Accordingly the right hand side in (4-117) results in

(1,sin(xy))
{y,sin(xy))
(yz,sin(xy)> . (4-119)
(x,sin(xy))
(xy, sin(xy))
L (x?,sin(xy)) |

In order to determine the unknown coefficients ¢, we need to solve the following
integrals

<(Pk,¢1> = .//g(Pk(Pl dxdy for k,1 =0,1,2,...,5 (4—120)

and

(¢x,sin(xy)) = //g ¢r sin(xy) dx dy (4-121)

for k =0,1,2,...,5 over the element { depicted in Figure 4-26. While this is
quite complicated we will map the element on the generalised element using
the two transformations (4-114) and (4-115). Inserting the coordinates of the
corner nodes into these two transformations results in

3 5 1
x(u,v) = _§+ §u+ S0 U

y(u,v) =—-1- %u + %v +uv. (4-122)

According to (BRONSHTEIN etal. 2007, p. 473-474) and with (4-122) the
integrals of the normal matrix (4-120) can be solved for the generalised element
as follows

//g or(x,y) ¢r(x,y) dxdy =

/01 /01 o (x(u,0),y(u,0)) ¢y (x(u,0),y(u,0)) |J| dudo, (4-123)
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while |J| being the absolute value of the Jacobian determinant

5 &
= @ (4-124)
ou  0v
Inserting the partial derivatives of (4-122) into (4-124) yields
5/p—p 1/3—
e Cal | PV S (4-125)
v—1/2 u+3/2

The integrals for the right hand side (4-121) can be solved in the same way
and are reading

//g sin(xy) ¢y (x,y) dxdy =

/01 /01 sin (x(u,0)y(u,v)) ¢y (x(u,v),y(u,v)) |J| dudo. (4-126)

The integrals for the normal matrix (4-125) and right hand side (4-126) can
easily be solved numerically and results in

4 —4/3 11/6 —2/3 1/6 3/2
—4/3 11/¢ —7/5 1/6 —1/20 —7/10
11 _7 7 —1 _1 259
N — /6 /5 /4 /20 /20 /360 (4-127)
—2/3 1/6 —1/20 3/2 —7/10 —17/20
/6  —1/20 —1/20 —7/10 259/360 41/120
3/2  =7/10 259/360 —17/20 41/120 77/60 |
and ) )
0.145756 487141373
—0.042 846 463 368 636
N —0.042499 116708 621 (4-128)
—0.612543 848 627 254
0.631791937 468 570
L 0.291378751245 651 |

The solution of the normal equation system (4-117) yields the unknown coef-
ficients

co 0.003253 362 989 749
€1 0.000 736 886 760 280
c2f _ | 0.005069718055172 . (4-129)
c3 —0.005 888 389 584 868
c4 0.880390318 592 853
LCs5] | —0.017 484163 373 636

for a polynomial approximation in the monomial basis of 2*d degree on the
convex element { depicted in Figure 4-26. The resulting approximation and
the residual function are depicted in Figure 4-27.
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Figure 4-27: Polynomial ap-
proximation P (x,y) of func-
tion (4-116) on the convex ele-
ment § (left). Residual func-
tion v(x,y) = sin(xy) — P2(x,y)
(right).

Figure 4-28: Polynomial ap-
proximation Pg(x,y) of func-
tion (4-116) on the convex ele-
ment { (left). Residual func-
tion v(x,y) = sin(xy) — Ps(x,y)
(right).

APPROXIMATION OF FUNCTIONS IN TWO DIMENSIONS

As Figure 4-27 illustrates, P»(x,y) is only a very coarse approximation of
function (4-116) with the largest deviations at the two nodes v =1 and v = 2.
Whereas a polynomial of 8% degree approximates function (4-116) already
within ~ 107* as illustrated in Figure 4-28.
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With the presented transformation we are able to solve the integrals of the
normal equation system for any kind of convex element. Implementing this
transformation into the elementwise approximation shown in Section 4.1 al-
lows us to approximate any given function over an arbitrary domain. This
results in the following two different approximations.

e The approximation of the function by polynomials, as already shown in
this part.

e The approximation of the domain by elements.

The presented transformation is also valid for triangular elements, while we
only have to introduce the same coordinates for two neighboured nodes, and
it can easily be adopted for 3D or higher dimensional elements.

The MATLAB code for the presented polynomial approximation of two-
dimensional functions on an arbitrary convex element is given in Programme
4-3.
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4.4 THE GENERALISED 2D ELEMENT

%Function
f=0(x,y) sin(x.*y);

%Transformation to the generalised element

fx=0@(u,v) -3/2+5/2xu+1/2*v-u.*v; fy=0(u,v) -1-1/2*%u+3/2*xv+u
LXV;

detJ=@(u,v) abs (4+2*xu-2%v) ;

%Polynomial degree of approximation
p=2; p_n=1/2%(p+1)*(p+2);

sPermutation of i and j for i+j<=p
[ii,jjl=meshgrid (0:p);
ii=reshape(ii,[],1); jj=reshape(jj,[1,1);

%index for i+j>p and deleting entries
out=(ii+jj)>p; ii(out)=[1; jjCout)=I[1;

%Basis functions
phi=@(x,y,i,j) x. i.*y."j;

%Preallocation of the matrices
N=zeros(p_n); n=zeros(p_n,1);

for k=1:p_mn
for 1l=k:p_mn
N(k,1l)=integral2(@(u,v) detJ(u,v).*phi(fx(u,v),fy(u,v),ii
(k),ji(k)) ...
.*kphi (fx(u,v) ,fy(u,v),1ii(1),jj(1)),0,1,0,1, Method’,”’
iterated’);

end

n(k)=integral2(@(u,v) detJ(u,v) .*f(fx(u,v),fy(u,v)) .*xphi(
fx(u,v),...
fy(u,v),ii(k),jj(k)),0,1,0,1,’Method’,’iterated’);

end

%Adding the lower triangular part
N=N+triu(N,1) ’;

c=N\n;
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Programme 4-3: Code for
an approximation in the
monomial basis for two-
dimensional functions on
arbitrary convex elements.






A GLIMPSE ON THE APPROXIMATION OF BOUNDARY
VALUE PROBLEMS

To illustrate how to solve some BVPs we consider a linear ordinary differential
equation (ODE), for example,

2P(x
T2~ i) (5-1)

for x € [-1,1], with some boundary conditions
®(x = £1) = const. . (5-2)

In general, an analytic solution of a boundary value problem is unknown and
usually too complicated to derive. For many problems that arise in different
engineering sciences only an approximate solution can be found so far. In
the literature, e.g. (ATKINSON and HAN 2009), (BURDEN and FAIRES 2011)
or (QUARTERONI and R0ZzA 2014), one can find many different methods
for solving such boundary value problems, for instance, the FEM or spectral
methods.

We only mentioned these two methods, because FEM is based on the concept
of the described elementwise continuous approximation in Section 3.1.2 and
the class of spectral methods are mainly using orthogonal basis functions, as
explained in Section 3.3. This means that the basic idea of FEM and of the
spectral methods have already been discussed in Part ii.

In the following, we do not explicitly apply any of the aforementioned two
methods, but rather derive a solution that is based on the presented least
squares approximation of functions in Part ii.

To solve a given boundary value problem numerically, we approximate the
unknown solution ®(x) in (5-1) by a finite linear combination of basis functions

D) % &y(0) = Y10,(0), (53
i=
with its second derivative
% = <i>;,’(x) = ji:)cj (p]’»’(x) . (5-4)
Inserting (5-4) into (5-1) and rearranging yields the residual function

p
v(x) = ;)Cj ¢ (x) = f(x), (5-5)
=

which has the same structure as (1-38), with the only difference that the second
derivatives of the basis functions are used. Therefore, the normal equation
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For further information about
FEM in general please refer to
standard literature such as
(BATHE 2014), (SOLIN 2006) or
(Z1ENKIEWICZ et al. 2013) and for
spectral methods, see e.g. (BoyD
2002), (Kopriva 2009) or
(TREFETHEN 2008).
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Figure 5-1: Analytical solution
(5-8) of the boundary value
problem (5-7).

A GLIMPSE ON THE APPROXIMATION OF BOUNDARY VALUE PROBLEMS

system of a least squares approximation of the linear ODE (5-1) can be derived
in exactly the same way as described in Section 1.2 and results in

(#0,90) (P1.90) -+ (Pp P00 | | co (00, f(x))

05,000 (91, 00) - (o)) | ol 50

with the integrals
1
(09 = [ 9l9fdx forij=012..p
~1

and 1
<¢l'»',f(x)>:/71¢l'.'f(x)dx fori=0,1,2,...,p.

To demonstrate a least squares approximation of an unknown solution ®(x),
we consider the following boundary value problem

d2o(x) | 1 . _ -
Fp e sin(3x) + 07 with &(x ==+1) =0, (5-7)
for x € [-1,1]. The analytical solution is given by
1, 1 1.
D(x) = EH(X 1) + 5% sin(3) 5 sin(3x) (5-8)

and is depicted in Figure 5-1.

-0.1

0.2}

\ \ \ \ \ \ . \ \
-1 -08 —-06 —-04 02 0 0.2 0.4 0.6 0.8 1

In the following we will determine an approximation of the unknown solution
®(x) by a polynomial in the monomial basis of 3'¢ degree

3 3 ,
D(x) = D3(x) = Y cjpj(x) = Y cjx) = co+crx + cox® +c3x° (5-9)
j=0 =0
The second derivative of (5-9) reads
dz 433 X Py 3
W() =P (x) = ‘ 0c]- ¢ (x) = 2c2 + bc3x, (5-10)
i=

with the second derivatives of the basis functions
#(x) =0, ¢{/(x) = 0, ¢} (x) =2 and ¢} (x) = 6x. (5-11)
Inserting (5-11) into (5-6) yields

0,0y (0,0) (2,0) (6x,0) | |co (0,sin(3x) + 1/10 77)
(0,0) (0,0) (2,0) (6x,0) | |c1 _ (0,sin(3x) + 1/10 77) C(5-12)
(0,2 (0,2) (2,2) (6x,2) | |c2 (2,sin(3x) 4+ 1/10 77)

(0,6x) (0,6x) (2,6x) (6x,6x)| |c3 (6x,sin(3x) + 1/10 77)
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Solving the integrals in (5-12) results in the following normal equation system

0 0 O o 0.000 000 000 000000
0 0 O cal _ 0.000 000 000 000 000 . (5-13)
0 0 8 c2 1.256 637061435917
0 0 0 24| |c3 4.148129997 148 272

In order to be able to distinguish between the normal equation system for an
approximation of functions, as used in Part ii, and of PDEs, we will introduce
the following notation widely used in FEM for the normal matrix and the
vector of right hand side

Kc=f. (5-14)

It is easy to see that the normal matrix in (5-13) is singular and has a rank
deficiency of 2. To obtain a unique solution for (5-13) we have to impose the
two linear boundary conditions given in (5-9). For a polynomial of 3'¢ degree,
these two conditions result in

q>3(x:—1):C0—C1+C2—C3:0,

d3(x=1)=co+c1+c2+c3=0. (5-15)
Expressing (5-15) in matrix notation yields
Co
1 -1 1 -1
al - 19, (5-16)
1 1 1 1| | 0
3
or in a shorter notation
Cc=0. (5-17)
Extending the normal equation system (5-13) with (5-17) results in
T
K C ol _ f . (5-18)
C o0 A 0
Solving (5-18) yields the coefficients of a polynomial of 3'¢ degree
co —0.157079 632679 490
| _ —0.172 838749881178 . (5-19)
o) 0.157079 632 679 490
c3 0.172838 749881178

The resulting polynomial approximation for the unknown solution ®(x) of the
boundary value problem (5-7) is depicted in Figure 5-2.

1072
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However, in this case K does not
correspond to the stiffness matrix.

Usually, these two conditions are
imposed by substituting the first
two rows in the normal matrix N
by C and changing the first two
entries in the right hand side
accordingly.

Figure 5-2: Analytical solution
(5-8) in blue and its polyno-
mial approximation of 3*4
degree in red (left). Residual
function v(x) = ®(x) — d3(x)
(right).
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Figure 5-3: Polynomial ap-
proximation of 215% degree
(left). Residual function

0(x) = ®(x) — Dy (x) (right).

The basic concept was taken from
(TownNseEND and OLVER 2015) and
(TREFETHEN 2008) and adopted in
this section to derive a solution
via the method of least squares.

A GLIMPSE ON THE APPROXIMATION OF BOUNDARY VALUE PROBLEMS

The residual function in Figure 5-2 (right) shows deviations in the range of
~ 0.04 and can be further decreased by increasing the polynomial degree.
The best polynomial approximation for the unknown solution ®(x) in the
monomial basis is a polynomial of 215¢ degree and is depicted in Figure 5-3.

_10714

5.1 LEAST SQUARES APPROXIMATION OF BVP IN MATRIX NOTA-
TION

In the previous sections we have solved a given boundary value problem in
exactly the same way as we did for the approximation of functions. The only
difference was that we used the second derivatives of the basis functions and
that we had to impose boundary conditions to ensure a unique solution. How-
ever, while using certain basis functions for the approximation of boundary
value problems, such as monomials or Chebyshev polynomials, it is conveni-
ent to use matrix notation from the beginning.Therefore, the least squares
approximation in matrix notation of an unknown solution ®(x) for a given
boundary value problem will be illustrated in detail.

A linear ODE bounded on the domain x € [4,b] can be written in the form
L£o(x) = f(x) (5-20)
with the linear differential operator

N aN

where N is the differential order of £, f(x) and /;(x) are functions defined on
[a,b] and ®(x) is the unknown solution. Moreover, linear boundary conditions

are given as
B (x) = g(x) (5-22)

to ensure a unique solution. The approximation of the unknown solution ®(x)
is given by a finite linear combination of basis functions

D(x) ~ Cﬁp(x) = ]i)c]- ¢i(x), (5-23)
or in matrix notation
&, (x) = dc, (5-24)
with
O =[go(x) ¢1(x) - @p(x)] (5-25)
and

=l e - (5-26)
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Based on (5-24) the left hand side of the ODE (5-20) can be approximated by
L£&(x)~ pLc, (5-27)

with the differential operator £, which is unknown so far. Inserting (5-27)
into (5-20) and rearranging yields the residual function

v(x) =pLc— f(x). (5-28)

To derive a least squares solution for the vector of unknown coefficients ¢ we
need to find the minimum of the target function

Q:/ab ((bllcff(x))zdx%min. (5-29)

Taking the first order derivative of (5-29) and setting it to zero yields the
normal equation system

140 _

2dec /ub LT (¢£C —f(x)) dx =0. (5-30)

Rearranging (5-30) results in

/b LTOTGLcdx = /b LTPT f(x)dx. (5-31)

For basis functions, such as monomials or Chebyshev polynomials, the differ-
ential operator £ contains only constant values and therefore we can extract
the operator from the integral. Thus, the normal equation system (5-31) can
be equivalently written as

al /ﬂb dTdpdr Lo=LT /ab &7 f(x)dx, (5-32)
with
(Po,p0)  {(P1,¢0) -+ (¢p o)
Mo [ oToan— gy B |
(o, Pp)  (P1,¢p) -+ (Dp,Pp)
and
(o, f(x))
n=[ o7 rwar= g sy = | (534
(¢p, f(x))

being the normal matrix and the vector of the right hand side of a least
squares approximation of functions, as widely used in the previous chapters.
The normal equation system (5-32) simplifies to

LINLc=LTn
Kc=f. (5-35)

That the operator £ is independent of x is of great advantage for solving
BVPs, while using monomials or Chebyshev polynomials, as basis functions.
Instead of solving the integrals for the derivatives of the basis functions, as
illustrated in Chapter 5, we can solve them for the basis functions directly
and do the conversion by applying the differential operator £. This idea is
clearly illustrated in the following section.

125



126

A GLIMPSE ON THE APPROXIMATION OF BOUNDARY VALUE PROBLEMS

5.1.1 Approximation of BVP in the monomial basis

In this section we will determine the least squares approximation of the un-
known solution ®(x) of the given boundary value problem

d2®(x)

7 iﬂ:, CD(JC == :tl) == O, (5—36)

= sin(3x) + 10

for x € [—1,1], which was already solved in Chapter 5. The analytical solution
is depicted in Figure 5-1. As before, we will determine an approximation of the
unknown solution ®(x) by a polynomial in the monomial basis of 34 degree
. 3 3 ,
P(x) m dbs(x) = Y ¢i(x) = Y il =co+ax+ o’ +ox’,  (5-37)
j=0 j=0

or in matrix notation

€0
R c
D3(x) = e = [1 x X2 x3} ! (5-38)
€2
3
The first derivative of the approximation ®3(x) with respect to x is
)
dds(x) _ c1 + 2cx + 3c3x? (5-39)
dx
and can be written in matrix notation by
Co
. c
Dy (x) = PLxc= [1 o2 B Lo | (5-40)
o
3
with the differential operator
01 00
|00 20 (5.41)
0 0 0 3
0 0 0O
Furthermore, the second derivative results in
b (x) = PLyxC, (5-42)
with
00 2 0
Lo—g2=|0 0 06 (5-43)
0 00O
0 00O
The normal equation system according to (5-32) reads

1 1
L /71 G Thdx Loxe=L], /71 ¢ (sin(3x) + 1/107) dx, (5-44)
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with
(00, x0)  (x,x0)  (x2,20) (23, x0)
1 0,1 1,1 2 .1 3 .1
T aTede e g |G LA 2 @)
N= [ o odr = (g,9) o i e o] O
00, x3) (1,33 (223 (23,43
and
n= /jl ¢ " (sin(3x) + 1/107) dx = (¢, sin(3x) + 1/1077)
(1,sin(3x) 4 7/10)
_ | {x,sin(3x) + 7/10) . (5-46)
(x?,sin(3x) + 7/10)
(x3,sin(3x) + 7/10)

Solving the integrals in (5-45) results in exactly the same matrix as for the
very first example (3-4)

N = (5-47)

and n reads

0.628 318530717 959-
n— 0.691354999 524712 . (5-48)
0.209 439 510239 320

0.293171 670090401 |

Inserting (5-47), (5-48) and the differential operator (5-43) into (5-44) yields
the normal equation system
Kc=f1,
LINLc=LTn,

0 0 0 0] |eco 0.000 000 000 000 000
0 0 0 0] |a _ 0.000 000 000 000 000 ) (5-49)
0 0 8 0] | 1.256 637061435917
0 0 0 24| |c3 4.148129997 148 272

which, of course, is identical to (5-13). Introducing the same constraints
(5-16) for the given boundary conditions in (5-36) and solving the extended
normal equation system (5-18) results in the exactly the same solution for the
coefficients (5-19) of a polynomial of 3" degree as was to be expected. All
presented calculations have been done with Programme 5-1.
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Programme 5-1: Code for
polynomial approximation of
BVPs in the monomial basis.

© 0 N O U W N =

T R e i el e
= O © 0 9 O Ok W N = O

22
23
24
25
26
27
28
29
30
31
32
33
34

A GLIMPSE ON THE APPROXIMATION OF BOUNDARY VALUE PROBLEMS

hApproximation of Phi(x) on [-1, 1]
a=-1; b=1;

%Polynomial degree
p=3;

%Differential operator
Lx=diag(l:p,1); Lxx=Lx"2;

%Preallocate matrices
N=zeros (p+1); n=zeros(p+1,1);

%Normal equation system for Phi=f(x)
for j=0:p
for i=0:p
N(j+1,i+1)=1/Ci+j+1)*(1-a~(i+j+1));
end
n(j+1)=integral (@(x) (sin(3*x)+1/10*pi).*x."j,a,b);
end

%Applying Lxx to obtain the normal equation system for Phi
) ’=f(X)
K=Lxx’>*N*xLxx; f=Lxx’*n;

%Boundary conditions
C=zeros(2,p+1); C(1,:)=(-1).7(0:p)’; C(2,:)=1."(0:p) *;

%“Extended normal equation system
K_ext=[K C’;C zeros(2)]; f_ext=[f;zeros(2,1)];

%Solution
c=K_ext\f_ext;

%Deleting the Lagrangian multipliers
c(end-1:end)=1[];

As we have seen in this section, we can easily determine an approximation for
the unknown solution of certain boundary value problems, which is mainly
based on Programme 3-1 and with the aid of a differential operator.

5.1.2  Approximation of BVP in the Chebyshev basis

The presented least squares approximation of BVPs in matrix notation in Sec-
tion 5.1 can directly be applied for the Chebyshev basis, which will be il-
lustrated on the approximation of the unknown solution ®(x) of the already
given boundary value problem

d? ®(x)

e sin(3x) + iﬂ, O(x =+£1) =0, (5-50)

10

for x € [-1,1]. The unknown solution ®(x) will be approximated by a poly-
nomial in the Chebyshev basis

4 p
D(x) ~ dSp(x) = ;)cj pi(x) = ;)c]- Tj(x), (5-51)
j= j=
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or in matrix notation
Co

by(x) = pe=[T(x) Ty(x) - T,(0||. | (5-52)
Cp

The first derivative of the approximation &, (x) with respect to x reads

dép(x) B ?
LG4y (5-53)

According to MASON and HANDSCOMB (2003, p. 34) the derivative of T;(x)

is given by
dT(x)
o Ui, (5-54)

with the Chebyshev polynomials of the second-kind U;(x). The differentiation
operator reads

D= (5-55)

and is identical to the differential operator in the monomial basis (5-41). But,
applying D changes the basis of the series from T;(x) into U;(x).

The Chebyshev polynomials of the second-kind U;(x) satisfy the recurrence
relation
Uj(x) = 2xUj_q1(x) — Uj_2(x) forj>2 (5-56)
with the initial conditions
Up(x) =1 and Uy (x) =2x. (5-57)
The relationship between the Chebyshev polynomials of the first-kind and

second-kind is given by

Ti(x) = 5 (Ui(x) ~ Uja(x)  forj>2, (5-58)

see (MasoN and HANDSCOMB 2003, p. 4). Therefore, a series in the Cheby-
shev basis Tj(x) can be represented by U;(x) as follows

N P 1 12
®p(x) = )¢ Tj(x) = colo(x) + 5ertha (x) + 5 ) ¢ (Uj(x) = Uj2(x)) . (5-59)
j=0 j=2
Resorting the right hand side of (5-59) yields
s d 1 P 1
qu(x) = Z Cj T](x) = (CO — ECQ)UQ(X) + Z E (C] - Cj—Z) U](x) ’ (5—60)
j=0 =1

see also OLVER and TOWNSEND (2013). Based on (5-60) we can define the
following conversion operator that maps the coefficients of a series in Tj(x)
into Uj(x)
1 —1/2
1/2 —1/2

S= 5-61
12 1, (5-61)
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Finally, the differential operator results in
L,=8"'D, (5-62)

which is an upper triangular sparse matrix. Now we have everything to ap-
proximate the unknown solution ®(x) of the given BVP (5-50) by a polynomial
in the Chebyshev basis of 3" degree

D (x) ~ P3(x) = Zc] dj(x ]i)chj(x), (5-63)
or in matrix notation
co
bs(x) = dpe=[Ty(x) Ti(x) Bx) Tx)] Z : (5-64)
3

The differential operator for a polynomial of 3"d degree results in

-1

1 0 —1/2 0 0100 0103
1 —1
f._sip_ |0 /2 0 -2 0020 10040 (5-65)
0 0 12 0 0003 0006
0 0 0 12 (0000 0000

and the second derivative of the approximation &3(x) with respect to x reads

b (x) = pLyxc, (5-66)
with L, = £2. The normal equation system according to (5-32) reads
1 1
EIX/ ¢ Tddx Loe= LIX/ $T (sin(3x) + 1/107) dx,
-1 -1
LI NLyc=L] n. (5-67)

While Chebyshev polynomials are orthogonal with respect to a weighted inner
product, the matrix N in (5-67) results in

(To, To) 0 0 0
1
No [ eTpaomryo| 0 @m0 0
J=1 0 0 <T2, T2> 0
0 0 0 (T3, T3)
T 0 0 0
_ |0 m2 0 0 (5-68)
0 0 =#/2 0
0 O 0 n/2
and for the integrals of the right hand side we get
1
n= [ ¢ (sin(3x)+1/107)dx = (T}, sin(3x) + 1/107)
To, sin(3x) + /107 0.986 960 440108 936
_ | (T1,sin(3x) +1/10m) | | 1.065185133238888 (5-69)

( ( )
( ( )
(Ty, sin(3x) + 1/1077) 0.000 000 000 000 000
(T3, sin(3x) + 1/1077) —0.970949 177 735561
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Inserting (5-68), (5-69) and the differential operator (5-65) into (5-67) yields
the normal equation system

Kc=f1,
0 0 0 0 co 0.000 000 000 000 000
0 0 O 0 c1| _ | 0.000000000000000 (5-70)
0 0 16 0 co 3.947 841760435742
0 0 0 2887| |c3 25.564 443197 733 318

Introducing the same constraints (5-16) for the given boundary conditions in
(5-50) and solving the extended normal equation system

-
K C ol _ f ) (5-71)

C o0 A 0

yields the coefficients a polynomial in the Chebyshev basis of 3'¢ degree

o —0.078 539 816 339 745
| _ —0.028254913 210495 ' (5-72)
2 0.078 539 816 339 745
c3 0.028254913 210495

The resulting polynomial approximation for the unknown solution ®(x) of the
boundary value problem (5-50) is depicted in Figure 5-4.

1072

The residual function illustrated in Figure 5-4 (right) shows deviation within
a range of ~ 0.05 and can be further decreased while increasing the polynomial
degree. The best approximation is depicted in Figure 5-5.

10716
T

Figure 5-5 (right) shows that a polynomial in the Chebyshev basis of 215t
degree approximates the unknown solution ®(x) of the BVP in (5-50) within
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Figure 5-4: Analytical solution
(5-8) in blue and its polyno-
mial approximation in the
Chebyshev basis of 3™ de-
gree in red (left). Residual
function v(x) = ®(x) — d3(x)
(right).

Figure 5-5: Polynomial ap-
proximation in the Cheby-
shev basis of 215¢ degree
(left). Residual function
0(x) = B(x) — b (x) (right).
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Programme 5-2: Code for a
polynomial approximation of
BVPs in the Chebyshev basis.
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A GLIMPSE ON THE APPROXIMATION OF BOUNDARY VALUE PROBLEMS

machine precision. In comparison to Section 3.3.1, an approximation of the
unknown solution of BVPs in the Chebyshev basis leads to a dense normal
matrix K. The advantage of orthogonal basis functions is no longer given for
solving boundary value problems. The presented least squares approximation
of BVPs in the Chebyshev basis leads also to an ill-conditioned extended nor-
mal matrix in (5-71). However, this is even worse for the resulting extended
normal matrix in the monomial basis.

All calculations have been done with Programme 5-2.

%Approximation of Phi(x) on [-1, 1]
a=-1; b=1;

%Polynomial degree
p=3;

%Differentiation operator dT/dx -> U
D=diag(1l:p,1);

%Conversion operator T -> U
S=diag (1/2*ones(p+1,1))-diag(1/2*ones(p-1,1) ,2);
S(1,1)=1;

%“Differential operator
Lx=S\D; Lxx=Lx"2;

%Solution of the normal matrix N = int T_i = T_j
N=diag ([pi; pi/2*ones(p,1)1]1);

%Preallocation
n=zeros (p+1,1);

%right hand side n

for i=0:p
n(i+l1)=integral (@(x) (sin(3*cos(x))+1/10*pi) .*cos (i*x)
,0,pi);
end

%Applying Lxx to obtain the normal equation system for Phi
b} 7=f(X)
K=Lxx’*N*xLxx; f=Lxx’*n;

%Boundary conditions
C=zeros(2,p+1); C(1,:)=(-1).7(0:p)’; C(2,:)=1."(0:p) *;

%“Extended normal equation system
K_ext=[K C’;C zeros(2)]; f_ext=[f;zeros(2,1)];

%Solution
c=K_ext\f_ext;

%Deleting the Lagrangian multipliers
c(end-1:end)=1[];
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5.1.3 Alternative approximation of BVP in the Chebyshev basis

As already mentioned in Section 3.3.1 and according to TREFETHEN (2013,
Theorem 3.1), if ®(x) is Lipschitz continuous, then it has an absolutely and
uniformly convergent Chebyshev series

D(x) = i:)cj Ti(x). (5-73)
i=

Thus, we can determine the coefficients c; of a least squares approximation
in a faster and numerical more stable way, which is mainly used for the nu-
merical solution of BVPs by spectral methods as described in, for example,
(TREFETHEN 2008), (OLVER and TOWNSEND 2013), (TOWNSEND 2014). To
illustrate this procedure we will consider the same example from the previous
section

d2e(x) . 1
2 - sin(3x) + ET[,

for x € [-1,1]. Let us rewrite the differential equation (5-74) into

O(x=+1) =0, (5-74)

P (x) = g(x), (5-75)

with

. 1
g(x) = sin(3x) + 107

As shown in Section 3.3.1 function g(x) can easily be approximated within
machine precision by a truncated Chebyshev series

(5-76)

§(x) ~ 4(x) —Ji g Ti(x) (5-77)
or in matrix notation
80
80 =d8=[Tx) Ti(x) - T & (5-78)
8p

The second derivative of the unknown solution ®yx(x) is given by (5-66) and
Equation (5-75) reads
OLixc=dg. (5-79)

Equating the coefficients with respect to ¢ yields
Lixc=g. (5-80)

Introducing the constraints (5-16) for the given boundary conditions and solv-
ing the extended normal equation system

il
C 0 A 0

yields the coefficients a polynomial in the Chebyshev basis. In case g(x) and
®(x) are approximated within machine precision, these coefficients will be
exactly the same as using the extended normal equation system (5-71) of a
least squares approximation. The first column in Table 5-1 shows the 21 coef-
ficients crg of a least squares approximation of the BVP (5-74) according to
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Table 5-1: Coefficients cj.

A sophisticated approach for
solving PDEs using a spectral
method is presented by
(TOwNSEND and OLVER 2015),
which can approximate the
unknown solution by a polynomial
over a millionth degree within
seconds.

A GLIMPSE ON THE APPROXIMATION OF BOUNDARY VALUE PROBLEMS

(5-71). While the other three columns are showing the coefficients ¢, determ-
ined by (5-81) for different polynomial degree p.

cLs Cp
p=>5 p=12 p=21
-0.078539 816 339 745 -0.078539 816 339 745 -0.078 539 816 339 745 -0.078 539 816 339 745
-0.059 666 434 332 445 —0.059 878326 017 304 —0.059 666433 281276 -0.059 666 434 332 445
0.078 539 816 339 745 0.078 539 816 339 745 0.078 539 816 339 745 0.078 539 816 339 745
0.068 680 604 945 611 0.068 680 604 945 611 0.068 680 604 945 611 0.068 680 604 945 611
-0.000 000 000 000 000 -0.000 000 000 000 000 0.000 000 000 000 000 0.000 000 000 000 000
-0.009 561874417 122 0.008 802278928 307 -0.009561 874417122 -0.009 561874417122
0.000 000 000 000 000 -0.000 000000000000  -0.000000 000 000 000
0.000566 065433 734 0.000566 065433 734 0.000566 065433 734
-0.000 000 000 000 000 -0.000 000000000000  -0.000000 000 000 000
-0.000 018754 449 180 -0.000018754449180  -0.000018754 449 180
-0.000 000 000 000 000 0.000 000 000 000 000 0.000 000 000 000 000
0.000 000 398 664 369 0.000 000391 768 232 0.000 000 398 664 369
0.000 000 000 000 000 -0.000 000000000000  -0.000000 000 000 000
-0.000 000 005909 044 -0.000 000005909 044
-0.000 000 000 000 000 -0.000 000 000 000 000
0.000 000 000 064 614 0.000 000 000 064 614
0.000 000 000 000 000 0.000 000 000 000 000
-0.000 000 000 000 543 -0.000 000 000 000 543
-0.000 000 000 000 000 -0.000 000 000 000 000
0.000 000 000 000 004 0.000 000 000 000 004
0.000 000 000 000 000 -0.000 000 000 000 000
-0.000 000 000 000 000 -0.000 000 000 000 000

As one can see, some of the coefficients for p = 5 and p = 12 are signific-
antly differing from cr,g, while the coefficients for p = 21 are equal down to
the last digit to those a least squares approximation crg. As already men-
tioned, solving (5-81) for the unknown coefficients is faster and more accurate
than solving the extended normal equation system (5-71) of a least squares
approximation. The extended normal matrix in (5-71) is nearly singular for
a polynomial of 140" degree, while using (5-81) allows to approximate the
unknown solution by a polynomial of even more than 2000*" degree.



SUMMARY

In Chapter 3, we discussed in detail the drawbacks of an approximation in
the monomial basis and its reasons. Afterwards we attempted to avoid the
drawbacks by an elementwise approximation in the monomial basis in Section
3.1. Although better results could be achieved, the actual problem of the
monomial basis remains. As shown in Section 3.2, an elementwise approx-
imation is only feasible by an appropriate change of the basis, whereby the
unknown parameters have new properties. This approach enables numeric-
ally stable and efficient solutions, which are often used in many engineering
sciences. However, with the big disadvantage that usually a lot of unknown
parameters are needed. Then, an approximation using orthogonal basis func-
tions was presented in Section 3.3, while we only focused on the Chebyshev
and Fourier basis. The advantages of an approximation in the Chebyshev
basis were clearly shown by some examples and although an approximation
of non-periodic functions in the Fourier basis is already per definition not
suitable, it was nevertheless shown for illustrative reasons in Section 3.3.2 as
both sets of orthogonal basis functions are closely related. Based on the re-
lationship between these two bases addressed in Section 3.3.3, the Chebyshev
coefficients can be determined very efficiently using FFT, which finally leads
to a very powerful approach for the approximation of continuous functions.

In Chapter 4 we have extended the approaches shown to the approximation
of functions in two dimensions. The problem that arises for an elementwise
continuous approximation for arbitrary polynomial degree was addressed in
Section 4.1 and two possible solutions were presented in Section 4.2. Then
the advantages of an approximation in the Chebyshev basis were again demon-
strated and the approach extended to arbitrary convex tetragons as elements.

Finally, Chapter 5 briefly described how the unknown solution of some BVPs
can be approximated in the monomial and Chebyshev basis as it was done
in the previous chapters. In addition, an alternative approach for calculating
the Chebyshev coefficients of a least squares approximation was described
in Section 5.1.3. Following this approach, the functional model for MeMoS is
derived in the following part. Thus, it is guaranteed that the functional model
at least for all numerical studies is always complete and the results are not
falsified by any approximation errors, cf. Figure 1.4.
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Part III

MEASUREMENT- AND MODEL-BASED
STRUCTURAL ANALYSIS






SYNOPSIS

In the previous part we got a general insight into the approximation of func-
tions and focused mainly on polynomials in the Chebyshev basis. It was
shown that for at least simple geometric domains this set of basis functions
has substantial advantages and basically always provides an approximation
of the function in the range of the machine precision. The approximation in
the Chebyshev basis also offers the possibility to easily and quickly perform
numerical computations with functions, such as computing derivatives, integ-
rals or root finding using of the open-source package CHEBFUN (2021), which
was introduced by BATTLES and TREFETHEN (2004). This is of particular
advantage for the tools developed in Chapter 10.1.

With respect to the experimental studies, the mechanical model of a four-
point bending test is derived first and its analytical solution is approximated
by a polynomial in the Chebyshev basis. Afterwards, the approximation is
directly embedded as the functional model in a least squares adjustment of
static measurements, such as displacements, inclinations and strains using
a physical model. Based on this so-called Integrated Analysis (1A) detailed
numerical studies are carried out to analyse the impact of random errors on the
estimated unknown parameters and also clarify the question of how damage
affects the measurements at all. Thus, a detailed insight into the nature of
the inverse problem is provided. In accordance to Figure 1.4, the considered
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Figure S.2: Current scenario
for the numerical studies con-
cerning the damage analysis
using MeMoS addressed in
Chapter 9. Elements in grey
are not considered or present.



Figure S.3: Current scenario
for the experimental studies
concerning the damage ana-
lysis using MeMoS addressed
in Chapter 10.3. Elements in
grey are not present.
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error sources for the numerical studies in Chapter 9 are shown in Figure
S.2. Based on the insights gained from the numerical studies, some tools
for the damage analysis using Measurement— and Model-based Structural
Analysis (MeMoS) are developed first and their potential for the detection
and localisation of damage is demonstrated by numerical studies. Finally, a
comprehensive damage analysis using MeMoS, from the model update to the
evaluation of individual epochs up to the localisation of damage, is presented
in an experimental example. In accordance to Figure 1.4, the considered error
sources for the experimental studies in Chapter 10.3 are shown in Figure S.3
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MECHANICAL MODEL

To illustrate the basic idea of a Measurement— and Model-based Structural
Analysis (MeMoS) and the arising challenges, we will use a simple example
in one dimension. In order to ensure that the results also corresponds to
real problems, we choose a four-point bending test as an example, which is
briefly presented in Section 7.1. Afterwards, we discuss the requirements of
the functional model for MeMoS in Section 7.2 and in Section 7.3 we derive
the solution of the BVP in the Chebyshev basis, as shown in Section 5.1.3.

7.1 FOUR-POINT BENDING TEST

The basic idea of MeMoS will be illustrated on the following simple problem.
Let us consider a four-point bending test as depicted in Figure 7-1,

" 1

////////

with force F/2 applied at the positions x = a and x = [ —a. The deform-
ational behaviour of such a beam can be approximately described by the
Euler-Bernoulli beam equation

d?u(x)  M(x)
dx2 —  EI

(7-1)

with the internal bending moment M(x), elastic modulus E and the area mo-
ment of inertia I. Assuming a beam with a constant rectangular cross section
along its length I, I is a constant factor given by

I= %whe’, (7-2)

with /# being the height and w the width of the beam. Due to the bearings on
both sides of the beam, the Dirichtlet boundary conditions are as follows

u(x=0)=0 and u(x=1)=0. (7-3)

For the illustrated four-point bending test in Figure 7-1 the internal bending
moment results in

%Fx, for0>x>a,
M(x) =< 1Fa, for a > x> (I—a), (7-4)
JF(l—x), for (I—a)>x>1.
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Figure 7-1: Four-point bend-
ing test

For Euler-Bernoulli beam theory
in general, please refer to
standard literature such as e.g.
(CARRERA et al. 2011, Chapter 2.1)
or (OcHSNER 2021, Chapter 2).
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Figure 7-2: Internal bending
moment M(x) for the four-
point bending test depicted in
Figure 7-1.

Figure 7-3: Damage due to
changes in the material (up-
per left) or geometry (up-
per right) are represented by
elastic modulus E(x) (lower
middle).

MECHANICAL MODEL

and is depicted in Figure 7-2

7.2 OBJECTIVE

For the simple problem of a four-point bending test presented above, we need
to derive a functional model that is capable of analysing different types of
measurements in order to detect and localise damage to the beam. In this
thesis we will only consider the following three types of measurements:

e Displacement,
e Inclination and
e Strain.

Furthermore, we need to define an unknown quantity that can be used for
damage detection and localisation. Within beam theory, the elastic modu-
lus E and the area moment of inertia I are coupled multiplicatively in (7-1).
Therefore, damage caused by a change in geometry cannot be distinguished
from damage caused by a change in the material, as shown in Figure 7-3.

Damage due to material change Damage due to geometry change
and constant geometry and constant material
[ — | '
E(x)

As a consequence, we chose the elastic modulus as an unknown quantity, as
already shown in (NEITZEL etal. 2014) or (WU 2020, Chapter 5.2). But,
estimating a single constant value E might be sufficient to detect damage, but
it does not allow any damage localisation. Therefore, we introduce the elastic
modulus as a continuous function along the beam E(x). The whole process
of damage detection and localisation is based on a detailed analysis of the
estimated function E(x).
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7.3 SOLUTION OF THE BVP IN THE CHEBYSHEV BASIS

Let us consider the slightly modified Euler-Bernoulli beam equation

d?u(x)  M(x)  M(x) 1
dx2 — E(x)I I E(x)’ (7-5)

with the elastic modulus E(x) being a continuous function along the beam. At
first, we express the unknown solution u(x) and the internal bending moment
M(x) in terms of their Chebyshev series expansion

u(x) = i)uj Ti(x) = pu (7-6)
i=
and -
M) = T 1) = om, (-7
=
with
b= [T T BE) BE ... - (7-8)

In order to avoid 1/E(x) in Equation (7-5) we express this fraction by the
Chebyshev series

1 N >

)~ E*(x) = ;e]- Tj(x) = de. (7-9)
j=0

To handle the product of two functions M(x)E*(x) in terms of their Chebyshev

series we introduce the following multiplication operator according to (OLVER

and TOWNSEND 2013)

21110 mq nmy ms cee 0 0 0 0
my  2mg  my ny . my My Mz My

M[m] = % my my  2mg M +\my mz my ms ,
ms  mp mq  2mg - ms Mg Ms Mg

(7-10)
where M[m] is a Toeplitz plus almost Hankel operator. According to Section
5.1.3, with the differential operator (5-62) and the multiplication operator
(7-10), the modified Euler-Bernoulli beam equation (7-5) can be written as

Lou =~ Mmle. (7-11)

As can be seen in Figure 7-2, the curve of the internal bending moment M(x)
is not a continuously differentiable function. The first derivative of M(x)
has two jump discontinuities located at x = a and x = [ —a and we would
need a polynomial of very high degree in order to approximate the given
BVP with sufficient accuracy. Therefore, we divide the beam into 3 elements
and introduce nodes at these two jump discontinuities. The resulting unique
identifier for the nodes v and elements ¢ are listed Table 7-1.

and
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Estimating E(x) instead of E*(x)
would result in a non-linear
adjustment problem of a more
complex functional model.

Table 7-1: Coordinates for all
nodes v and the nodes for all
three elements (.
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Dividing the beam into three elements and according to Section 3.1, Equation

7-11 reads
Lyx 0 0 | |'u M['m] 0 0 le
0 Lo 0 [|W|=-7] 0 M [’m] 0 Ze| . (7-12)
0 0 L u 0 0 M[*m]]| |3e

So far we have not yet addressed the issue that Equation (7-5) is defined on the
interval x € [0,1], while the presented approximation in the Chebyshev basis
is defined on [—1,1]. Therefore, we have to introduce a generalised coordinate
t and map each element onto the interval t € [—1,1]. Equation (7-5) is defined
on x € [0,/] and all Chebyshev series expansions are defined on ¢t € [-1,1].
According to Section 3.2.1 the mapping for each element { reads

Sx = fi (t, éxvl,ngz) = %(éxvl + éxVZ) + %(%Z - ngl)t (7-13)
and . 4l g :
]_F_E( Xy, — xvl). (7-14)

Taking this mapping into account and analogously to Section 3.2 Equation
(7-12) reads

L O 0 lu M['m] 0 0 le
1
0 2Ly« O ul =7 0 M[Pm] 0 2|,
0 0 3°Ly]| |Pu 0 0 M[Pm]| [%e
(7-15)
or in shorter notation
Lu=--Me, (7-16)
with
2L« 0 0
c=| o . o | (7-17)
0 0 32 L
(M['m] 0 0
M=1 0o M| 0o | (7-18)
.0 0 M[*m|
M1 la
u= |24 and e=|2| . (7-19)
3 3e

In order to solve the equation system (7-16) for u we have to introduce the
Dirichtlet boundary conditions (7-3), namely

u(x=0)=d(-1) lu=0,
u(x=10=¢(1)%u=0, (7-20)

with

G(-1) = [Ty(t=—1) T(t=-1) T(t=-1) Tt=-1) ... | (7-21)
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and ¢ (1) analogously. Writing these two constraints in matrix notation yields

111

2| = H , (7-22)
0

311

Cocu=0. (7-23)

or in a shorter notation

Furthermore, we introduce additional constraints at the inner nodes to ensure
a C? continuous approximation of the unknown function u(x) as described in
Section 3.1.2. For the inner nodes these constraints are

$(1) fu=d(-1) “lu,
Jd(1) Libu=" T Pp(-1) L T,
2 p(1) Loy bu =12 p(=1) Loy “Hlu. (7-24)

Expressing the constraints (7-24) in matrix notation results in

(1) —(-1) 0 0
1) Ly —Jd(-1) Ly 0 Iy 0
172 272
I (b(l) £XX - ] d)(_l) L:XX 0 2]1 _ 0 , (7_25)
0 Y1) L Y d(-1) Ly 0
I 0 o) Lo P d(—1) Lol [0
or in short
Ceontiu = 0. (7—26)
Combing (7-23) and (7-26) into
Cu=0 (7-27)

with
c— | Cue (7-28)
Cconti

and solving the extended equation system

AR
A 0

yields the coefficients u of the unknown solution u(x) in the Chebyshev basis
as a function of the internal bending moment M(x) and the elastic modulus
E(x). The extended system of equations (7-29) serves as the basis for the
functional model, which will be derived in the following section.

L CT
cC o
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INTEGRATED ANALYSIS

Based on the solution (7-29) of the modified Euler-Bernoulli beam equation
we derive a functional model that allows to adjust displacement, inclination
and strain measurements by means of a least squares adjustment to estimate
the elastic modulus E(x) represented in its Chebyshev series expansion. The
functional model is developed for the following two different types of observa-
tions.

e Discrete measurements as observations.
e Functions as observations.

The latter was mainly developed for the evaluation of quasi continuous meas-
urements using for example terrestrial laser scanning (TLS), fibre optic sensors
(FOS) or photogrammetry. At the end of this chapter, the results of both ap-
proaches will be compared and discussed.

8.1 DISCRETE MEASUREMENTS AS OBSERVATIONS

In order to derive the functional model, we need to exclude the elastic modulus
e from the solution (7-29) of the modified Euler-Bernoulli beam equation.
Hence, we obtain a new system of equations with two new unknown variables.
Instead of the unknown solution u and Lagrangian multiplier A in (7-29) we
obtain U and A and the system of equations reads

£ C' |u| _ |-im

(8-1)
C o A 0
and solving for U yields
o
ul_|c c —im| (8.2)
A cC o0 0
with
u = Ue (8-3)
and
A = Ae. (8-4)

Since we divided the whole beam into three elements matrix U also contains
three parts one for each element and reads

U= |2y] . (8-5)
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Besides this, the Euler-Bernoulli
beam equation is also just an
approximation.

INTEGRATED ANALYSIS

8.1.1 Functional model

Based on (8-3) we derive the functional model for an integrated analysis of
displacement, inclination and strain measurements as follows.

Displacement

Before we can set up the functional model for a displacement measurement
Laisp; at a position xqjsp, along the beam, we need to check to which element
a measurement at a position xgisp, belongs to and map it onto the interval
[—1,1] of the corresponding element ¢ applying the inverse function of (7-13),
which reads

¢ 4

2xX — Xy, — °X

t=fi (x, gxm, Z;xw) ===__ " " (8-6)
gx,,z — ngl

Based on (7-6), with (8-3) and applying the mapping (8-6) the functional
model for a displacement measurement Lgisp, at a position xqis, reads

Laisp, = Z gz“lj T} (ft (xdiSpi’ ngl’ ngz)) = Z guj T]‘(tdispi)
=0 j=0

= ‘b(tdispi)gu
= (tap) Ve, 57)
or in a shorter notation
Laisp, = Adgisp, €, (8-8)
with the design matrix
Adisp, = ¢ (taisp,) U, (8-9)

containing the coeflicients of the unknown parameters e.
Inclination

The inclination of the bending line u(x) is described by its first spatial deriv-
ative du(x)
u(x

tan(“) = W P (8—10)

see MULLER and FERBER (2012, Chapter 2.6.1). The deflection u(x) is usu-
ally quite small in comparison to the geometry of the beam and hence, the
inclination of the bending line is very small. Therefore, for most problems the

assumption
tan(a) =~ a (8-11)

is justified. Nevertheless, instead of using « we will use tan(a) as an observation
for the adjustment and the functional model for a inclination measurement
Line, at a position xiye, results in

©0 dT; ft (xinC'r ng ’ ng )) e dT; (i" )
. ¢ ¢ ]( ! ! 2 _C 4 JANS
me,- - ]Z u]‘ dr = ]Z uj 7di’
j=0 j=0
= §] q)(tinc,-) Ly ‘u
= é] (b(tinc,-) Ly éUe/ (8—12)

or in a shorter notation
Linc,- = Ainc, e, (8'13)
with
Ainci = C] () (tinci) Ly gU- (8_14)



8.1 DISCRETE MEASUREMENTS AS OBSERVATIONS

Strain

According to GERE and GOODNO (2013, Chapter 5.4) or MULLER and FER-
BER (2012, Chapter 2.6.1) the longitudinal strain e is closely related to the
second derivative of the deflection u(x) and is given by

d?u(x)

€ = —euv 7 (8—15)

with e, being the orthogonal distance to the neutral surface. While measuring
the strain at the bottom or top of the beam and assuming the neutral surface
to be located in the middle of the beam yields

1
ew = h. (8-16)

The functional model for a strain measurement Lgtrain, at & position Xgtrain,
results in

o d2 T: f X . gx gx
1 t t i’ ’
Lstrain; = Eh §]2 E ) guj ]< ( s r:; vy 1/2))
j=

1 > d2 T; (tstrain-)
_ 072 4 ] i
SheT ];) ) i

1
= Eh CIZ q)(tstraini) Lyx gu

1
= 511 b (Fstrain,) Lsx ‘e, (8-17)
or in a shorter notation
Lstrain,' = Astrain; €, (8-18)
with 1
Astrain, = Eh §]2 d)(tstraini) ﬁxx gU . (8_19)

8.1.2 Observation equations

The derivation of the observation equations for displacement, inclination and
strain measurements are based on the following assumptions:

e The geometry of the beam is fixed and hence, the width w, height h and
length [ are error free values.

e The force F is an error free value.

e The positions the forces are applied to the beam are error free values,
hence a is a fixed value.

e The sensor position x is error free.
e No movements at the bearings.
Let us assume that we have n displacement measurements along the beam

with their positions given by

Xdisp,

Xdis
Xaisp = | P2 (8-20)

xdisp,,
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We’re considering the simplest
case now.
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INTEGRATED ANALYSIS

The functional model for a displacement measurement is given by (8-8) and
based on the assumptions we made, only Lgjsp, are observations subject to ran-
dom errors and all entries in the design matrix Agjsp, are constant values (error
free). Introducing the corresponding residuals vgjsp, results in the observation
equations for all displacement measurements

Ldispl Odisp, Adispl
Ldispz + Udispz _ Ad.ispz e, (8—21)
Laisp, Udisp, Adisp,
or in short
Ldisp + Vdisp = Adisp €, (8—22)
with the vector of unknown parameters e
le
e= (2], (8-23)
3e

containing the coefficients of a Chebyshev series for each element representing
the inverse of elastic modulus E(x) as a function along the beam. Analogously,
the observation equations according to (8-13) for all inclination measurements
are given by

Linc + Vine = Ainc € (8‘24)

and based on the functional model (8-18) the system of observation equations
for all strain measurements results in

Lstrain + Vstrain = Astrain e. (8'25)
The observation equations (8-22), (8-24) and (8-25) can be combined into
L+v=Ae, (8-26)

with the vector of observations L, vector of residuals v and design matrix A
beeing

Ldisp Vdisp Adisp
L= Linc 4 V= |Vinc 4 A= Ainc : (8_27)
Lstrain Vstrain Astrain

8.1.3 Least squares adjustment

Based on the observation equations (8-26) and the stochastic model represen-
ted by the weight matrix P, the normal equation system for a least squares
adjustment according to Section 2.3 results in

Ne=n
ATPAe=ATPL, (8-28)
with the design matrix A and vector of observations L from (8-27). To ensure

that E*(x) represented by its coefficients e in the Chebyshev basis is C? con-
tinuous along the whole beam, we have to introduce constraints at the two
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inner nodes listed in Table 7-1 (left). In accordance to (7-24) these constraints
are

Ceontie =0, (8—29)

with Ceonti being exactly the same matrix as in (7-25). Solving the extended
normal equation system

T
N Cconti e — n (8_30)
Cconti 0 A 0

yields the unknown coefficients e of a Chebyshev series for each element rep-
resenting the inverse of elastic modulus E(x) as a C? continuous function along
the beam.

8.2 FUNCTIONS AS OBSERVATIONS

Let us now consider the case that measurements with a high point density
are available, e.g. recorded by TLS, photogrammetry or FOS. Of course, it is
possible to analyse such measurements with the functional model derived in
Section 8.1, but if, for example, outliers are present in the measurements, they
would falsify the solution of the normal equation system. The elimination of
outliers by data snooping according to (BAARDA 1968) is an iterative pro-
cess and is maybe not really feasible for complex structures and/or the huge
amount of observations. Therefore, it can sometimes be useful to eliminate
outliers and also to reduce the dataset by a pre-processing of the measure-
ments.

But for now, let us assume that a suitable approximation in the Chebyshev
basis of measurements along the whole beam is available, as depicted for
displacement measurements in Figure 8-1.

Displacement [mm)]

x [m]

Instead of using all displacement measurements (blue dots) in Figure 8-1 to
estimate E(x) according to Section 8.1, we can also use its approximation in
the Chebyshev basis (red line) represented by the coefficients

lu

u= 24| . (8-31)

Furthermore, we also assume that the variances and covariances of the coeffi-
cients u are also given by the variance-covariance matrix Xy;. Thus everything
is provided to estimate E(x) from the approximation u. The same applies for
inclination and strain measurements.
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Figure 8-1: Displacement
measurements (blue dots) and
its C2 continuous approxims-
ation in the Chebyshev basis
(red line).
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INTEGRATED ANALYSIS

8.2.1 Functional model

The functional model for an adjustment of displacement, inclination and strain
measurements as a function represented in its Chebyshev series expansion
is also based on the solution (7-29) of the modified Euler-Bernoulli beam
equation. Therefore, the functional models are as follows.

Displacement

As the solution of the BVP and the approximation of the measurements are
given in the same basis, the functional for displacement measurements rep-
resented by a function in its Chebyshev series expansion is already given by
(8-3), namely

u = Ue, (8-32)
lu | |le
2u| = |20 |2 (8-33)
Su SU| |[3e

Hence, the functional model for an adjustment of displacement measurements
represented by the coefficients u reads

L.=Aye, (8-34)
with
lu u
L, = |2u| and A,= |2U]| . (8-35)
3 3U
Inclination

The inclination of the bending line u(x) is described by its first spatial de-
rivative and due to the assumption (8-11) we have the following functional

relationship

a(x) ~ d%"). (8-36)

The approximation of a(x) in the Chebyshev basis from inclination measure-
ments along the whole beam is given by the coefficients

«
a= 2] . (8-37)
3
Thus, the functional model reads
] [y, o 0o | [t
25| = 0 2 Ly 0 24
3o | 0 0 3S1Ly] [Pu
e, o o ][] [te
=l 0 L. 0 2u| |2, (8-38)
| o 0 3L« |PU] [P

or
Lo = Age, (8-39)
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with
I L, o 0 u
Ly = |2« and Ay = 0 21 L, 0 2y | - (8-40)
3 0 0o 3L, |%U
Strain

The longitudinal strain e(x) is closely related to the second derivative of the
deflection u(x) and assuming the neutral surface to be located in the middle
of the beam, yields the following functional relationship

1, d%u(x) '

e(x) = _Eh 2

(8-41)
An approximation of €(x) in the Chebyshev basis from strain measurements
along the whole beam is given by the coefficients

e= 2] . (8-42)

This results in the following functional model.

el ['2e. o 0 Iy
2e = 0 2]2 ‘cxx 0 211
3¢ | 0 0 372 Ly | _3u
2e. o o | [w] [te
= 0 212 £« 0 2U| |2 » (8-43)
0 0 312 Lo | |PU] |%e
or
L. = Ace, (8-44)
with
le 2 £k 0 0 u
Le = |2¢| and A = 0 220 0 0 2y | . (8-45)
3¢ 0 0 12 L] [PU

Finally, we derived a functional model for an integrated analysis of functions
as observations in order to estimate the inverse of the elastic modulus E*(x)
represented by its coefficients e in the Chebyshev basis.

8.2.2 Observation equations

Under the same assumptions as listed in Section 8.1.2, we can set up the
observation equations for the aforementioned functional models to adjust dis-
placement, inclination and strain measurements as a function represented in
its Chebyshev series expansion by means of a least squares adjustment.

The functional model for displacement measurements is given by (8-34) and
only the coefficients in L, are regarded as observations subject to random
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errors and all entries in the design matrix A, are constant values (error free).
Introducing the corresponding residuals v, results in the observation equations
for displacement measurements

L, +ve=Aye, (8-46)

with the vector of unknown parameters e

e = 2e , (8-47)

containing the coefficients of a Chebyshev series for each element representing
the inverse of elastic modulus E(x) as a function along the beam. Analogously,
the observation equations according to (8-39) for inclination measurements are
given by

Ly +va =Axe (8-48)
and based on the functional model (8-44) the system of observation equations
for strain measurements results in

Le +ve =Ace. (8-49)
The observation equations (8-46), (8-48) and (8-49) can be combined into

L+v=Ae, (8-50)

with the vector of observations L, vector of residuals v and design matrix A
beeing

L, Vu A,
L= |L,| - V= vyl ~ A=A, - (8-51)
Lc Ve Ac

8.2.3 Least squares adjustment

The least squares adjustment of functions as observations based on the obser-
vation equations (8-50) and a stochastic model represented by a weight matrix
P is analogous to the least squares adjustment of discrete measurements as
observations in Section 8.1.3 and the normal equation system reads

Ne=n
ATPAe=ATPL, (8-52)

with the design matrix A and vector of observations L from (8-51). In order
to ensure that E*(x) represented by its coefficients e in the Chebyshev basis
is C? continuous along the whole beam, we have to introduce constraints at
the two inner nodes listed in Table 7-1 (left). In accordance to (7-24) these
constraints are

Ceonti€ =0, (8-53)
with Ceonti being exactly the same matrix as in (7-25). Solving the extended
normal equation system

N cT

conti e n

= (8-54)
Cconti 0 A 0

yields the unknown coefficients e of a Chebyshev series for each element rep-

resenting the inverse of elastic modulus E(x) as a C? continuous function along

the beam.
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8.2.4 Discrete measurements vs. functions

Introducing coefficients of an approximation of displacement, inclination or
strain measurements as observations into a least squares adjustment in order
to estimate the unknown coefficients e may appear unusual at first glance.
However, that this approach generally leads to the same result for the unknown
coefficients e as inserting the measurements directly according to Section 8.1,
will now be demonstrated only for displacement measurements, since it can
be shown for inclination or strain measurements in the same way.

First step

Let us assume that the bending line of a beam has been observed by TLS and
thus a profile is available represented by n displacement measurements Lagjsp,
at positions xgisp, With i =1,...,n, as illustrated in Figure 8-1 (blue dots). To
use the approximation of the points as an observation for an integrated ana-
lysis according to Section 8.2, they will be approximated by a C? continuous
polynomial in the Chebyshev basis using 3 elements in accordance to Table
7-1. The mapping of the positions xqjsp,, of the displacement measurements on
the interval [—1,1] of the corresponding element ¢ is done by Equation (8-6)
and the functional model for the resulting approximation is already given by
(8-7) and reads

[e9)

LdiSp[ = Z gMj T] (ft (xdiSpi’ ngl’ éxvz)) = Z guj T]'(tdispi)
j=0 j=0
= (tdispi) gu ’ (8'55)
or in short
Ldisp‘ = A(b,- u, (8—56)
fori=1,...,n and with the design matrix
Ay, = & (taisp,) - (8-57)
Writing (8-56) in matrix notation yields
Laisp, Ag,
Laispy | _ | Ad2 | (8-58)
Ldispn A¢n
or
Ldisp = Aq, u. (8—59)

Based on the assumptions in Section 8.1.2, only Lgjsp, is an observation and
all entries in the design matrix Ay, are constant values (error free). Therefore,
the observation equations for all n displacement measurements results in

Ldisp + Vdisp = A(b u, (8-60)

with the vector of unknown parameters u

u= |24/, (8-61)
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containing the coefficients of a Chebyshev series for each element represent-
ing the approximation of the displacement measurements as a function along
the beam. For the observation equations (8-60) and the stochastic model of
the displacement measurements represented by the weight matrix Pgisp,, the
normal equation system for a least squares adjustment results in

Nu=n
T T
Ad’ Pdisp A¢, u = Ad) Pdisp Ldisp B (8—62)
Introducing the constraints (7-24) at the two inner nodes results in the exten-

ded normal equation system

CT

conti

0 A 0

T
A(b Pdisp A

C

T
[} u — Ad) Pdisp Ldisp (8—63)

conti

and solving (8-63) yields the unknown coefficients u for the approximation of
the displacement measurements and their stochastic properties represented by
the co-factor matrix Q, with

Q,=0Qp (8-64)
and .
AIJ Pdisp A(b C-cronti — Qll Q12 (8-65)
Ceonti 0 Q; Qp

Second step

Now we want to use the approximation of the displacement measurements u
to estimate the inverse of the elastic modulus e according to Section 8.2.1.
The functional model is given by (8-32) and under the same assumptions as
before, the observation equations are given by (8-46), namely

L,+v,=A,e. (8-66)

For the observation equations (8-66) and the stochastic model represented
by the weight matrix P,, the normal equation system for a least squares
adjustment results in

AP Ae=ATP L, . (8-67)

As the weight matrix P, is the inverse of the cofactor matrix Q, and with
(8-64), the weight matrix P, reads

Pu = A?I‘; Pdisp Aq) . (8—68)
Substituting P, in (8-67) by (8-68) yields
T AT _ AT AT
ATAT Py ApgAe=ATAT Py A L,. (8-69)

If we insert the functional model of the second step (8-34) into the functional
model of the first step (8-59) we obtain

Ldisp = A¢ Au e, (8—70)

which is exactly the same functional model as for discrete displacements meas-
urements (8-7) in Section 8.1 and this results in the following relationship
between the design matrices

Adisp = Ag A, (8-71)
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Inserting (8-71) in (8-69) with
Agisp = (A¢ Au)T = AI A-cl[; (8'72)

and with
Ldisp = A¢, Ly, (8—73)

according to (8-56), the normal equation system (8-69) results in
T T
Adisp Pdisp Adisp €= Adisp Pdisp Ldisp ’ (8_74)

which is basically the same normal equation system as (8-28) that results
when using discrete displacements measurements as observations according
to Section 8.1. As has been shown, using the coefficients of an approxima-
tion of displacement measurements as observations in order to estimate the
unknown coefficients e generally provides the same result as using the displace-
ment measurements directly according to Section 8.1. Therefore, the correct
stochastic model must be considered, which is also shown in more detail in
the numerical studies in Section 9.1.
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To gain a better understanding of the inverse problem (8-30), for example,
how measurement noise affects the solution E(x), we will first conduct some
numerical studies. This is essential while the strategy for MeMoS depends on
the solution for E(x) or more precisely on E*(x). All presented numerical
studies are based on the same specification of the four-point bending test set-
up and beam specimen as already used in (WU 2020, p. 89), which is listed
in Table 9-1.

beam length I 7.26m  beam elastic modulus 70GPa
beam width w  0.20m load F  7460N
beam height #  0.36m loading position a  2.42m

For these parameters, the true solution Liype for the displacement, inclination
and strain along the beam can be calculated using (7-29) and is depicted in
Figure 9-1.
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To ensure the comparability of the results, all numerical studies are based on
sensor precisions relative to the true measured values as depicted in Figure
9-1. Throughout these studies we consider three different sensor precisions,

which we will refer to as low, medium and high precision according to Table
9-2.
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Table 9-1: Specification of
the four-point bending set-up
and beam specimen for the
numerical studies.

Figure 9-1: True solution
I:typc for displacement, inclin-
ation and strain measurement
along the beam.
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Table 9-2: Used sensor preci-
sions for the numerical studies
based on the maximum abso-
lute value for the true solu-
tions depicted in Figure 9-1.

Table 9-3: 24 equidistant dis-
placement measurements of
high precision.

NUMERICAL STUDIES

max |Liype| Sensor precision o1,
low [10%] medium [1%] high [0.1%]
Displacement [mm] ~ 0.93 9.3-1072 9.3-1073 9.3.10*
Inclination [mgon] ~ ~ 25.0 25 251071 25102
Strain [pstrain] ~ 30.0 3.0 3.0-1071 3.0-1072

Based on the true solutions in Figure 9-1 for the presented four-point bend-
ing test set-up and the different sensor precisions listed in Table 9-2 we will
perform a sensitivity analysis in order to get a better understanding of the
inverse problem (8-30). Therefore, we will answer the following questions,
among others.

e What is the impact of the sensor position on the precision of E(x)?
e What is the impact of the measurement noise on the estimation of E(x)?

e What is the impact of the number of measurements on the estimation
of E(x)?

e What is the impact of the polynomial degree of E*(x) on the estimation
of E(x)?

Since the sensitivity analysis in Section 9.2 is only based on discrete meas-
urements as observations, we will first of all also show numerically that both
integrated analyses based on discrete measurements and functions as observa-
tions are equivalent, which in principle guarantees the transferability of the
results.

9.1 DISCRETE MEASUREMENTS VS. FUNCTIONS

As we have already seen in Section 8.2.4, the integrated analysis using dis-
crete measurements as observations, as described in Section 8.1, is in general
equivalent to the integrated analysis of functions as observations, presented
in Section 8.2. In the following we will also show this numerically and outline
the impact of different weight matrices P, on the unknowns e.

Therefore, we consider the 24 equidistant and uncorrelated displacement meas-
urements of high precision listed in Table 9-3, with 8 measurements for each
of the three elements according to the beam specification listed in Table 9-1.

15¢ element 24 glement 34 element
i Xi Laisp; i X Laisp; i X Laisp;
m [pm) m o ] [um
1 0.0000 —0.6 9 25252 —829.7 17 5.0504 —765.4
2 03157 —125.2 10 2.8409 —878.5 18 53661 —683.7
3 06313 —251.2 11 3.1565 —9129 19 5.6817 —587.4
4 09470 3714 12 34722 —-9279 20 59974 —481.8
5 12626 —484.5 13 3.7878 —930.1 21  6.3130 —370.6
6 15783 —589.0 14 41035 —911.3 22 6.6287 —2499
7 1.8939 —683.0 15 44191 —879.3 23 6.9443 1247
8 2209 —763.4 16 47348 —829.4 24 7.2600 1.6
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Based on the solution (8-2) of the beam equation for the specification listed
in Table 9-1 we use these measurements to determine the unknown solution
e for a polynomial degree p. = 3 for each element. The standard deviation of
the 24 uncorrelated displacement measurements of high precision according to
Table 9-2 is 07, = 0.93pm and choosing the same value for the theoretical
reference standard deviation oy results in an identity matrix for the weight
matrix Py, see Section 2.1.2. Thus, e can now be determined in two ways:

e Using the 24 displacement measurements as observations according to
Section 8.1.

e Approximating the 24 displacement measurements and using the coeffi-
cients u as observations according to Section 8.2.

That both approaches generally lead to the same solution for e has already
been presented in Section 8.2.4 and will now be demonstrated numerically,
with focus on the impact of different stochastic models for P,, on the solution
e. Therefore, we consider the following four different adjustment problems in
order to estimate e:

1. Using the 24 displacement measurements as observations.

2. Using the coeflicients u as observations and under consideration of cor-

relations = P, = A} Py Ay
3. Using the coefficients u as observations and without consideration of

correlations = P, = diag(A} Py, Ay)-

4. Using the coefficients u as observations and without explicit stochastic
model =P, =1

The results of the four different estimations for e are given in Table 9-4.

Estimated coefficients e in [GPa’l} according to
1. 2. 3. 4.
0.014 306 766 300 151 0.014 306 766 300 212 0.014 172412374338 0.014 343935390 659
0.000 080971277957 0.000080971 277 841 0.000318308581 172 0.000016 728279 048
—0.000183237594773  —0.000183237594699  —0.000354 862279467  —0.000158 897 874 031
0.000048 179 060970 0.000 048 179 060 954 0.000090 003 822 607 0.000 043 401 985193

0.014 284158519 764 0.014 284158 519 764 0.014286 234410083 0.014279 231576 483
0.000103 484 603 866 0.000103 484 603 859 0.000 143 530 605 680 0.000114 461350 024
0.000 065238799 878 0.000 065 238 799 878 0.000 062 758 301 860 0.000076 174 257 866
—0.000006766328528  —0.000006766328524  —0.000020400392386  —0.000004 223296 544
0.013 057 831 082907 0.013057 831082851 0.013176 983 814 449 0.012944 001 628 930
—0.002246518605775  —0.002246518 605880  —0.002018366780776 ~ —0.002498 454 983 944
—0.001034809078185  —0.001034809078253  —0.000 855 944 393 495 —0.001182 342165776
—0.000176574984482  —0.000176574984498  —0.000132 716723507 —0.000205 529 440 730

As already presented in Section 8.2.4, the integrated analysis with discrete
measurements as observations provides the same results as the integrated
analysis with functions as observations, in case the correct stochastic model
was considered. As the first two columns of Table 9-4 show, the coefficients
of both adjustments only differ in the range of ~10~13, which mainly results
from the solution of the normal equation system. As soon as a simplified
stochastic model is applied and the correlations between the coefficients u are
neglected, the results already differ in the fourth decimal place, as can be seen
in the last two columns of Table 9-4. Nevertheless, these differences in the
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The detailed calculation of the
results in Table 9-4 can be found
in Appendix A.

Table 9-4: Resulting coeffi-
cients e of the unknown solu-
tion based on the 24 displace-
ment measurements of high
precision listed in Table 9-3
for four different adjustments.
Differences in the values to
the 1. solution are shown in
red.
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Figure 9-2: Difference AE(x)
between the elastic modulus
E(x) resulting from the coeffi-
cients e of the inverse elastic
modulus E*(x) in column 1
and 4 listed in Table 9-4.

Similar results were also partially
published in (BECKER et al. 2015),
but based on a FEM as functional

model for the IA.

Programme 9-1: Pseudo code
for Monte Carlo Simulation.

A minimal configuration.

NUMERICAL STUDIES

coefficients e only have a minor impact on the resulting function E(x) for the
elastic modulus, as can be seen in Figure 9-2.

x [m]

The difference AE(x) between the elastic modulus E(x) resulting from the
coefficients e of the inverse elastic modulus E*(x) using the 24 displacement
measurements as observations and using the coefficients u as observations
without explicit stochastic model is depicted in Figure 9-2. Over almost the
entire beam this difference is below 1GPa, only at the right bearing larger dif-
ferences up to ~ 6 GPa occur. Consequently, an explicit stochastic model can
be omitted if no information about the variances and covariances of the obser-
vations are available. For further analyses, however, the impact of a simplified
stochastic model must be quantified and evaluated. That the largest deviation
occurs close to the bearing is not a coincidence and will be discussed in detail
in the following sections. As an integrated analysis with functions as obser-
vations is equivalent to an integrated analysis with discrete measurements as
observations we will only consider the latter case for further studies.

9.2 SENSITIVITY ANALYSIS

To get in insight into the difficulties of the determination of E(x) from dis-
placement, inclination and strain measurements and to answer the previously
asked questions we perform a Monte Carlo simulation (MCS). The general
workflow for the applied MCS is shown in Programme 9-1.

Ltype < solving (7-29) for E(x) = 70GPa
OLyype < from Table 9-2
for i =1:10% do

Liype ¢ Liype + N(O, OLiype)

E*(x) « solving (8-30)

E(x) + E*(x) according to Section 3.3.1
end for

9.2.1 Impact of sensor position on the precision of E(x)

First of all, we will analyse the impact of the position and precision of a single
measurement on the unknown function E(x). Therefore, we consider E(x) as
a constant function and choose 726 equally spaced sensor positions xps, along
the beam. For each position we perform a MCS and estimate E(x) and o from
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one single measurement, while the true function is given by E(x) = 70GPa.
The result of the MCS for displacement measurements is shown in Figure 9-3.
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10°

or |GPa]

10!

1071} s
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As was to be expected, the determination of E(x) from displacement meas-
urements in the middle of beam yields the most precise results, while for
measurements close to the bearings the estimation E(x) is very inaccurate.
The blue line in Figure 9-3 represents the expected standard deviation op
of the unknown elastic modulus for displacement measurements of low preci-
sion. In the middle of the beam we can expect to estimate an adjusted elastic
modulus of about E =~ 70GPa with a standard deviation og ~ 7 GPa, while
for measurements close to the bearings a meaningful result for the adjusted
elastic modulus E can not be expected. This is caused by the fact that dis-
placement measurements close to the bearings are very small in comparison to
their precision, which results in incredible high standard deviation of roughly
or ~ 10° GPa. For measurements of medium (red) and high (yellow) precision
this effect is only limited to positions very close to the bearings. In summary,
a poor signal-to-noise ratio gives a very poor result for the estimated elastic
modulus E. The result for the MCS using inclination and strain measurements
are depicted in Figure 9-4 and 9-5.
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Figure 9-3: Logarithmic plot
of the standard deviation og
of the estimated elastic mod-
ulus depending on the posi-
tion of a single displacement
measurement along the beam
and for low (blue), medium
(red) and high (yellow) sensor
precision.

Figure 9-4: Logarithmic plot
of the standard deviation

o of the estimated elastic
modulus depending on the
position of a single inclination
measurement along the beam
and for low (blue), medium
(red) and high (yellow) sensor
precision.
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Figure 9-5: Logarithmic plot
of the standard deviation 107 - —=
of of the estimated elastic
modulus depending on the
position of a single strain 10° - n
measurement along the beam
and for low (blue), medium
(red) and high (yellow) sensor
precision.
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Based on the conclusion for displacement measurements and the true solution
depicted in Figure 9-1, we obtain similar results for inclination and strain
measurements. To determine the elastic modulus E(x) as precise as possible,
inclination should be measured at the bearings and strain in the middle of
the beam. The expected standard deviation o for each type of measurement
observed at the best position and for low, medium and high precision are
summarized in Table 9-5.

Table 9-5: Mean standard og in [GPa] for OLiypo equal
deviation o for the estimated Y

elastic modulus E(x) in [GPa] low  medium high
of the best position according Displacement  6.768 0.7013 0.069 94
to Figure 9-3 ~ Figure 9-5 Inclination 6844 07017  0.06992

for each type of observation

. . Strain = 6.742 0.7026 0.07034
and different sensor precisions

ULtype

As Table 9-5 clearly reveals, we can expect to estimate the elastic modulus
E with nearly the same precision for all three types of observations for each
sensor precision. These numerical studies were also carried out by (Wu 2020,
Chapter 5.1.4), while the numerical solution of the Euler-Bernoulli beam equa-
tion (7-1) is based on FEM, but with the same conclusion.

9.2.2  Impact of measurement noise on E(x)

To analyse the impact of measurement noise on the elastic modulus E(x),

It is an overdetermined the MCS is based on measurements of 10 sensors equally distributed over the

adjustment problem with 10 entire beam and a polynomial degree p, = 3 for the unknown solution ¢E*(x)
observations, 12 unknowns and 6 . . . .

constraints. of each element. Five randomly chosen solutions for E(x) using displacement

measurements of low, medium and high precision are depicted in Figure 9-6.
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The top plot in Figure 9-6 shows five random solutions for E(x) derived from
the estimation E*(x) using 10 displacement measurements of low precision,
while the horizontal red line is the true function E(x) = 70 GPa we are looking
for. The vertical dotted lines are indicating poles due to roots in the solution
E*(x). As one can easily see, the solutions for E(x) are meaningless and can
take any arbitrary numerical value and is not at all identical with the true
function E(x). Different noise in the measurement usually results in a com-
pletely different solution for E(x). The result for displacement measurements
of medium precision (middle) is much better and only yields a poor approx-
imation of E(x) close to the bearings. For displacement measurements of high
precision (bottom) the result is quite satisfying and the true function E(x)
can usually be estimated within several GPa, only revealing larger deviations
close to the bearings. The result for inclination measurements is illustrated
in Figure 9-7.
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Figure 9-6: Derived E(x)
from the estimated E*(x)

for 5 MCS using 10 displace-
ment measurements with
low (top), medium (middle)
and high (bottom) precision.
The horizontal red line in
all plots is the true function
E(x) = 70 GPa.
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Figure 9-7: Derived E(x) from 400 | i |
the estimated E*(x) for 5 MCS
using 10 inclination measure- = 200 - = n
ments with low (top), medium %D = =
(middle) and high (bottom) — 0F ]
precision. The horizontal red S/ 200 B
line in all plots is the true -
function E(x) = 70 GPa. —400 i
100 T
— 80 \ S B
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As for displacements, the solutions for E(x) based on inclination measurements
of low precision in Figure 9-7 (top) are generally meaningless, while the solu-
tions for medium (middle) and high (bottom) precision are quite satisfying,
with often only minor deviations at the bearings. In general, the results seem
to be better for inclination than for displacement measurements. For strain
measurements the results are even better and are depicted in Figure 9-8.
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Even for strain measurements of low precision in Figure 9-8 (top), the solutions
between the bearings are reasonable and even quite good for medium precision
(middle). The result for strain measurements of high precision are really good
and the true function E(x) can usually be approximated within 1GPa.

In Section 9.2.1 we introduced E(x) as a constant value and we could estimate
this value with nearly the same precision for all three types of observations.
But now E(x) is a polynomial of low degree and not a constant function
any more. Based on Figure 9-6 — 9-8, now it really matters which type of
observations we chose in order to estimate E(x) as precisely as possible. To
get a better insight on how precise the function E(x) can be approximated for
each type of measurement, the mean standard deviation o of all MCS for low,
medium and high precision are listed in Table 9-6.

Mean of in [GPa] for o7,

low medium  high

Displacement  11897.63 131.39 7.59
Inclination 7023.55 9.46 0.94
Strain 26.32 2.45 0.24

Table 9-6 clearly confirms that the elastic modulus E(x) can be determined
most precisely by strain measurements. Even for displacement measurements
of high precision the result is three times worse than for strain measurements
of medium precision. That the solutions for E(x) by strain measurements are
most precise is no surprise, because strain is directly related to the elastic
modulus. In contrast to inclination and displacement measurements, which
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Figure 9-8: Derived E(x) from
the estimated E*(x) for 5
MCS using 10 strain measure-
ments with low (top), medium
(middle) and high (bottom)
precision. The horizontal red
line in all plots is the true
function E(x) = 70 GPa.

Table 9-6: Mean standard
deviation of for the elastic
modulus E(x) for each type

of observation and different
sensor precisions OlLiype- Num-
bers in red are only rough
values, as 0 can be extremely
large for some MCS.
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Figure 9-9: Logarithmic plot
of the standard deviation og
of the derived elastic mod-
ulus E(x) for displacement
(blue), inclination (red) and
strain (yellow) measurements
depending on the number of
measurements and for me-
dium sensor precision

NUMERICAL STUDIES

are linked to the elastic modulus by their derivatives. For these studies strain
measurements are the clear winner before inclination and displacement meas-
urements.

9.2.3  Impact of number of measurements on E(x)

In the previous section we gained an impression on the expected precision of
the elastic modulus E(x) in dependence of the measurement noise, while the
approximation is only based on 10 measurements. In the following we will ana-
lyse to what extent the approximation can be improved if more observations
are available. Therefore, we will iteratively increase the number of measure-
ments from 10 to 500 and for each iteration we distribute the sensors equally
over the entire beam. As before, we choose a polynomial degree p. = 3 for the
unknown solution E*(x) and perform a MCS for each type and every number
of measurements. However, we only consider medium sensor precision, as the
conclusion for low and high precision is similar. The result is illustrated in
Figure 9-9.
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Based on graphs in Figure 9-9, we can generally conclude that the elastic
modulus E(x) can be determined more precisely if more measurements are
available. But only to a certain extent, since the gain in accuracy must be
obtained by more and more observations, as the decreasing curves indicate.
The approximation will only be slightly more precise for 200 than for 100
measurements.

9.2.4 Impact of the polynomial degree of E*(x) on E(x)

So far we have gained an insight into the impact of noise and different numbers
of sensors on the approximation E(x). However, the polynomial degree pe also
has a significant influence on the approximation, which will be demonstrated
in the following. For each type of measurements we always use the same 100
equally distributed observations of high precision and determine E(x) for a
different polynomial degrees p, for the unknown solution E*(x). The resulting
approximations for displacement measurements are shown in Figure 9-10.
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The blue curve for p, = 3 in Figure 9-10 approximates the true function E(x)
within less than 1GPa, while we can already recognize larger deviations at
the bearings for po = 4 (red). The approximation for p. =5 (yellow) already
reveals a pole (dotted line) at the right bearing for x = 7.26m. A further
increase of the polynomial degree pe leads to a more unstable solution for
the unknown solution E(x). The condition number of the extended normal
matrix in (8-30) increases and is nearly ~ 3-10' for p. = 9. The solution
of E(x) for larger polynomial degree are useless although we have used 100
measurements of high precision. The choice of equidistant measurement points
is not causing the numerical instabilities, it also exists even if we would have
chosen Chebyshev points. Besides the functional model described by (8-30)
also the constraints (8-29) having a huge impact on the condition number. The
result for inclination measurements of high precision is depicted in Figure 9-11
and is slightly better than for displacements.
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As shown in Figure 9-11, the influence of the polynomial degree p. on the
approximation of E(x) for inclination measurements is not as detrimental as
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Figure 9-10: Derived E(x)
using 100 displacement meas-
urements of high precision for
7 different polynomial degrees
pe for the unknown solution

CE*(x).

It is perhaps worth mentioning
that the target function (2 really
becomes smaller with increasing
polynomial degree.

Rescaling each row in Ceongi
improves the condition number.

Figure 9-11: Derived E(x)
using 100 inclination measure-
ments of high precision for 7
different polynomial degrees
pe for the unknown solution

CE*(x).
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Figure 9-12: Derived E(x) us-
ing 100 strain measurements
of high precision for 7 differ-
ent polynomial degrees p. for
the unknown solution ¢E*(x).

Perhaps these peaks are also
caused by the GIBBS phenomenon,
while the first derivative of the
bending moment M(x) has two
jump discontinuities at the inner
nodes and also the solution u(x) is

only C? continuous.

Polynomial regression.
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for displacements. The approximation only becomes unstable for a polynomial
degree p. > 20. However, poles can also occur at the bearings for smaller
polynomial degrees, as can be seen on the violet curve for p, = 12. The
impact of the polynomial degree p. on the unknown solution E(x) using strain
measurements of high precision is somewhat lower and is illustrated in Figure
9-12.
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The determination of the approximation E(x) using strain measurements of
high precision becomes unstable for a polynomial degree p. > 27. As before,
poles can also occur at the bearings for smaller polynomial degrees. In general,
the resulting approximation is much smoother in between the bearings than for
displacement or inclination measurements. Once again, for these studies strain
measurements are the clear winner followed by inclination and displacement.

However, Figure 9-12 also reveals a problem that was already apparent in
Figure 9-11 but not really in Figure 9-10. The approximation for p. = 27
shows two larger peaks at the two inner nodes for x ~ 2.5m and x ~ 4.8m
corresponding to the points where the force is applied. This is caused by
the introduced constraints (8-29) for a C? continuous approximation of E(x),
which can have a unfavourable impact on the solution, that will be discussed
in the following section.

9.2.5 Analysis of Residuals

In general, the estimation of E(x) from measurements is equivalent to the prob-
lem of finding the best fit polynomial to a set of data points. Consequently,
there must exist a polynomial E(x) interpolating the measurements, resulting
in v =0. The impact of the constraints (8-29) will be shown on the resulting
interpolating polynomial for E(x) with and without constraints. Therefore,
we consider 15 equidistant displacement measurements of high precision, ex-
cluding the bearings. This results in 5 observations for each element. The
degree of the interpolating polynomial without continuity at the inner nodes
is po = 4 and pe = 6 for the C? continuous interpolation. Figure 9-13 shows
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how the constraints (8-29) for C? continuity at the inner nodes only can have
minor impact on the solution.
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Both curves in Figure 9-13 are resulting in residuals for the 15 displacement
measurements which are zero within machine precision. The largest deviations
between both curves occur at the two inner nodes, but in general they are
quite similar. The introduced constraints only have a small impact on the
estimation of the polynomial and actually enforce only what they’re supposed
to, namely a C? continuous approximation. However, this is not often the
case and the constraints usually have a large impact on the approximation as
illustrated by Figure 9-14.
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While for the element in the middle in Figure 9-14 both curves are quite
similar, which is not the case for the first and last element and both curves
are very different. Quite often the C? continuous approximation is completely
different from the non-continuous one. Nevertheless, both curves in Figure
9-14 are resulting in residuals for the 15 displacement measurements which
are zero within machine precision. Furthermore, both curves for the elastic
modulus E(x) yield almost the same solution for the bending line u(x), with
deviations in pm range, as depicted in Figure 9-15.
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Figure 9-13: Small impact

of the constraints. Non-
continuous (blue) and C?
continuous (red) interpolat-
ing polynomial for E(x) based
in the same 15 displacement
measurements of high preci-
sion.

(2 is always a bit smaller for the
non-continuous approximation.

Figure 9-14: Large impact

of the constraints. Non-
continuous (blue) and C?
continuous (red) interpolat-
ing polynomial for E(x) based
on the same 15 displacement
measurements of high preci-
sion.

Figure 9-15: Difference Au(x)
between the resulting bend-
ing line u(x) from the non-
continuous and C? continuous
interpolating polynomial for
E(x) from Figure 9-14. The
roots of Au(x) are indicated
by red dots.
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As Figure 9-15 shows, the difference between u(x) based on the non-continuous
and C? continuous elastic modulus E(x) from Figure 9-14 are within ~ 2.5ym
which is about three times the standard deviation of the displacement meas-
urements. The difference Au(x) has a total of 20 roots (red dots) where 15
exactly match the position of the measurements. Unfortunately, the approx-
imation for E(x) can be extremely different and still describe nearly the same
bending line u(x).

9.2.6 Summary and Conclusion

As we have seen from this sensitivity analysis, the accuracy of the estimated
elastic modulus E(x) depends on several factors, with the measurement noise
having the largest impact. The determination of E(x) based in displacement
measurements is a highly unstable adjustment problem. Small differences in
the measured values usually yield a completely different solution for E(x). So
far, it seems that strain measurements are best suited for the determination
of E(x), followed by inclination measurement and displacements yield by far
the worst result. Due to the curve of the internal bending moment depicted
in Figure 7-2, however, the larger oscillations of E(x) always occur at the
bearings, regardless of which measurement type, sensor precision or how many
measurements we use. In the best case, this indeterminacy at the bearings
has only a small influence on the estimation of E(x), but it can also completely
spoil it.

Besides the functional model there are also problems with the elementwise
approximation using polynomials as shown in the previous section. The in-
troduced constraints for a C? continuous approximation of E(x) can have a
detrimental impact on the solution which is additionally magnified by the os-
cillatory behaviour of polynomials. In addition to the aforementioned GIBBS
phenomenon, it can be assumed that we also face the RUNGE phenomenon
under certain circumstances. In this context, the number of measurement
points, point distribution and polynomial degree p. play an important role.
However, using Chebyshev points as measurement positions has not signific-
antly improved the results of the numerical studies and has therefore not been
presented in this chapter.

9.3 DAMAGE ANALYSIS

In the following we will discuss the impact of damage on the measurements in
order to gain an insight into the extent to which damage can be reconstruc-
ted from measurements. Therefore, we have to clarify how damage can be
modelled in the particular case. As already mentioned in Section 7.2, dam-
ages caused by changes in the material or geometry are represented by the
elastic modulus E(x). However, it is usually easier to assess the extent of
damage caused by geometry changes, such as a cut in the beam, than by ma-
terial deterioration. Therefore, the cubic polynomial in Figure 9-16 provides
a rough idea of the relationship between damage caused by a cut or material
deterioration represented by the elastic modulus E(x).
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As the red arrow in Figure 9-16 illustrates, damage caused by a cut with a
depth of 20 % of the beam height results in the same deformation as a reduced
elastic modulus of E ~ 35GPa over the same width as the cut. For the current
physical model shown in Section 7.1 and the specification of the four-point
bending set-up in Table 9-1, a huge cut with a width of 20cm and a depth of
7.2 cm can be described mathematically by the elastic modulus E(x) illustrated
by the blue curve in Figure 9-17.
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As can be clearly seen in Figure 9-17, the blue curve for E(x) has two jump
discontinuities which hardly can be approximated by Chebyshev polynomials
without introducing new nodes at these two positions. For a proper approxim-
ation of the blue curve we would need a very high polynomial degree and for
this reason we want to approximate damage by a smooth function as shown
by the red curve in Figure 9-17. Consequently, damage will be represented by
the contrived function

D(x) = hpexp ( — wp(x — xp)?), (9-1)

with hp being the height, wp the width and xp the position of the damage. In
the following we will clarify the impact of such damage on the three different
types of measurements.

9.3.1 Impact of damage on the measurements

Let us consider the huge damage represented by the red line in Figure 9-17,
which is given by

Ep(x) =70 — 40exp ( — 500(x — 3.63)?). (9-2)

The impact of this damage on displacements is illustrated in Figure 9-18.
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Figure 9-16: Relationship
between damage caused by a
cut or material deterioration.

Just as a rule of thumb.

Figure 9-17: Elastic modulus
E(x) representing a huge cut
with a width of 20cm and a
depth of 7.2cm in blue and its
approximation in red.
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Figure 9-18: Displacements 0 30
u(x) without damage for
E(x) = 70GPa in blue and —0.2
with damage for Ep(x) given = ‘g 20
by (9-2) in red (left). Dif- £ —04 j:i
ference Au(x) between dis- = —06 Ra)
placements with and without Y S 10
damage (right). —0.8

-1 0

0 2 4 6 0 2 4 6
X [m] X [m]

As shown in Figure 9-18, a huge cut in the middle of the beam at x = 3.63m
simulated by (9-2) has only a small impact on the displacements. The largest
deviations can be found exactly where the damage is located and are in the
range of ~ 25um (right), which is about 2.6 % of the maximum displacement
without damage. With increasing distance from the position of the damage,
the difference Au(x) decreases linearly. The impact of damage given by (9-2)
on the inclination is depicted in Figure 9-19.

Figure 9-19: Inclination

a(x) without damage for

E(x) = 70GPa in blue and
with damage for Ep(x) given
by (9-2) in red (left). Differ-
ence Aw(x) between inclina-
tion with and without damage

a(x) [mgon]
Aw(x) [mgon]

(right).
As can be seen in Figure 9-19 (left), the impact of the huge cut in the middle
of the beam on the inclination is also quite small. In contrast to the dis-
placements, the largest deviations Aa(x) of ~ 0.4mgon do not occur at the
location of the damage, but are constant along the beam outside the damaged
area. The largest deviations are only about 1.7 % of the maximum inclination
without damage. However, the position of the damage can be clearly seen in
the curve by the sudden change of sign in Figure 9-19 (right). For strain, the
situation is quite different, as Figure 9-20 reveals.
Figure 9-20: Strain e(x) 80
without damage for E(x) = 0
70GPa in blue and with = 60| 1=
damage for Ep(x) given by s 'g
(9-2) in red (left). Difference ?é 40 - | & —201 =
Ae(x) between strain with and = E
without damage (right). Na oy
T 20| 13
—40 |- |
0 | | | | | |
0 2 4 6 0 2 4 6
x [m] x [m]

Due to the functional relationship (7-1) between strain and E(x), it is not
surprising that Ae(x) in Figure 9-20 (right) represents the damage itself. The
largest deviations are in the range of ~ 40 pstrain (right), which is about 134 %
of the maximum strain without damage. As we have seen, damage affects
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displacements and inclinations over the entire beam, however only to a small
extent. In contrast to strain, which only changes locally to damage, but
on a large scale. Therefore, if only a few discrete strain measurements are
available, we can only detect and localize damage if it occurs in the vicinity
of the measurement position. Otherwise, we will not be able to detect any
damage from these strain measurements.

9.3.2 Ambiguities

As we have seen in the previous section, the huge damage represented by (9-2)
has only a minor impact on the displacement and inclination, but a large
one on strain, however, only locally. Therefore, and because usually only
discrete measurements are available, another problem arises. In Section 9.3
we have decided that we simulate damage by the smooth function (9-1) and the
magnitude of a damage depends on the height hp and width wp representing
for example the depth and width of a cut. However, different combinations
of these two parameters lead to a similar magnitude of the damage and thus
to a similar impact on the measurements. To illustrate this issue, we consider
the following four different types of damages Ep,(x)

0—9.2550exp ( — 10(x — 3.63)?),
—18.2955exp ( — 50(x — 3.63)%),
—23.9015exp ( — 100(x — 3.63)?),
0 —32.7145exp ( — 250(x — 3.63)?), (9-3)

X

X

(x) =7
(x) =70
Ep,(x) =70
(x) =7

ED4 X

which are also depicted in Figure 9-21.

— 60| 1 i
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: ED3 (x)
= 40| 4 ——Ep,(x)
— Ep(x)

20 | | | | | | | | | | |

26 28 3 32 34 36 38 4 42 44 46

x [m]

Although these four damages clearly differ, they still result in almost the
same deformation of the beam and thus to almost the same displacements
and inclinations. The differences Au(x) between the displacements for damage

Ep(x) from (9-2) and for damages Ep,(x) from (9-3) are shown in Figure 9-22.

1.5 -
g 10 for E[)1 (X)
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=
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Figure 9-21: Different dam-
ages of similar magnitude.

At this point we disregard strain,
as damage has a direct impact on
it anyway.

Figure 9-22: Differences Au(x)
between displacements for
damage Ep(x) and for dam-
ages Ep, (x).
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Figure 9-23: Differences Aa(x)
between inclinations resulting
for damage Ep(x) from (9-2)

and for damages Ep,(x) from
(9-3).

Figure 9-24: Maximum ab-
solute difference Autmax(xp)
between displacements with
and without damage as a
function of the damage pos-
ition xp € [0,/] in red. Dif-
ference Au(x) from Figure
9-18 (right) in blue and for
xp = [05,1,15,2,25,3,3.5] in
grey.
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As Figure 9-22 clearly reveals, the displacements derived for damage Ep(x)
and Ep, (x) hardly differ from each other over almost the entire beam. Outside
the damaged area these differences can be in the nm range or less and are
usually smaller than 1pm within this area. Thus, deviations can occur which
correspond to less than 0.1 % of the maximum displacement of the beam. The
situation is slightly different for inclination, as can be seen in Figure 9-23.
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Although the inclination derived for damage Ep(x) and Ep,(x) also hardly
differs outside the damaged area, differences of up to 0.4 mgon can occur within
this area, which already represents about 1.7 % of the maximum inclination.
Nevertheless, no matter for which type of observation, damage can only be
quantified in this case if a sufficient number of measurements with appropriate
accuracy are available within the damaged area.

9.3.3 Impact of the position of damage on the measurements

Moreover, we want to analyse to what extent the position of a damage affects
the measurements. Therefore we move the position xp in (9-1) for the damage
in (9-2) along the beam, calculate the difference A(x) as shown in Figure 9-18
— 9-20 (right) and determine the maximum absolute value of this difference.
The resulting impact of the damage position on displacements is shown in
Figure 9-24.
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The blue curve in Figure 9-24 shows the difference Au(x) from Figure 9-18
(right), where the damage is exactly in the middle of the beam. The grey
curves are illustrating the resulting differences Au(x) for the same damage
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but for different positions xp = [0.5,1,1.5,2,2.5,3,3.5]. As already mentioned,
the maximum impact of a damage on displacements always occurs exactly at
the position of the damage and if we draw more such curves for additional
damage positions xp € [0,!] and connect their peaks with each other we obtain
the red curve in Figure 9-24. In general, damage in exactly the middle of the
beam has the largest impact on displacements than at any other position
and decreases only slightly within the two points where the force is applied.
Outside these two points for xp < 2.42 and xp > 4.84, however, the impact of
a damage decreases rapidly the closer it is to the two bearings. In a similar
way, the impact of the damage position on the inclination was determined and
is depicted in Figure 9-25.
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As before, the blue curve in Figure 9-25 shows the difference Aa(x) from Figure
9-19 (right) and the grey curves are the resulting differences Aa(x) for damages
at xp = [0.5,1,15,2,2.5,3,3.5]. The red curve in Figure 9-25 represents the
impact Aamax(xp) of a damage on the inclination in accordance to its position
xp. In contrast to displacements, the largest impact on the inclination occurs
exactly at the two points where the force is applied. In between these two
points the impact drops a bit and also decreases almost linearly towards the
bearings and thus by far not as fast as for the displacements. Due to the
functional relationship (7-1) between strain and E(x) the impact of the damage
position on strain corresponds to the bending moment from Figure 7-2. For
illustrative reasons, however, the maximum impact of the damage position is
shown with negative signs in Figure 9-26.

177

Figure 9-25: Maximum ab-
solute difference Aapax(¥p)
between inclinations with
and without damage as a
function of the damage pos-
ition xp € [0,1] in red. Dif-
ference Aa(x) from Figure
9-19 (right) in blue and for
xp = [05,1,15,2,25,3,3.5] in
grey.



178

Figure 9-26: Maximum ab-
solute difference A€max(¥p)
between strain with and
without damage as a func-
tion of the damage posi-
tion xp € [0,1] with neg-
ative signs in red. Differ-
ence Ae(x) from Figure 9-
20 (right) in blue and for
xp = [05,1,15,2,25,3,3.5]
in grey.
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As already mentioned, the red curve in Figure 9-26 represents the impact
A€max(xp) of the damage position on the strain measurements with negative
signs and corresponds to the curve of the internal bending moment in Figure
7-2. Therefore, Aemax(xp) is constant between the two points at which the
force is applied and decreases linearly towards the bearings. In general, the
impact of the position of a damage outside the two points where the force is
applied is worst for displacements and somewhat more favourable for inclina-
tions because it decreases slightly more slowly than linearly. Within these two
points, the impact for displacements and inclination changes only marginally.

9.3.4 Impact of the magnitude of damage on the measurements

Another aspect that we would like to clarify briefly is the relationship between
the magnitude of a damage and its maximum absolute impact on the measure-
ments. As discussed in Section 9.3.2, the magnitude of the simulated damage
(9-1) depends on the height hp and width wp, where different combinations of
these two parameters can lead to a similar magnitude of the damage. Hence,
we will now consider wp as constant and describe the magnitude only by hp.
For strain, the impact can simply be derived from Equation (7-5) and with
(9-1) it reads for x = xp

~ M) 1
I 70 —-hp exp ( —wp(x — xD)z)

Aemax (hD) = (9—4)

—
=const. =const.

and is also illustrated in Figure 9-27, where, for reasons of comparability, it
is shown relative to the impact for the maximum magnitude of hp = 60.
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The blue curve in Figure 9-27 shows the relative impact of the magnitude
of damage on the maximum absolute difference for strain Aemax(hp). For
small damages, this impact is almost linear, whereas for larger damages it
rapidly increases. In addition, the impact of the magnitude of damage on the
maximum absolute difference for displacements Aumax(hp) and inclinations
Atpax(hp) was determined numerically. Since the relative impact for both
types of measurements are almost the same, both are represented by the red
line and differ only slightly from the relative impact for strain.

9.3.5 Summary and Conclusion

As we have seen from this study, the impact of damage on the displacements
and inclination is unfortunately rather small. Even the huge cut with a width
of 20cm and a depth of 7.2 cm, represented by (9-2), has only a small impact
of about ~ 2% on the displacements and inclinations and is much lower for
small damages. Due to the functional relationship (7-1) between strain and
E(x), damage has a direct and large impact on strain measurements, however
only locally. The main conclusions are summarised in Table 9-7.

Displacements  Inclination  Strain

Impact small small large

Indicator global global local

For a damage detection and localisation via MeMoS it is of course useful if
damage has a large and global impact on the measurements, unfortunately
none of the three types has this property, as can be seen in Table 9-7. However,
the results from the studies in Sections 9.2 and 9.3 clearly favour strains for
damage detection and localisation due to existing sensors such as FOS, see
e.g. (LIENHART 2007, p. 36 ff.), (LOPEZ-HIGUERA etal. 2011) or (WU 2020).
However, scattered strain measurements are quite useless if the damage is not
in the vicinity of a measuring point.
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Figure 9-27: Impact of the
magnitude of damage hp on
the maximum absolute differ-
ence for strain Aemax(hp) in
blue and for displacements
Auimax (hp) and inclination
Atmax(hp) in red.

Table 9-7: Summary of the
studies on the impact of dam-
age on displacements, inclina-
tions and strains.






DAMAGE ANALYSIS VIA MEMOS

In the numerical studies in Chapter 9 we have seen which problems occur in
the estimation of E(x) and that even huge damages have hardly any influence
on the displacements and inclinations. Except for almost continuous strain
measurements, a structural analysis via MeMoS does not seem to be very prom-
ising at first glance. To show to which extent damage can still be detected
and localized by MeMoS, we first present some tools.

Since for the presented four-point bending test damage has a direct and local
impact on strain measurements, a structural analysis with strain corresponds
in principle to a conventional deformation analysis in geodesy. Accordingly,
existing approaches for deformation analysis of point clouds, such as (SCHILL
2018) or (WuJANzZ 2016), can also be used for strain measurement using e.g.
FOS. As this is another challenge and since no strain measurements are avail-
able for the experimental studies, the following tools were essentially designed
for displacement and inclination measurements only. However, this does not
generally mean that these tools are not suitable for analysing strain measure-
ments. But, in general, it is recommended to use a different methodological
approach for the damage analysis of strain measurements, as also the results
of the numerical studies in Section 10.2 will illustrate.

10.1 TOOLBOX

For damage detection and localisation via MeMoS, some tools have been de-
veloped. Several of them are based on statistical tests and methods known
from the literature and some were developed particularly for this application.
These tools are referred to as

e Parameter Sifter (PS),

Global Identifier (GI),

e Local Indicator (LI),
e Local Smoother (LS),
e Damage Sniffer (DS),
e Damage Modeller (DM)

and are described in the following sections.

10.1.1  Parameter Sifter

As a result of the Integrated Analysis (IA) from Chapter 8, the unknown
parameters e; and their standard deviations s,; are available, see Chapter 2.
Based on these values, the Parameter Sifter (PS) iteratively removes unknown
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t—test

Programme 10-1: Pseudo code
for the Parameter Sifter (PS).

In this context, deformation can
also be considered as damage.

For further information about
type-I and type-II error please
refer to standard literature, such
as (GENTLE 2009, p. 52 fI.) or
(DEKKING et al. 2005, p. 377 ff.).

DAMAGE ANALYSIS VIA MEMOS

parameters from the IA, which are not significant different from zero. Thus,
the null hypothesis reads
HO : |€]‘ =0 (10—1)

and the alternative hypothesis results in
Hy - |8]| > 0. (10-2)
The test statistic for each unknown parameter e; is given by

.
,_lal

j
Se;

(10-3)

and the critical value of the t-distribution for a degree of freedom f and error
level a is denoted by tf,. The null hypothesis Hy will be rejected in favour of
the alternative hypothesis Hy if

tj > tf,zx . (10—4)

This iterative removal of the unknown parameters tends to result in a highly
smoothed solution for the unknown function, which in some cases even fails
to reveal larger damage. To reduce this problem an error level of & = 1%
was chosen and f corresponds to the redundancy of the adjustment problem
within the Integrated Analysis. The general workflow of the PS is shown in
Programme 10-1.

1: ej and sg; < from IA according to Chapter 8.
f=1al

j— Se.
]
while min (t;) < tf, do
ex < parameter with smallest #; value.
ej and Se; < from IA without e.

H=l v

Se;

end while

The elimination of all non-significant parameters at once is not effective, since
this procedure neglects the correlations between the unknown parameters and
thus leads to false results. If a repeated solution of the normal equation sys-
tem needs to be avoided, it is recommended to use the approach according to
(SCHWINTZER 1984). Thereby, the significance of all parameters ej is determ-
ined under consideration of the correlations, but without solving the normal
equation system again.

10.1.2  Global Identifier

The Global Identifier (GI) is based on the well known congruency test used
for the deformation analysis of geodetic networks, see e.g. (HEUNECKE et al.
2013, Chapter 11) or (NIEMEIER 2008, Chapter 13). Thereby, the solutions of
two epochs are compared by a statistical test in order to determine whether
deformation is present or not. However, it turned out that a direct comparison
of the estimated parameters e of two epochs by a congruency test is not
feasible, as the type-I error is much larger than the chosen error level a. Both,
the type-I and type-II error can be up to 50% or more, so that a reliable
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damage detection is no longer possible. By transferring the congruency test to
continuous functions, much more reliable results could be achieved. Therefore,
we will now consider the solution of the Integrated Analysis as a continuous
function, which of course is always represented by its Chebyshev coefficients.
Based on the solutions of two epochs

Epoch I: Er(x), sg(x), s, fi, 1

(10-5)
Epoch II: En(x), se,(x), s§,, fiu, Qu,

and in case

E{s,} = {53, }, (10-6)
with £{-} being the expectation operator, a common empirical variance factor
for both epochs can be introduced and results in

01+ 0
2 I 11
sg=——— 10-7
7 fi+fu (10-7)
The null hypothesis of the statistical test for the GI reads
Hy: £{0%) = £{s3} (10-8)
with )
1 ! — Eqn(x ))
- / dx (10-9)
ol 0 qEI x) ""7511( x)
and
s, (%)
gz, (x) = —5—,
S5,
5t (%)
g3, (x) = H°0 (10-10)
Sory
Hence, the alternative hypothesis is given by
Hy: E{0?} > E{s}} (10-11)
and the test statistics results in F-test
@2
F=—. 10-12
2 (10-12)

The null hypothesis Hy will be rejected in favour of the alternative hypothesis

Hyu if So far, the assumption that the
E> Ff Y (10_13) integrated quantity ©? follows the
v x? distribution is based only on
with fi =1 and f; = co. Based on numerical studies an error level « = 5% empirical studies and has not yet
was chosen and the critical value yields Fj 005 ~ 3.8. been proven methodically.

10.1.3  Local Indicator

The Local Indicator (LI) compares the solution of two epochs by a statistical
test to determine in which regions they differ significantly from each other. As
for the Global Identifier (GI) we will also consider the solution of the Integrated
Analysis as a continuous function. Given are the solutions of two epochs

Epoch I: Ei(x), sg(x)

(10-14)
Epoch II: En(x), spy(x)



184

continuous f-test

The new critical value has been
determined by an Monte Carlo
simulation (MCS).

Figure 10-1: Two solutions for
E(x) (solid line) and their cor-
responding 3¢ error bounds
(dashed line) determined

by their standard deviation

se(x).

Figure 10-2: Local Indic-
ator in blue for the two
solutions depicted in Figure
10-1 according to Equation
(10-17). The critical value
tcritical = £3.5 in red.
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and the null hypothesis reads

HO : EI(X) — El(x) =0. (10—15)
Hence, the alternative hypothesis yields
HA : EI(X) — EI(X) 7é 0. (10—16)
In this case, the test statistic is a function of x and is given by
fx) = B~ Enl®) (10-17)

S%I(x) + 512511 (x)

Numerical investigations have shown, however, that t(x) does not follow the t—
distribution and therefore a new critical value needs to be determined, which
apparently depends on the type of measurement and configuration. For 30
equidistant displacement measurements of high precision and an error level
& = 5%, the critical value results in fepiticar = £3.5. The null hypothesis Hy
will be rejected in favour of the alternative hypothesis H4 for certain positions
x if

t(x) > teritical - (10-18)
To illustrate this in more detail, we will consider two arbitrary solutions for
E(x), which are shown in Figure 10-1.

t(x) < tcritical or

80 T T

E(x) [GPa]

Based on these two solutions and their standard deviations, which are shown
as 3¢ error bounds in the Figure 10-1 (dashed line), we want to analyse where
both solutions may differ significantly from each other or not. Therefore we
calculate the test statistic #(x) according to Equation (10-17), which is shown
in Figure 10-2.

x [m]
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As can be seen in the Figure 10-2, both functions differ significantly from
each other within x € [3.1,4], since f(x) is smaller than the critical value in
this range. In all other regions it can be assumed that the difference between
both solutions is caused by the measurement noise.

10.1.4  Local Smoother

Due to the problems described in the numerical studies in Chapter 9, it is
sometimes advantageous to stabilize the solution and, for instance, to reduce
the oscillations occurring at the bearings. For the Local Smoother (LS) this
is done by introducing the regularisation term

2
Wreg /Ol <W(x) dﬁi{é”) dx, (10-19)

whereby the areas in which the unknown function E*(x) is smoothed are spe-
cified by the weighting function W(x) and p defines the type of smoothing,
where with g =1 the slope and B = 2 the curvature of E*(x) is reduced. The
intensity of smoothing is regulated by w,es. Before we embed this term into
the Integrated Analysis, we write (10-19) in matrix notation, in which both
functions E*(x) and W(x) are represented by their Chebyshev coefficients e
and w. According to Section 5.1.2 and 7.3 the regularisation term in the
Chebyshev basis reads

1
o (oMLe) dr. (10-20)

The local smoothing of the unknown function E*(x) is done by adding (10-20)
to (2-12) and minimizing the following target function

1
Q(e) = VPV +wyeg / (GMLe)* dt — min. (10-21)
-1

Analogous to Section 2.3, the following normal equation system results for the
target function (10-21)
(N + WregNyeg) € = 1, (10-22)

with

1
Ny = LTMT / BT dt ML,

=L MTNy ML, (10-23)
and since we have 3 elements the matrices in (10-23) are as follows
ket o 0
L= 0 Z]ﬁﬁﬁ 0 , (10-24)
0 o 3pck
M]lw] 0 0
M=| 0o  MP=w o0 (10-25)
0 M[3w]
and
1
N¢ 0 0
Ne=]0 >N, 0|, (10-26)
0 0 °N
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Figure 10-3: Weighting func-
tion W(x) to reduce the oscil-
lations at the bearings.

All weighting functions were
chosen in such a way that they
can be approximated by a few
parameters in the Chebyshev

basis and still fulfil their objective.

Figure 10-4: Derived E(x)
from the estimated E*(x) for
polynomial degree p. = 6
using the 30 displacement
measurements of high pre-
cision listed in Table B-1 in
blue. The true damage Ep(x)
given by (9-2) in red. The red
dots are the extrema of E(x).

Polynomial approximations tend

to oscillate.
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with N being the same normal matrix as in (5-68). To reduce the oscillations
at the bearings, the following contrived weighting function W(x) has been used

W(x) = exp ( —50x%) +exp ( —50(x —1)?), (10-27)
which is also depicted in Figure 10-3.
1
=
= 0.5
0 B
0 1 2 3 4 5 6 7

The weighting function (10-27) shown in Figure 10-3 is non-zero only in the
vicinity of the bearings, which ensures that the unknown function E*(x) is
only smoothed in these areas and nowhere else.

10.1.5 Damage Sniffer

Before we have a closer look at the Damage Sniffer (Ds), let us first consider
the following example depicted in Figure 10-4.

100 |- 1 1 .
A AN
g \.//;\\'//.\ N /\\./

— 60| 2 4 \'/ 10 B
E 6 8
M40 n
20 i <
| | | | | | |
0 1 2 3 4 5 6 7

x [m]

The red curve in Figure 10-4 is the true damage (9-2) we want to determine,
with a clear peak at !/2. For this damage we derived 30 equidistant displace-
ment measurements of high precision, which are listed in Table B-1 and based
on these measurements we estimated E*(x). The blue curve shows the solution
for E(x) derived from the estimation E*(x) and it is easy to see that the blue
curve is by far not similar to the red curve. The true damage (9-2) could only
be derived from the measurements insufficiently. Out of a total of 11 extrema
(red dots) of the blue curve, the local minimum 6 corresponds most closely
to the true position of the damage. Unfortunately, this is only recognizable
in direct comparison with the true damage, which is not possible for real ap-
plications. However, based on numerical studies and the conclusions from
Chapter 9, it can be assumed that the local minimum 6 is mainly resulting
from the damage and that all others are only due to the measurement noise,
the indeterminacy at the bearings and the characteristics of a polynomial
approximation itself.
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With aid of the DS we want to analyse the extrema of the solution E*(x) in
order to decide whether they might be caused by damage or not. Principally,
the DS is based on the Local Smoother (LS), with the main difference that
the entire solution is smoothed by using the weighting function Wgg(x) = 1
and for different intensities wgs € [0,1]. Consequently, there is not only
one smoothed solution for E*(x) but several. For our previous example from
Figure 10-4, we will now compute several different smoothed curves for E*(x),
choosing B = 2 and 29 logarithmically spaced values between 0 and 1 for wgsg,
where 0 corresponds to none and 1 to maximal smoothing. The smoothed
solutions for 29 different values wgg are depicted in Figure 10-5.

E(x) [GPa]

0o 1 x [m]

The blue curve in Figure 10-5 for wgs = 1 is the solution with maximum
smoothing, which is only a straight line. Decreasing wgg changes the solution
slowly and an extremum arises which in principle corresponds to the local
minimum 6. With wgg getting smaller and smaller, more and more extrema
are appearing up to 11 for the unsmoothed curve from Figure 10-4. The blue
curve in Figure 10-5 for wgs = 0 is the exactly the same as in Figure 10-4. In
a direct comparison of all extrema, the local minimum 6 is the most dominant
of all. To make this clearer, we first make a surface out of all the curves in
Figure 10-5 , which is shown in Figure 10-6.
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For the implementation we use
10~ instead of 0.

Figure 10-5: 29 smoothed
solutions for E(x) for different
intensities wgg using the 30
displacement measurements of
high precision listed in Table
B-1. The red dots are the
extrema of E(x).
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Figure 10-6: Resulting sur-
face Egur(x, was) from the
smoothed solutions E(x) illus-
trated in Figure 10-5. 100 )

50

E(x,wgs) [GPa]

0 g ! x [m]

To distinguish between maxima and minima we reduce the mean of the straight
line for wgs = 1 in Figure 10-5 from the surface Egy¢(x, wgs). The resulting
reduced surface is illustrated as a filled contour plot in Figure 10-7.

Figure 10-7: Resulting re- 1
duced surface AEgy¢(x, wgs).
The black lines are the roots 20
of w and hence
representing the extrema from
Figure 10-4 (red dots). 10 —
o
O
2 2
- 0 ¢
2
o
~10 <
-20

The reduced surface AEg,,¢(x, wgs) in Figure 10-7 clearly shows how dominant

the local minimum 6 actually is. To remove this minimum from the solution, it

must be smoothed in such a way that only a straight line remains. In contrast

We call the connection of the two to the two extrema 3 and 4, which are only mutually dependent with small
extrema a loop. amplitude and already disappear when the solution is smoothed only slightly.

It can be assumed that these two extrema are caused only by measurement

noise and do not exist in the unknown solution E(x). Therefore, the unknown

solution E(x) can be smoothed locally at the position of the two extrema

3 and 4 and the whole procedure can be repeated. The weighting function

Wris(x) for the Local Smoother and the resulting solution for E(x) is depicted

in Figure 10-8.
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As can easily be seen in the Figure 10-8 (bottom), the two extrema 3 and
4 are removed from the solution by the Local Smoother using the weighting
function depicted in Figure 10-8 (top). The position of the remaining extrema
has changed slightly, but the locally smoothed solution E(x) is basically the
same as the unsmoothed one in Figure 10-4. Based on this locally smoothed
solution for E(x), a reduced surface can again be derived according to the
procedure described above, which is shown in Figure 10-9.

1
20

- {0

waGs

T
AE(x, wgs) [GPa]

-10

—20

x [m]

The reduced surface AEgy¢(x, wgs) in Figure 10-9 with local smoothing is also
just slightly different from that shown in Figure 10-7 without local smoothing.
In the following, the solution can be further smoothed locally at extrema that
are most likely caused only by measurement noise or by the characteristics
of a polynomial approximation itself and not by damage. In this case this
would be for example extremum 10. However, the polynomial degree must be
carefully increased with increasing local smoothing, otherwise the solution will
be smoothed too much and only a straight line remains. It is also not advisable
to use a high polynomial degree right from the start, since the solution will
only follow the measurement noise and the numerous extrema can usually
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Figure 10-8: Weighting func-
tion Wrs(x) for the Local
Smoother to remove the ex-
trema 3 and 4 (top). Locally
smoothed solution E(x) for
polynomial degree p. = 6 us-
ing the 30 displacement meas-
urements of high precision
listed in Table B-1 in blue
(bottom). The true damage
Ep(x) given by (9-2) in red.
The red dots are the extrema
of E(x).

Figure 10-9: Resulting re-
duced surface AEgy (¥, wgs).
The black lines are the roots
of w and hence
representing the extrema from
Figure 10-8 (bottom) (red
dots).
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no longer be distinguished. The whole iterative process of local smoothing
and increasing the polynomial degree is extremely sensitive and must be done
carefully. In this example, the position of the damage is already clearly visible
in the first step depicted in Figure 10-7, but unfortunately that is not always
the case, especially not for small damages. For this reason, the described
iterative procedure with local smoothing and increase of the polynomial degree
is proposed, whereby the position of damages can be localized more reliably.

However, there remains one point to be clarified as to how the dominance of an
This is an essential aspect, and I extremum can be expressed. Based on a large number of numerical examples,

assume that the reliability of the it has been observed that the dominance can be adequately described by
damage localisation can be

increased significantly by selecting
further suitable features. e The arc length of the roots of BAE%E{X’ZUGS) (the black lines in Figure
10-7).

combining the following three features

e The relative amplitude of the extrema for wgg = 0.
e The largest value wgg for which an extremum appears.

The described procedure is implemented in the Damage Sniffer as shown in
Programme 10-2.

As a result of the DS, we obtain the extremum with the largest dominance,
from which we assume that its position xpg, is the most likely location for
possible damage. For the presented example above, the resulting weighting
function for local smoothing and the solution for E(x) from the last iteration
step of the DS is depicted Figure 10-10.

Figure 10-10: Resulting
weighting function Wpg(x)

for local smoothing in the

last iteration step of the DS
(top). Final locally smoothed
solution E(x) for polynomial
degree p. = 15 using the 30
displacement measurements of
high precision listed in Table
B-1 in blue (bottom). The

true damage Ep(x) given by 80 :
(9-2) in red. The red dots are 1/2\
the extrema of E(x). *
T 60| 3 .
7]
=
o 40| .
20 | | | | | | |
0 1 2 3 4 5 6 7
x [m]

As can be seen from the weighting function Wy,g(x) in the Figure 10-10 (top),
the solution E(x) was not smoothed within the range between x € [2.5,4], but
everywhere else. Hence, the solution E(x) in Figure 10-10 (bottom) is very
smooth and has only 3 extrema. According to the result of the DS, the extrema
3 at xps, = 3.3296m is by far the most dominant one with Dy > D; Vj # k
and corresponds to extremum 6 from Figure 10-4. In direct comparison, the
result of the DS may be disappointing and the extremum 3 is even further
This is a very important away from the actual damage than extremum 6 before. But now we know

conclusion that we gain from the that if there is any damage, it is probably near extremum 3, which we did
DS.
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not know before. Furthermore, we should be aware that the damage in this
example is very large and the DS is also designed for much smaller damage,
which can no longer be localized so easily. Therefore, the DS only provides
an approximate position at which any damage may be present. This position
then serves as the starting point for the Damage Modeller (DM), which will
be presented in the next section.

W W W W W W W W NDNIDLNIDNDNDNDNNIDNIDLNRRR B B B B B B 9
NS T RN © 0GR QD © 00w

Pewax = 10 > Maximum polynomial degree for E*(x)
Pe =6 > Starting polynomial degree for E*(x)
Nexpm = 4 > Minimum number of extrema
ngs = 100 > Number of different intensities wgg, for global smoothing
Wrs(x) < from (10-27) > Weighting function for local smoothing
Wes(x) =1 > Weighting function for global smoothing
wrs = 1072 > Intensity of local smoothing

was; < Mreg logarithmically spaced values € [0,1]
Ngs + from (10—23) with Wc;s(x) and :B =2
Ngiope < from (10-23) with Wrg(x) and g =1

§ Mex = 00 > Initialization for the loop
: while pe < pe,... and nex > nex,,,,, do

Npgs < from (10-23) with Wrg(x) and g =2
Solve (N + wrsNrs + 10" 'Ngpe) € =n
Determine the number of extrema nex
if #ex < Mex,,, then
Pe = Pe + 1
else
for i =1 to ngg do
Solve (N +wgg,Nas + wrsNrs + 107 Ngiope ) € = n
end for
Compute Egyps(X, Wreg) from e;
for j =1 to nex do
Dy; = calculate the arc length of the root for extremum j
D, < determine the relative amplitude of extremum j
D3, + determine largest wgs, for which extremum j appears

Dj =Dy, Dy - D5, > Dominance of extremum j
if Extremum j is a loop then
D] = 1/ZD]'
end if
end for

X < position of extremum with smallest dominance Dj.
Wis(x) = Wrs(x) +exp (— 50(x — x¢)?)
end if

: end while
: XDg; and D; Vj < position and dominance of all remaining extrema.
: Xps, ¢ position of extremum with largest dominance Dy.

10.1.6  Damage Modeller

The solution E(x) of the Damage Sniffer in Figure 10-10 (bottom) approxim-
ates the true damage Ep(x) only insufficiently, but it provides us an approx-
imate position where we can look for damage. Therefore, the Damage Mod-
eller (DM) uses this position to reconstruct the possible damage in its near
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Programme 10-2: Pseudo code
for the Damage Sniffer (DS).
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The most dominant extremum
cannot be clearly identified.

Programme 10-3: Pseudo
code for the Damage Mod-
eller (DM).

Figure 10-11: Resulting
weighting function Wpy(x)
for local smoothing in the last
iteration step of the Damage
Modeller (top). Final locally
smoothed solution E(x) for
polynomial degree p. = 200
using the 30 displacement
measurements of high pre-
cision listed in Table B-1 in
blue (bottom). The true dam-
age Ep(x) given by (9-2) in
red.
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surroundings. Like the Damage Sniffer, the Damage Modeller is also based
on the Local Smoother, but with the following contrived window function as
weighting function

E (2 — tanh (10(x — xps +0.5)) + tanh (10(x — xpg — 0.5))) . (10-28)

Wpm(x) = 5

In the case that the most dominant extrema have similar values for the dom-
inance Dj, it can happen that the wrong extremum is identified as a possible
position xpg, of a damage. Therefore, the DM uses the position xpg; of all
remaining extrema and selects the one that finally provides the smallest value
for the target function Q. The general workflow of the Damage Modeller is
shown in Programme 10-3.

1: xpg; and nex ¢ from DS according to Section 10.1.5.
2: for j =1 to nex do

3 Xold = O© > Initialization for the loop
4: while |xDsj. — X01d| > 1cm do

5: Wpnm(x) + from (10-28) with XDs;

6 E(x) < from LS with Wpy(x) and pe = 200

7 Xold = XDs;

8 Xpg; ¢ new position of the extrema

9 end while

10: calculate Q;

11: end for

12: xpMm ¢ position of extremum with smallest value

For the example from the previous Section 10.1.5, with the initial position
for a possible damage xpg, = 3.3296 m from the DS, we obtain the following
solution from the DM depicted in Figure 10-11.

Y
/

WDM(X)
o
(6]
T

80

E(x) [GPa]

40 |-

20
0

x [m]

The weighting function Wpp(x) in Figure 10-11 (top) is zero only for a small
area in the middle of the beam and enforces a smoothed solution for E(x)
everywhere else, as the blue curve in Figure 10-11 (bottom) shows. The final
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result for E(x) of the DM is mainly revealing the true damage Ep(x) (red curve)
except for a small offset of &~ 14 cm as the position for a possible damage results
in xpy = 3.49m. Considering the already discussed problem of ambiguities
from Section 9.3.2 and the large impact of measurement noise, the true damage
Ep(x) could be reconstructed very well. Surely many assumptions were made
for the solution and this reflects only a best case scenario. In general, the
Damage Sniffer and Damage Modeller can provide more detailed information
on possible damage, especially for small damages, which can no longer be
determined so easily. The extent to which damage can be detected and located
will be discussed in the following sections.

10.2 NUMERICAL STUDIES

In order to gain a better understanding of how damage can be detected and
localised, we will conduct some numerical studies. Like in Chapter 9, the
presented numerical studies are based on the specification of the four-point
bending test set-up and beam specimen listed in Table 9-1.

10.2.1 Damage detection

First we want to investigate how often a damage according to Equation (9-1)
can be detected with the Global Identifier (GI) in dependence of its position
xp and magnitude hp. Due to the described ambiguities in Section 9.3.2, we
keep the width of the damage constant for all studies with wp = 500. Again
we use 30 equidistant measurements of high precision and perform a MCS
with 500 simulations. Each time we estimate the unknown solution E(x) using
the Parameter Sifter with p. = 3. The result of the damage detection for
displacement measurements is shown in Figure 10-12.

40 100
35 —
3
80
30 £
3
<
s 60
S a,
& =}
& 20 5
o) pe)
£ 0 8
15 5
[0
&
10 20 %
(@)

5
0
0.5 1 15 2 25 3 35
xp [m]

It can be seen from Figure 10-12 that for displacement measurements a dam-
age at a position xp = 2m and with a magnitude of hp = 10GPa can be suc-
cessfully detected with a probability of ~ 80%. If the damage is only slightly
larger it can in general always be detected within 2m < xp <1—-2.0m. In
contrast, even an extremely large damage with a magnitude of hp = 40GPa
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Similar results were also partially
published in (BECKER et al. 2015),
but based on a FEM as a
functional model for the IA.

Figure 10-12: The probabil-
ity that a damage at position
xp and magnitude hp can
be detected by the GI using
30 equidistant displacement
measurements of high preci-
sion. Due to the symmetry
only the left half of the beam
is shown.
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Figure 10-13: The probabil-
ity that a damage at position
xp and magnitude hp can be
detected by the GI using 30
equidistant inclination meas-
urements of high precision.
Due to the symmetry only the
left half of the beam is shown.

In adjustment calculation this
observation would usually be
considered as an outlier.

Figure 10-14: The probabil-
ity that a damage at position
xp and magnitude hp can be
detected by the GI using 30
equidistant strain measure-
ments of high precision. Due
to the symmetry only the left
half of the beam is shown.
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can not be detected close to the bearing at xp = 0.25m. The result is very
similar for the inclination measurements, as can be seen in Figure 10-13.
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On the one hand, it is noticeable in Figure 10-13 that even very large damages
with a magnitude of hip = 40 GPa can be detected with a probability of ~ 50 %
close to the bearings with xp = 0.25m. On the other hand, it also turns out
that even this large damage can only be detected with a probability ~ 90 %
in the middle of the beam within 2m < xp < I —2m. In contrast to the
result of the displacements in Figure 10-12, where damage with a magnitude
of hp > 15GPa and within this region can be detected up to 100 %.

As we already discussed, damage has a direct and only local impact on the
strain measurements, see Figure 9-20 (right). Since the maximum damage
for this study corresponds to a cut of ~ 20cm width and we only consider 30
equidistant measurements, so one measurement every ~ 25cm, the damage
usually affects only one single measurement. This in turn means that the
impact of the damage on the solution E(x) of the PS is very small and can
therefore hardly be detected with the GI, as can be seen in Figure 10-14.
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The dark blue vertical stripes in Figure 10-14 correspond to the sensor posi-
tions and indicate that damage in their vicinity cannot be detected with this
approach. The probability that damage can be detected close to the sensor
positions is equal to zero. In contrast, damage located between two sensors
can only be detected with a probability of = 5%, which is indicated by the
light blue stripes and only corresponds to the chosen error level a. This is
still negligibly small, but does not depend on whether the damage is near
the bearings or in the middle of the beam, as long as it is only between two
Sensors.

In direct comparison with the results for displacement and inclination meas-
urements, damage detection using the GI for sparse strain measurements is
quite pointless.

10.2.2  Damage localisation

As we now have an understanding of the extent to which damage can be
detected with MeMoS depending on its position and magnitude, we want to
analyse in more detail to which extent damage can also be localised. In Section
10.1 we developed two tools that are suitable for this purpose, namely

1. the Local Indicator (LI) and
2. the Damage Sniffer (DS) with the Damage Modeller (DM).

While the numerical studies for damage localisation using the LI can be done
in the same extent as for damage detection, this is currently hardly feasible
for the DS and DM as the computational time would take several months.
Therefore, the potential of the DS and DM for localising damage is not further
considered here and is only demonstrated in the experimental studies.

The numerical studies for damage localisation are performed in the same way
as described in Section 10.2.1, while this time the unknown solution E(x) is
estimated using the IA with p. = 4. These changes are necessary because
otherwise the spatial resolution would be too low for a proper localisation.
The result of the damage localisation for displacement measurements using
the LI is shown in Figure 10-15 and is not very promising.
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In this case, two measurements
are slightly affected.

The source code of DS and DM
has not yet been optimised and it
is expected that the performance
can be significantly improved.

Figure 10-15: The probabil-
ity that a damage at position
xp and magnitude hp can be
localised within 5% of the
beam length by the LI using
30 equidistant displacement
measurements of high preci-
sion. Due to the symmetry
only the left half of the beam
is shown.
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An influence of the sensor
positions in relation to the
damage position could not be

detected so far.

Figure 10-16: Histogram of
the 500 MCS for localising a
damage at xp = 2.6m and
magnitude hp = 40 GPa using
the LI. The red dot indic-
ates the true position of the
damage.

Figure 10-17: Histogram of
the 500 MCS for localising a
damage at xp = 2.3m and
magnitude hip = 40 GPa using
the LI. The red dot indic-
ates the true position of the
damage.
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As Figure 10-15 shows and also was to be expected, the damage must be very
large and must occur between the bearings in order to be localised reliably.
A damage at a position xp = 3m and with a magnitude of hp = 20 GPa can
only be localised with a probability of ~ 40 % and a huge damage at the same
location with a magnitude of hp = 40GPa can always be localised. However,
it is also noticeable that the same huge damage at xp = 2.6m or xp = 3.6m
can only be localised with a probability of & 50%. The problem in this case
arises from the already discussed characteristics of the solution E(x) and its
standard deviation sp(x), which results mainly from the measurement noise,
the selected polynomial degree and the introduced constraints between two
elements. Therefore, it occurs that the LI provides two possible solutions for
certain damage positions. To clarify this issue, the results of all 500 MCS for
a damage at xp = 2.6m and a magnitude of hp = 40GPa are visualised as a
histogram in Figure 10-16.
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As Figure 10-16 shows, it is not possible to locate the huge damage at xp =
2.6m using the LI, instead there are two solutions directly next to the true
position, where the distance mainly depends on the chosen polynomial degree.
For the same huge damage at xp = 2.3m, however, the result of the MCS is
quite different, as Figure 10-17 illustrates.
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The histogram in Figure 10-17 shows that in this case there is only one solu-
tion and the huge damage at xp = 2.3m can be clearly localized using the
LI. The described problem also occurs for inclination measurements, however,
the distance between two possible solutions is significantly shorter and con-
sequently the damage can still be reliably localised, as illustrated by Figure
10-18.
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In general, Figure 10-18 reveals that the localisation of damage using the LI
for inclination measurements is very reliable and even smaller damages near
the bearings at xp = 1m with a magnitude of hp = 20GPa can already be
localised with a probability of = 85 %. The result of the damage localisation for
strains corresponds roughly to that of the damage detection, with the major
difference that even small damages in the vicinity of sensors can always be
localized and damages between two sensors basically never, which is depicted
in Figure 10-19.
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In addition, Figure 10-19 shows that even minor damages close to the bearings
can be located reliably, as long as it is only close to a sensor. In principle,
these results for damage localisation using strain measurements only reflect
the conclusions of Chapter 9 and demonstrate again that discrete strain meas-
urements are not suitable for damage analysis using MeMoS.

The results of these numerical studies only provide an insight into the possib-
ilities of a damage analysis with MeMoS. For real-world problems, there are
usually some additional issues that can have a negative impact on the damage
analysis, which will be explained in more detail in the next section.
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Figure 10-18: The probabil-
ity that a damage at position
xp and magnitude hp can

be localised within +5% of
the beam length by the LI us-
ing 30 equidistant inclination
measurements of high preci-
sion. Due to the symmetry
only the left half of the beam
is shown.

Figure 10-19: The probabil-
ity that a damage at position
xp and magnitude hp can be
localised within £5% of the
beam length by the LI using
30 equidistant strain measure-
ments of high precision. Due
to the symmetry only the left
half of the beam is shown.
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Figure 10-20: A four/six-point
bending test apparatus for an
aluminium beam specimen
(Wu 2020, Figure 5.30). The
photogrammetric calibration
field on the wall with more
than 1000 white markers was
used to calibrate the camera
and to determine the position
of the black markers on the
beam. More markers have
been placed on the right side
of the beam where the dam-
age is located than on the
other side. Due to limited re-
sources at the institute only a
rather less professional setup
could be realised.

Table 10-1: Specification of
the four-point bending test
setup and beam specimen for
the experimental studies.
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10.3 EXPERIMENTAL STUDIES

For the experimental studies we use the data of a four-point bending test,
which was carried out by Cheng-Chieh Wu as part of his doctorate at the
Institute of Geodesy and Geoinformation Science at TU Berlin, shown in
Figure 10-20.

The aim of the bending test was to detect and localise damage to an aluminium
beam using MeMoS based on FEM. For this purpose, the displacements of
31 measuring points (black markers) along the beam for different loads and
damage levels was recorded by photogrammetry. A detailed description of the
specimen and measuring setup can be found in (Wu 2020, Chapter 5.3) and
is summarised in Table 10-1.

1.48 m
3.5cm

0.59m
3.5cm

beam length [ loading position a

beam width w beam height h

Unfortunately, the results of the load test were not very promising for the
implemented approach of MeMoS according to (WU 2020, Chapter 5). Only in
cases where the damage is very large it could be reliably detected and localized,
see (Wu 2020, Table 5.5). In addition to the setup itself, the load test was
not carried out under optimal conditions, as unfortunately only an office with
windows facing north was available at that time. We noticed that changes in
light conditions during the day had a considerable influence on the detection
of the markers on the beam. At this point, we assumed that this influence
on the detection of the markers was more random and could be interpreted
as an increased measurement noise. In the end a standard deviation for the
displacements of 0, = 9um resulted, see (WU 2020, Equation 5.35), which is
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not optimal for a damage analysis with this setup and which can only lead to
such results as presented in (Wu 2020, Table 5.5).

But a review of the derived displacements in 2019 revealed inconsistencies
in the position of the markers used in (Wu 2020, Chapter 5.3). Further-
more, it became apparent that some of the markers had deviations that were
rather systematic than random. In 2017, the marker positions were determ-
ined by fitting an ellipse in the greyscale image and according to (OUELLET
and HEBERT 2009) this intensity-based approach is sensitive to non-uniform
illumination, which we also observed as already mentioned. OUELLET and
HEBERT (2009) also points out that gradient-based approaches are less sens-
itive to non-uniform illumination. Since the raw data is still available, this
encouraged us to re-evaluate the more than 12000 images from the bending
test. This time the ellipses were estimated by a gradient-based approach and
the determination of the position of the markers on the beam was corrected
in the software.

10.3.1 Remaining problems

However, one important aspect could not be finally solved during the re-
evaluation of the raw data. This concerns the transfer of the experimental
setup and the markers into a common reference framework. On the one hand,
the beam has its own 2D coordinate system, which is defined by the two bear-
ings. The markers, on the other hand, refer to the 3D coordinate system from
the bundle block adjustment, which is defined by the white markers of the
calibration field, see Figure 10-20. The problem is now, that the functional
model of the Integrated Analysis (IA) refers to the coordinate system of the
beam and the observations refer to the coordinate system of the bundle block
adjustment. Nevertheless, it is still possible to reduce the 3D coordinates of
the markers into the 2D coordinate system of the beam, however, a small
offset and scaling factor remains that cannot be determined any more. For
the determination of the displacements this problem has hardly any influence,
since these are only relative quantities. In contrast to this, the x—coordinates
of the markers xgjsp, in the coordinate system of the beam are used as abso-
lute quantities in the functional model of the adjustment, see Equation (8-7).
More detailed analyses have shown that this systematic error is depending
on the position of the marker along the beam, with largest deviations in the
middle of ~ 0.1 mm. Although this error is quite small, it still has a significant
influence on the estimation of E(x).

In addition to the systematically falsified sensor positions xgsp,, further as-
sumptions were made which do not correspond to reality, see Section 8.1.2.
These assumptions are:

e The geometry of the beam is fixed and hence, the width w, height k& and
length | are error free values.

e The force F is an error free value.

e The positions the forces are applied to the beam are error free values,
hence a is a fixed value.

e No movements at the bearings.
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For further information about
bundle block adjustment, see
(LUHMANN et al. 2011, Chapter
4.3)
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To consider the uncertainties of these variables when estimating E(x), the
geometry of the beam as the force F and its position a can be introduced as
observations in the functional model of the IA. Since this model is derived
from the Euler-Bernoulli beam equation (7-1), uncertainties in the geometry
of the beam have the effect of an additional scaling factor in the estimation
of E(x). Consequently, the functional model of the IA becomes a bit more
complex without obtaining a better solution for E(x), which is more suitable
for a structural analysis via MeMoS. Therefore, we still consider the width w,
height /& and length [ of the beam as error free values.

For uncertainties in the force F and its position a, the situation is a bit different.
Theoretically it would make sense to introduce these quantities as observations,
but this would lead to a very complex non-linear functional model for the
IA. In this case not only all entries in M[m] of Equation (7-11) would be
observations but also the coordinates of the nodes in Table 7-1. Since the
Chebyshev coefficients of both functions M(x) and E(x) are directly depending
on these nodes, the position a cannot be estimated simultaneously with the
coefficients for M(x) and E(x). This results in a highly non-linear adjustment
problem, which is not only very computational intensive, but may not even
converge. In addition, the systematically falsified sensor positions xqssp, have
a similar influence on the determination of E(x) as the uncertainties in the
force F and its position a. Therefore, we still consider the force F and its
position a as error free values and prefer a different approach, which will be
described in the following section.

What remains is the assumption that the bearings will not move. However, it
has already been stated in (WU 2020, Chapter 5.3) that this assumption does
not hold true for this experiment and that the bearings subsided differently
for each of the 31 load test. Nevertheless, this is not an issue since the different
subsidence of the bearings can easily be estimated within the 1A. As in (WU
2020, Equation 5.28), only the right hand side of the two boundary conditions
(7-20) have to be introduced in the functional model as additional unknown
parameters. Therefore, the constraints for the boundary condition (7-23) will
be rewritten as follows

CBC u = uBc, (10—29)

with the two additional unknowns upc representing the subsidence of the
bearings. Introducing (10-29) and (7-28) into (7-29) yields

c C-]gC Cg—onti u - % Me
Cgc 0 0 Apc | = upc . (10-30)
Cconti 0 0 /\conti 0

Extracting the unknowns e and ugc from the right hand side in (10-30) results
in

L CEC CIonti u - %M 0
e
Cgc 0 0 ABc | = 0 I ’ (10—3 1)
upc
CCOHti 0 0 ACOIlti 0 0

with I being the identity matrix. As described in Chapter 8, the solution of
the extended equation system (10-31) can be used to derive the functional
model for the IA with the two additional unknowns ugc. For each of the 31
bending tests, the subsidence of the bearings was determined in this way.
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10.3.2 Measurements

The measurement data designation of the 31 bending tests with corresponding
weights according to (Wu 2020, Table 5.5) are summarised in Table 10-2.

designation u; m designation u; m
kgl kg]
0 3.565 explOmm 16 3.569
1 7.120 exp3L 17 3.578
2 10.668 18 3.545
exp
3 17.825 exp3L2 19 7121
4 5.491 20 10.698
5 9.068 21 3.546
6 17.819 22 7.125
exp-Y

7 3.563 23 10.703
8 7.134 24 14.248

exp4dmm
9 3.564 exp_K 25 7.114
10 7.135 26 10.695
11  17.818 27 3.561
12 17.820 28 7.128
13 10.709 -7

exp8mm . 29  10.690
14 3.593 30 14.241
15 3.593 31 17.808

The derived 31 displacement measurements for each of the 31 bending tests
are listed in Table C-1 — C-6. As with measurements in general, we must
assume that outliers are present in the data sets. To identify possible outliers,
we need not only the stochastic properties of the measurements, but also the
correct functional model, which is not known anyway due to systematic errors
in the marker positions and later damage to the beam. Accordingly, we have
the following issues:

e The standard deviation of the displacement measurements is not known.
e The correct functional model for the adjustment is not known.
e Outliers may be present in the observations.

In-depth analyses of the measurements for the undamaged beam uy — uz have
shown that a standard deviation of ogjsp = 0.92pm can be assumed for the
observations, which is about 10 times smaller than for the observations used
in (Wu 2020, Chapter 5.3). Furthermore, some outliers could be detected in
parallel, which are highlighted in Table C-1 — C-6. However, the identified
outliers must be viewed with some scepticism due to the problems previously
described.

10.3.3 Model calibration

The model calibration is based on the sets of measurements for the undam-
aged beam ug — uj listed in Table C-1 and the previously determined standard
deviation ogisp. Furthermore, we assume that the observations are uncorrel-
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Table 10-2: Measurement data
designation and corresponding
weights for each measurement
set u; according to (Wu 2020,
Table 5.5). The sets with the
designation exp correspond to
the bending tests with undam-
aged beam. Sets in red are re-
ferring to a six-point bending
test and are not considered in
this thesis.

By using a gradient based
approach for marker detection,
the systematic deviations due to
different illumination could be
significantly reduced.
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Figure 10-21: Solution E(x)
for polynomial degree p. = 3
using the 4 sets of displace-
ment measurements ug — uz
listed in Table C-1.

Programme 10-4: Pseudo code
for model calibration.

DAMAGE ANALYSIS VIA MEMOS

ated. An Integrated Analysis of these measurements with pe = 3 yields the
following solution for E(x), which is shown in Figure 10-21.
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Under optimal conditions, a solution for E(x) can be expected that corres-
ponds rather to a constant value than to the curve of E(x) depicted in Figure
10-21. But detailed analyses have shown that this curve of E(x) mainly res-
ults from the systematic influences described in Section 10.3.1, since it tends
to occur for all 31 sets. For a damage analysis, however, these systematic
influences must be taken into account, since otherwise the solution for E(x) is
strongly falsified and consequently a damage detection and localization will
fail.

We call this approach, to take these systematic influences into account, model
calibration and proceed as follows. From the solution E(x) in Figure 10-21 we
derive a correction function C(x) by which the bending moment M(x) must be
corrected, in order to get a solution for E(x), which is only a constant value.
This approach for a model calibration is described in Programme 10-4.

1: L + from uy — ug listed in Table C-1

2: C(x) =1 > Initialization of the correction function
3: Mc(x) = M(x) > Initialization of the corrected bending moment
4: o = 0 > Initialization for the loop
5. while o > 1073 GPa do

6: E < constant value for E(x) from IA with L, Mc(x) and p. =0

7: E(x) < from IA with L, M.(x) and pe =3

8: C(x)=E ggi > Updating the correction function
9: M (x) = M(x)C(x) > Correction of the bending moment
10: og « standard deviation of E(x)

11: end while

As a result from the model calibration we obtain the correction function C(x)
which is shown in Figure 10-22.
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The systematic influences are taken into account when estimating E(x) by
correcting the bending moment M(x) with C(x) from Figure 10-22 as follows

M. (x) = M(x)C(x). (10-32)

The evaluation of all load tests is always carried out with the corrected bending
moment Mc(x).

In addition, the adjusted elastic modulus for the undamaged beam results in

E=6652GPa  with ¢z =0.02GPa (10-33)
and corresponds to the value for aluminium from the literature of 66.6 GPa,
see e.g. (BENDER and GOHLICH 2020, p. 604). The resulting residuals v and
standardised residuals NV for the displacements uy — uz are shown in Figure

10-23.
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Figure 10-22: Resulting cor-
rection function C(x) from the
model calibration.

Figure 10-23: Residuals v and
standardised residuals NV
after model calibration for the
observations ug — us.
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In general it can be seen that observations for markers on the right side of
the beam usually have smaller residuals than for markers on the left side.
Furthermore, they also seem to have a rather random negative or positive sign,
especially in contrast to the observations at xgjsp,, = 0.64m or xgjsp,, = 0.67m,
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During the experiment we
installed an additional spotlight,
which mainly illuminated the left
side of the beam, while the right
side was mainly illuminated by
daylight.

In all upcoming cases, the
redundancy numbers are usually
larger than 70 %.

As the functional model is usually
not correct for the damaged case,
the global test is not considered
any further.
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which are all either negative or positive. It seems as if the observations on the
left side of the beam still show systematic influences, which presumably are
based on a different illumination of the beam.

The largest residual of ~ 4 pm refers to the first observation of u, which was
previously detected as an outlier, see Table C-1. Although the outlier is still
present in the adjustment, it has in this case no impact on the estimation of
E(x) or its standard deviation. All other residuals are usually much smaller
than 2 um and also the standardised residuals NV are usually smaller than 2.5,
which indicates that no further outliers can be detected. Particularly since
the redundancy numbers of the observations are usually larger than 70 % and
are therefore very well controlled, see Section 2.5.1.

Also the test statistic for the global test T,> = 110.8 is smaller than the critical
value Xi,r = 134.4 for redundancy r = 109 and error level « = 5%. We can
summarize that the adjustment is consistent and the chosen stochastic and
functional model corresponds to the given observations uy — us.

Based on these results, the data sets for the damaged beam will be evaluated
in the following sections for a detailed damage analysis via MeMoS.

10.3.4 Damage detection

In accordance with the test designations from Table 10-2, the beam was gradu-
ally damaged at the approximate position

Xdamage = 1.107m. (10-34)

Starting from a small hole of 4mm (exp4mm), through 3 closely placed holes
of 10mm diameter (exp3L) up to an additional cut of 15mm depth (exp_Z),
see also (Wu 2020, Chapter 5.3). In the following, we will analyse to what
extent we can detect the damage based on the sets of observations for these
different tests listed in Appendix C.

To gain a better insight, damage detection is done in two different ways, which
are as follows:

1. via Integrated Analysis (IA) with p. =0,
2. via Parameter Sifter (PS) with p. = 4.

In the first case, we estimate only a constant value for E(x), which is definitely
the wrong functional model, especially for larger damages. In the second case,
at least smaller local variations in E(x) can be considered, which at least allows
a rough approximation of the damage. Subsequently, the Global Identifier (GI)
is used to statistically compare these solutions with the one from the model
calibration in Equation (10-33). The result for all sets of the undamaged and
damaged scenarios are listed in Table 10-3.
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IA with pe =0 PS with pe =4
designation  u; m F; F > Floon E op F; Fi > Floon
kg] [GPa]  [GPa]

0 3.565 7.7 true 66.88 0.11 7.7 true
1 7.120 0.1 false 66.55 0.07 0.1 false
exp
2 10.668 0.6 false 66.57 0.05 0.6 false
3 17.825 0.8 false 66.49 0.02 0.8 false
6 17.819 0.6 false 66.55 0.04 5.0 true
7 3.563 2.0 false 66.34 0.10 2.0 false
8 7.134 2.8 false 66.41 0.08 2.8 false
exp4mm
9 3.564 8.5 true 66.90 0.10 8.5 true
10 7.135 0.0 false 66.53 0.10 0.0 false
11 17.818 7.8 true 66.63 0.04 7.8 true
12 17.820 6.0 true 66.43 0.04 13.7 true
13 10.709 0.2 false 66.50 0.06 0.2 false
exp8mm
14 3.593 0.0 false 66.54 0.11 0.0 false
15 3.593 18.8 true 67.09 0.11 18.8 true
explOmm 16 3.569 0.5 false 66.43 0.09 3.1 false
exp3L 17 3578 1974 true 64.55 0.15 197.4 true
18 3545 117.0 true 68.04 0.15 117.0 true
exp3L2 19 7121 114 true 6625 012 133 true
20 10.698 28.8 true 66.18 0.10 24.2 true
21 3.546 38.3 true 65.66 0.16 224 true
22 7.125 30.7 true 66.07 0.11 134 true
exp_Y
23 10.703 54.4 true 66.09 0.08 48.0 true
24 14.248 224 true 66.03 0.19 224 true
exp_K 25 7114  200.7 true 64.18 0.32 120.9 true
26 10.695 256.6 true 59.16 0.83 300.0 true
27 3561 2879 true 59.29 0.82 335.9 true
28 7.128 2789 true 59.25 0.83 190.7 true
exp_Z
29 10.690 251.6 true 59.25 0.83 285.4 true
30 14.241 2176 true 59.28 0.83 373.7 true
31 17.808 1894 true 59.20 0.83 4444 true

Columns 8 and 9 in Table 10-3 show the results of the GI for the solution E(x)
estimated by the PS. Apart from an incorrect detection for the undamaged
experiment 0, it is usually possible to detect damage for larger loads. Which is
obvious, since the impact of the measurement noise on the estimation of E(x)
decreases with increasing deflection of the beam. It is hardly surprising that,
as damage increases, it is always possible to detect it even for smaller loads,
which is the case from experiment 17 onwards. This result is a bit better than
that of (Wu 2020, Table 5.5), where damage could only be reliably detected
from experiment 23 onwards.

The results of the GI for the solution E(x) of the IA with p. = 0 can be found
in columns 4 to 7. Apart from a different decision for experiment 6, the result
of the damage detection using IA is identical to that of the PS. This is quite

astonishing as the functional model is incorrect especially for larger damage.

In addition, the estimated elastic modulus E and its standard deviation op
are given in the columns 6 and 7. It is quite remarkable how slightly this
value changes even though the beam is heavily damaged. For several large
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Table 10-3: Result of the
damage detection. Correct
decisions of the Global Iden-
tifier (GI) in green and wrong
in red.

The functional model of the PS is
also wrong, but slightly better
than the one of the IA.



206

Figure 10-24: Residuals v and
standardised residuals NV of
the Integrated Analysis (IA)
with p. = 0 for some sets of
observations from experiment
exp4dmm.
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holes in the beam (exp3L2), the estimated elastic modulus E in principle still
corresponds to the value for the undamaged case (exp). Only after a larger
cut (exp_K) this value changes significantly. From this point on, the standard
deviation o4 also increases, since the functional model is incorrect and thus
the residuals have noticeable systematic characteristics. To clarify this in
more detail, the resulting residuals v and standardised residuals NV for the
displacements ug, ug, ujp and uy; of the experiment exp4dmm are shown in
Figure 10-24.
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In general, the distribution of the residuals in Figure 10-24 (top) is similar
to those from the model calibration in Figure 10-23, but with slightly larger
values of up to =~ 3um. Unfortunately, systematic errors due to the damage
are not noticeable. Also the standardised residuals in Figure 10-24 (bottom)
have slightly larger values with up to 3.8 for uj; at xqisp, = 0.45m, which is
not considered as an outlier. However, it is not possible to draw any further
conclusions from the standardised residuals. With increasing damage, the
distribution of residuals changes only slightly, as Figure 10-25 reveals.
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Figure 10-25: Residuals v and
standardised residuals NV of
the Integrated Analysis (IA)
with pe = 0 for the sets of
observations from experiments
exp3L and exp3L2.
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Figure 10-25 shows the resulting residuals v and standardised residuals NV
for the displacements uj; — uy of the experiments with 3 closely placed holes
of 10mm diameter. Although the damage to the beam is already very large,
this is hardly noticeable in the residuals, which have values of up to ~ 3pm
and thus correspond to those in Figure 10-24 (top). However, small systematic
errors are now visible for residuals on the right side of the beam. Especially for
the observations uyg (green) and uyy (yellow), the residuals decrease linearly
from xqisp,, = 1.06m onwards and show hardly any random character. In
addition, it should be noted that the standardised residuals NV in Figure 10-
25 (bottom) for the observations of the bending test with largest weight uyg
generally are larger than for smaller loads. But as before, the standardised
residuals are all below 4 and therefore do not allow any further conclusions.

From this level of damage on, the functional model of the 1A is no longer able
to adequately describe the measurements, so that the previously described
systematic errors appear in the residuals. However, these influences are rather
small and maybe hardly visible in the residuals. Only with an additional
deeper cut the damage is clearly recognizable in the residuals, as Figure 10-26
reveals.
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Figure 10-26: Residuals v and
standardised residuals NV of
the Integrated Analysis (IA)
with pe = 0 for some sets of
observations from experiments
exp_Y, exp_K and exp_Z.

40

DAMAGE ANALYSIS VIA MEMOS

20

0 d

v [pm]

—20

|

17 11 91 1v -

—40

40

I v [ ups [ Juog

30

However, this only applies to
damage that is extremely large
and can already be seen with the
naked eye, which is not useful.

For better comparability of the results, Figure 10-26 shows the residuals v and
standardised residuals NV for the displacements of the experiments exp_Y to
exp_Z under the same load. As v and NV for the observations uy, for a small
cut nearly correspond to those from Figure 10-25 without cut, this changes
significantly for the observations of the last two damage levels. The residuals of
the observations upg for maximum damage in Figure 10-26 (top) are extremely
large and take values up to =~ 30pm and are highly systematically falsified.
Only after a considerable damage do systematic errors in the residuals occur
very clearly. So far we have only estimated a constant value for E(x) and this
functional model of the 1A is not applicable for these damage levels. This is
also confirmed by the considerably changed value for E(x) from Table 10-3
in column 6. Furthermore, it can be seen that the damage can not only be
detected but also localized by the standardised residuals NV. For the two
experiments ups and upg, the largest values for the NV result for observations
near the damage at Xgamage = 1.107m. This can also be seen in the result
presented in (Wu 2020, Chapter 5.3).

We also want to take a closer look at the solutions derived by the PS. In the
case that F; in column 8 has the same value as in column 4 for the solution
of the 1A with p. = 0, the PS has also found a constant value as a solution
and all other coefficients were not significantly different from zero. With a
few exceptions, this is always the case up to and including experiment 18.
However, to compare the results of the PS with those of the 1A, we will limit
ourselves to the sets of observations used for Figure 10-26. The solution for
E(x) of the PS for some sets of observations from experiments exp_Y, exp_K
and exp_Z are depicted in Figure 10-27.
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All three solutions in Figure 10-27 are relatively smooth on the left side of
the beam and show larger oscillations on the right side where the damage
is located. In addition, all three solutions have a local minimum close to
the damage at Xqamage = 1.107m, but none of them can be clearly identified
as the damage position since the global extremum in all curves is always at
x ~ 1.35m with a very large magnitude compared to the other extrema. The
resulting residuals v and standardised residuals NV for the displacements uy;,
up5 and upg are shown in Figure 10-28.

209

Figure 10-27: Solution E(x)
for the PS with p. = 4 and
displacements up; (blue), ups
(red) and upg (yellow).

Within 1cm.

Figure 10-28: Residuals v and
standardised residuals NV

of the Parameter Sifter (PS)
with pe = 4 for some sets of
observations from experiments
exp_Y, exp_K and exp_Z.
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Although the functional model for the PS is wrong for this degree of damage,
the residuals in Figure 10-28 (top) do not show any systematic errors. Even the
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A purely data—driven approach.

Figure 10-29: Solutions E(x)
of the IA with po = 3 for
displacements ug — uy7 of
exp4mm.
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small oscillation of the residuals from x = 1.2m onwards cannot be identified
as a systematic error due to the small number of observations. In general,
the distribution of the residuals is similar to those from exp4mm depicted in
Figure 10-24, with values of up to =~ 3.5um. For all three sets the largest
residuals always occur at xgisp,, = 0.64m. Also the standardised residuals in
Figure 10-28 (bottom) are the largest for these observations and for upyg even
over 4. But since the functional model is not correct in any case and this
observation in general has no impact on the solution E(x), we decided at this
point not to eliminate this observation as an outlier. A direct comparison
of the results with those in Figure 10-26 shows that the estimated solutions
for E(x) in Figure 10-27 do not describe the damage at all, but represent its
impact on the observations very well. The extent to which these solutions can
be used to localise the damage is discussed in the next section.

10.3.5 Damage localisation

So far we have got an insight into the problem of damage detection and now
we want to analyse in more detail to which extent the damage can also be
localised. In Figure 10-27 we have already seen that at least for large damages
a local minimum at the damage position in the solution E(x) appears.

The localisation of the damage is analysed in more detail in the following two
ways:

1. via the Local Indicator (LI),
2. via the Damage Sniffer (DS) and Damage Modeller (DM).

Both ways are discussed in more detail in the following sections.

10.3.5.1 Local Indicator

In the first case, we want to analyse to which extent damage can be localised
solely on the solution E(x) and its standard deviation sg(x). Therefore, we
determine the solution for each set of observations by the IA with p. = 3
and compare it with the solution from the model calibration in Equation
(10-33) using the LI. In this case, no further conditions are imposed on the
solution E(x), e.g. smoothness at the bearings, etc. The solutions E(x) for
the displacements ug — uy; of the damage level expdmm are shown in Figure
10-29.

—ug——uy ug —— ug —— ujg uqg
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As Figure 10-29 shows, the solutions E(x) for all sets of displacement measure-
ments of experiment exp4mm are very similar, apart from larger deviations at
the bearings. Each of these solutions for E(x) with their corresponding stand-
ard deviations sg(x) is compared with the solution (10-33) from the model
calibration using the LI. The resulting ¢(x) from the LI for all solutions E(x)
for the displacements ug — uy; of damage level expdmm are shown in Figure

10-30.

0.4 0.6 0.8 1 12 14
x [m]

As can easily be seen in Figure 10-30, all results for #(x) of the LI are lying
within the critical value #¢pigica1 = £3.5 (horizontal red line) and thus no region
can be identified for any of the solutions E(x) that might indicate the damage
position. Although damage has been detected for the displacements ug and
u11, it cannot be localised with the LI. The solutions E(x) for the displacements
uyp; — uyy of damage levels exp8mm — exp3L are depicted in Figure 10-29.
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First of all, it is noticeable that the solutions E(x) in Figure 10-31 of damage
levels exp8mm — exp3L are no longer as uniform as those for damage level
exp4mm previously shown in Figure 10-29. The solution E(x) for uy; (light
blue) even has pole at x =~ 0.1 (dotted light blue). In general, this is also

reflected in #(x) from the LI, as shown in Figure 10-32.

— U2 ——u3 U4 —— U5 —— Uge uy7
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Figure 10-30: Results f(x) of
the LI for the solutions E(x)
of exp4dmm from Figure 10-29.
The critical value tcpitical =
+3.5 in red.

Figure 10-31: Solutions E(x)
of the IA with pe = 3 for
displacements ujp — ujy of
exp8mm — exp3L.

Figure 10-32: Results #(x)

of the LI for the solutions
E(x) of exp8mm — exp3L from
Figure 10-31. The critical
value fcritical = £3.5 in red.
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Figure 10-33: Solutions E(x)
of the IA with p, = 3 for
displacements ujg — upy of
exp3L2 and exp_Y.

Figure 10-34: Results f(x) of
the LI for the solutions E(x)
of exp3L2 and exp_Y from
Figure 10-33. The critical
value teritical = £3.5 in red.

Figure 10-35: Solutions E(x)
of the IA with po = 4 for
displacements uz; — ugy of
exp_K and exp_Z.
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As Figure 10-32 shows, t(x) is larger than the critical value only for uj; with
a maximum value at xr; ~ 0.98m. For this load test, the damage could be
localised within ~ 13 cm, but in all other cases a damage localization with the
L1 is not possible. The damage already has a large impact on the solution E(x)
and enforces larger oscillations, whereby more and more poles (dotted lines)
occur close to the bearings, as E(x) for damage levels exp3L2 and exp_Y in

Figure 10-33 reveals.
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All solutions E(x) for up; — upy in Figure 10-33 show a minimum near the
damage, only E(x) for ujg oscillates in the opposite direction and has a max-
imum at x ~ 1.2m. However, only for uy, the damage can be localized at
xp1 &~ 1.18m, as t(x) in Figure 10-34 shows. For all other solutions no damage
can be localised with the LI, since #(x) is always within the critical value.
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x [m]

For the last two damage levels, the situation is completely different. Now
the impact of damage on the solution E(x) is so large that for the IA it is
necessary to increase the polynomial degree to p, = 4, otherwise the functional
model is not able to represent the damage at all. The solutions E(x) for the
displacements uys — u3; of the damage levels exp_K and exp_Z are shown in

Figure 10-35.
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All solutions E(x) in Figure 10-35 for experiments exp_K and exp_Z show a
very clear maximum at x ~ 1.35m, which actually has nothing to do with the
damage itself. The position of the damage cannot be clearly determined from
the solution E(x) alone. However, this can be done without any problems
using the result ¢(x) of the LI, as can be seen in the Figure 10-36.
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For all results t(x) in Figure 10-36 of damage levels exp_K and exp_Z, the
position of the damage can be determined within 2 cm, since the largest value
for all #(x) occurs at xp 1 ~ 1.127m. In addition, it can be seen that #(x)
for the maximum at x &~ 1.35m is usually smaller than the critical value or
only a just slightly larger. Therefore, this maximum cannot be interpreted
as damage, but is rather caused only by the minimum of the actual damage.
From a statistical point of view, this maximum hardly differs from adjusted
elastic modulus for the undamaged beam in (10-33), although it takes very
large values.

The damage localisation with the Local Indicator has shown that it only works
reliably if the damage is very large. For the presented example, the damage
could always be localised from experiment 25 onwards, which in principle
corresponds to the result of (WU 2020, Table 5.5). In addition, the position
of the damage can already be clearly seen in the residuals of an IA with p, =0
as shown in Figure 10-26. If enough measurements are available at different
positions, the LI unfortunately does not provide any further information which
cannot already be obtained by estimating a constant value for E(x). To which
extent damage can still be localised is addressed in the next section.

10.3.5.2  Damage Sniffer and Damage Modeller

As we have seen in the previous section, a damage localisation based on a pure
data—driven approach using an IA with a subsequent LI is unfortunately not
effective. In particular, the measurement noise has a considerable influence on
the solution E(x) and thus also on the localisation of the damage. Furthermore,
due to the indeterminacy at the bearings, large oscillations can occur in the
solution E(x) with possibly extreme values at the bearings. All these effects
have a large influence and considerably falsify the damage localisation. The
extent to which these effects can be separated from the actual damage using
the DS will be shown in more detail for some sets of measurements of the
experiment exp4mm.

Minimal damage — minimal load

Since the impact of damage on the displacements is directly related to the
magnitude of the load, we first consider the measurements ug of experiment
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This maximum is mainly caused
by the very wide minimum at the
damage position.

Figure 10-36: Results #(x)

of the LI for the solutions
E(x) of exp_K and exp_Z from
Figure 10-35. The critical
value fteritical = £3.5 in red.

To reduce the influence of the
indeterminacy on the bearings,
the solution is always smoothed in
this area with the LS.
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Figure 10-37: Reduced surface
AEquri(x, was) of the first
iteration of the DS for the
measurements ug.

Table 10-4: Resulting domin-
ance D; of the Damage Sniffer

for the measurements ug.

Figure 10-38: Reduced surface
AEquri(x, was) of the last
iteration of the DS for the
measurements ug.
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exp4mm for minimal load of 3.564kg in more detail. The reduced surface
AEgue(x, wgs) of the DS for the first iteration is depicted in Figure 10-37.
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As Figure 10-37 reveals, 7 extrema occur in the solution, with larger deviations
of up to =~ 40GPa in the middle of the beam for wgg = 0. First of all, it is
noticeable that extrema 2 — 5 are probably only caused by measuring noise
and do not occur in the solution itself. Only minimum 6 differs clearly from
the others and may be considered as damage position, since it also has the
largest values for dominance of Dy = 61.3%, as Table 10-4 shows.

Extrema j

1 2 3 4 5 6 7
first iteration 85 39 71 104 79 613 09
last iteration  12.3 87.7

D; [%]

In direct comparison of the values D; for all other extrema, the minimum 6
is by far the most dominant one and this even in the first iteration. The last
iteration of the DS is shown in Figure 10-38.
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The result of the DS in Figure 10-38 differs significantly from that of the first
iteration in Figure 10-37. Not only that a total of 5 extrema have been removed
from the solution, the deviations of ~ 10 GPa are much smaller than those of
the first iteration. As Table 10-4 shows, the minimum 6 at xpg ~ 0.98 m has
always the largest value for the dominance and it also correspond to the true
damage position except for ~ 13cm. This is also confirmed by the DM, which
also locates the damage at xpy ~ 0.98m. For comparison, the two solutions
of the DS for was = 0 from Figure 10-37 and Figure 10-38 and the one of the
DM are shown in the Figure 10-39.
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Most noticeable in Figure 10-39 is the solution E(x) of the first iteration of
the DS (blue), with large oscillations in the middle of the beam. However,
a direct comparison with the solution E(x) of the last iteration (red) shows
that these oscillations are essentially caused by the measurement noise and do
not occur in the actual solution. As already mentioned, the result of the DS
(red) and the DM (yellow) is consistent and both of them indicate damage at
xpM =~ 0.98m, which corresponds roughly to the true position. For this data

set the damage could be detected and localised within ~ 13 cm, see Table 10-3.

Minimal damage — medium load

Next, we will consider the the measurements uyg of experiment exp4mm for a
load of 7.135kg. According to Table 10-3, damage could not be detected for
this case and also in the result of the DS no clear extremum can be identified
in the first iteration, as can be seen in Figure 10-40 and Table 10-5.
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Figure 10-39: Solutions E(x)
of the DS for wgg = 0 using
the measurements ug for the
first iteration in blue and
for the last iteration in red.
Solution E(x) of the DM in
yellow.
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Figure 10-40: Reduced surface 1
AEgu(x, wgg) of the first
iteration of the DS for the [ a 20
measurements uyg. | |
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Of the 6 extrema in total, the minimum 6 near the damage position is visually
somewhat prominent, but cannot be clearly identified as a possible damage
position, like the values for dominance in Table 10-5 reveal. Accordingly, the
two extrema 2 and 5 could also be considered as possible damage positions,
since all three extrema have very similar values for dominance between 25.7 %

and 28.2 %.
Table 10-5: Resulting domin- Extrema j
ance D; of the Damage Sniffer
for the measurements uyg. 1 2 3 4 5 6
o first iteration 102 257 42 46 282 271
D; [%]

last iteration  36.9 63.1

In the last iteration of the DS, however, this is quite different, as Figure 10-41

reveals.
Figure 10-41: Reduced surface 1 ;
AEgu(x, wgsg) of the last
iteration of the DS for the [ n 20
measurements ujg. | |
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Figure 10-41 shows that extrema 2-5 have been removed from the solution
one after the other and only extrema 1 and 6 are left. Also, the position of the
minimum 6 has clearly shifted from x = 0.98m to x = 1.19m. The position
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of maximum 1, on the other hand, changed only slightly. According to the
values for the dominance D; in Table 10-5, the DS identifies minimum 6 as
a possible damage position, but its value Dg = 63.1% is not strikingly larger
than Dy = 36.9 % for maximum 1. This aspect is also reflected in the result of
the DM, which finally identifies maximum 1 as a possible damage position with
xpm ~ 0.26 m. The desired solution, however, would have been xpy ~ 1.18 m
for the minimum 6, which corresponds to the true damage position except
for &~ 8cm. For comparison and in order to point out a possible reason for
this problem, the two solutions of the DS for wgs = 0 from Figure 10-40 and
Figure 10-41 and the one of the DM are shown in the Figure 10-42.

100

E(x) [GPa]
]

60 - \/\J )

40 | | | | | | |

If we now compare the solution E(x) of the first iteration of the DS in Figure
10-42 (blue) with that for the measurements ug from Figure 10-39 (blue), then
we can see clear similarities between these two curves. This means that both
solutions for E(x) are not mainly caused by measurement noise but rather
by systematic errors in the observations, which is probably also the main
reason for the incorrect identification of the damage position. This fact has
already been mentioned in Section 10.3.3 when we discussed the residuals of
the model calibration. Unfortunately, it has not yet been possible to consider
the remaining systematic errors in the observations in a suitable way, which
considerably falsifies the damage analysis. Furthermore, Figure 10-42 shows
also the solution E(x) for the last iteration of the DS and for the DM, with
wrongly identified damage at xpy ~ 0.26 m.

Minimal damage — maximum load

As a last example, we will have a closer look at the measurements uy; of the
experiment exp4mm for a load of 17.818 kg. The reduced surface AEg,¢(x, was)
of the DS for the first iteration is depicted in Figure 10-43.
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In contrast to the values for the
last iteration in Table 10-4, where
Dg is more than 7 times larger
than Dl-

Figure 10-42: Solutions E(x)
of the DS for wgg = 0 using
the measurements ujg for the
first iteration in blue and

for the last iteration in red.
Solution E(x) of the DM in
yellow.

The smaller the load, the larger
the impact of this problem on the
damage analysis.
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Figure 10-43: Reduced surface
AEgurf(x, was) of the first
iteration of the DS for the
measurements ujq.

Table 10-6: Resulting domin-
ance D; of the Damage Sniffer
for the measurements uyq.

Figure 10-44: Reduced surface
AEqure(x, was) of the last
iteration of the DS for the
measurements uyg.
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As Figure 10-43 reveals, 8 extrema occur in the solution, with some deviations
of up to &~ 12 GPa at the right bearing of the beam. Of all extrema, minimum
2 is clearly different from all others and, according to Table 10-6, also has
the largest value for the dominance with Dy = 41%. In this case, however,
minimum 8 at xpy &~ 1.07m with a dominance of Dg = 22.7 % represents the
true damage, which is also only just a few centimetres from the true position
of the damage.

Extrema j

1 2 3 4 5 6 7 8
first iteration 1.7 41.0 57 86 02 02 199 227
last iteration 60.4 16.0 235

D; [%]

Although the impact of a damage on the observations actually increases with
increasing load, the correct extremum could not be identified within the first
iteration. In comparison to Figure 10-37, however, this was possible without
any problems for the measurements ug for minimum load. Even after the last
iteration this does not really change, as Figure 10-44 shows.
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As Figure 10-44 shows, the extrema 1 and 3 — 6 were removed from the solution,
but the DS still identifies minimum 2 as a possible damage position with
D, = 60.4%. However, the DM finally identifies the correct minimum 8 and
finds the right position of the damage up to ~ 5cm. The two solutions of the
DS for wgs = 0 from Figure 10-43 and Figure 10-44 and the one of the DM
are shown in the Figure 10-45.
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Also for this data set the damage could be detected and localised within =~ 4 cm,
see Table 10-3. How well this worked for the other data sets is discussed in
the following.

All data sets

As before, damage localisation using the DS and DM was also done for all
other data sets and the results are summarised in Table 10-7. In the final
solution of the DS up to 3 extrema can occur and as we have seen in Table
10-6 the extrema with the largest value for the dominance is not necessarily
the solution we are looking for. Therefore, Table 10-7 lists two extrema, where
X1s¢ 18 the position of the extremum with the largest and x,na is the position
with the second largest value for the dominance. Whether the position of the
actual damage Xqamage = 1.107m is approximately represented by one of the
two extrema is given in column 6. In addition, the solution of the DM is given
in column 5 and whether the damage could be localized is given in the last
column. The colour coding in Table 10-7 is to be interpreted as follows:

[ The damage position is not represented by one of the two extrema
and/or could not be localised with |Ax| > 12 cm.

The damage position is represented by one of the two extrema and/or
could be located, but not accurately with 6 cm < |Ax| < 12 cm.

® The damage position is represented by one of the two extrema and/or
could be located accurately with |Ax| < 6cm.
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Figure 10-45: Solutions E(x)
of the DS for wgg = 0 using
the measurements uy; for the
first iteration in blue and

for the last iteration in red.
Solution E(x) of the DM in
yellow.

If an extremum corresponds to
the damage is not only
determined by its position, but
also if it is a minimum.
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Table 10-7: Result of the dam-
age localisation using the DS
and DM.

DAMAGE ANALYSIS VIA MEMOS

DS DM
designation  u; m Xyst  Xpnd Xdamage XDM Damage
[kg] [m] [m] contained? [m] localised?
0 3565 0.80 0.71 (] 0.71 (]
1 7120 0.86 0.33 (] 0.79 (]
exp
2 10668 0.40 0.89 (] 0.89 (]
3 17.825 035 1.11 (] 0.35 (]
6 17819 113 046 [ ] 1.13 [ ]
7 3563 0.69 0.99 0.99
8 7134 051 0.29 ° 0.36 (]
exp4mm
9 3564 098 0.32 0.98
10 7135 119 0.26 0.26 (]
11 17.818 038 1.15 (] 1.15 [ ]
12 17.820 1.05 051 (] 1.05 [ ]
13 10.709 053 0.29 (] 0.29 (]
exp8mm
14 3593 0.60 1.12 (] 0.72 (]
15 3593 0.61 1.13 (] 0.71 (]
explOmm 16 3569 035 0.59 [ ] 0.36 [}
exp3L 17 3578 098 046 0.98
18 3545 0.63 0.76 [ ] 0.76 [}
exp3L2 19 7121 059 046 °o 0.46 °
20 10.698 048 1.09 (] 047 (]
21 3546 119 0.64 1.20
22 7125 0.87 1.03 0.73 [}
exp_Y
23 10703 029 1.20 0.29 [}
24 14248 037 1.09 (] 1.09 (]
exp_K 25 7114 110 0.63 (] 1.03 [ ]
26 10.695 1.10 0.90 (] 1.10 [ ]
27 3561 111 092 (] 091 (]
28 7128 1.09 0.90 (] 0.89 (]
exp_Z
29  10.690 1.10 0.90 (] 1.10 [ ]
30 14.241 1.11 092 [ ] 1.11 [ ]
31 17808 1.13 0.75 [ ] 1.13 [ ]

As can be seen in Table 10-7 column 6, the damage is very often present in
the solution of the DS, but not always exactly at the actual position. Apart
from the experiments exp for undamaged beam, only in 5 out of 26 cases the
damage is not included in the solution of the DS. In these cases the impact
of the remaining systematic errors and/or of the measurement noise on the
solution is probably larger than the impact of the damage itself. Besides, it
cannot be excluded that outliers are still present in these sets of measurements.

In general, it can be seen that the DS is very well suited to limit the possible
position of damage. Even for experiments with minimal damage of a small
vertical hole with a diameter of 4mm, its position could be determined very
accurately for the measurements ug and uy;. From experiment 20 onwards, the
damage is always present in the solution of the DS, but unfortunately it cannot
always be correctly identified with the DM, like in the case of uy; and uzg. The
decision criterion of the DM is probably not the best one, but unfortunately
no better one could be found that always identifies the correct position. In
comparison to the results of the damage localisation using the Local Indicator



10.3 EXPERIMENTAL STUDIES

in Section 10.3.5.1, the DS and DM provide much better results. However, one
further point is noticeable, the DS has also found the position of the damage
for the measurements uz, although the beam has not yet been damaged at
all. But a closer look at the residuals for these measurements revealed that
they are larger at xqisp,, = 1.09m and xgjsp,, = 1.12m than the residuals for
measurements in the surroundings. Since this is usually not the case for the
other sets of measurements, it is therefore assumed that the damage position
in the solution of the DS for the measurements uz occurs only by accident.

10.3.6  Summary and Conclusion

For the damage analysis of the presented four-point bending test some tools
were developed, whereby particularly the Damage Sniffer proved to be very
useful. In general, the damage could already be successfully detected and even
localised for much smaller damage levels than in (WU 2020, Table 5.5), whose
analysis was mainly falsified by large systematic errors in the measurements.
The results of the presented damage analysis for the four-point bending test
are summarized in Table 10-8. As already discussed, damage localisation
using the Local Indicator (LI) only works reliably for very large damages and
consequently it could only be localised accurately from experiment 25 onwards,
see column 5 in Table 10-8. In contrast, a damage localisation with the DS
and DM is very promising, while even for small damages like for experiment 6
and 11 it could be localised very accurately, see column 6. So far the DS is only
based on three features and it is assumed that the reliability of the damage
localisation can be significantly increased by choosing further suitable features.
In addition, the selection of the most significant extremum in the DM is based
on the target function Q2 and, as already mentioned, the correct extremum
cannot always be identified by this decision criteria. It can also be assumed in
this case that the result of the DM can be significantly increased by choosing
a better decision criteria. Nevertheless, it is essential that a damage has
been detected before, otherwise the result of the DS and DM has no meaning.
As a direct comparison of the estimated parameters e under consideration
of their stochastic properties is not effective, the damage detection of the
Global Identifier (GI) is based on the solution E(x) as a continuous function
and its standard deviation sg(x). However, also this approach still has some
drawbacks, since especially for small levels of damage it could often not be
detected, compare column 4 in Table 10-8. In summary, the result of the
damage analysis with MeMoS is very promising and it was even possible to
successfully detect and localise the minimal damage of a small vertical hole
with a diameter of 4 mm, see results for experiments 6, 9 and 11 in Table 10-8.
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Table 10-8: Result of the dam-

designation  u; m Detection Localisation
age detection and localisation
with MeMoS. Correct dam- [kg] GI LI DM
age detection of the Global 0 3.565 ® ®
Identifier (GI) in green and ’
wrong in red. Since the Dam- exp 1 7.120 L b
age Modeller (DM) always 2 10.668 ° [
provides a damage position, 3 17.825 °® PS
even if there is no damage,
the results for the experi- 6 17.819 e e
ments exp are always marked 7 3.563 [ ]
red. 8 7134 ) °
exp4mm
9 3.564 (]
10 7.135 (] [ ]
11 17.818 [} [ ]
12 17.820 [ [ ]
13 10.709 [ ] [ ]
exp8mm
14 3.593 (] [ ]
15 3.593 [ [ ]
explOmm 16 3.569 [ ] [ ]
exp3L 17 3.578 [ J
18 3.545 [} [ ]
exp3L2 19 7121 ° °
20  10.698 [ [ ]
21 3.546 [
expY 22 7.125 [} [ ]
23 10.703 [ J [
24 14.248 [ [ ]
exp_K 25 7.114 [} [ ] [ ]
26 10.695 [ ° [ ]
27 3.561 [ e o
28 7.128 [ e o
exp_Z
29 10.690 [ (] [ ]
30 14.241 [} [ [
31 17.808 [} [ [ ]
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SUMMARY AND CONCLUSION

This thesis resulted from a research project in cooperation with my colleague
Cheng-Chieh Wu from the Bundesanstalt fiir Materialforschung und -priifung
(BAM), called Measurement— and Model-based Structural Analysis (MeMoS).
Initially, we focused on a combined adjustment of spatially distributed hybrid
measurements based on a structural model represented by an FEM and using
the method of least squares, which already allowed to detect damage to the
structure under investigation. By introducing a local material parameter using
the concept of observed unknowns, well known in adjustment calculation, a
damage localisation within the structure could be conducted. This approach
was to some extent successfully applied in two experimental test set-ups, see
(Wu 2020, Chapter 5). To evaluate the results of an adjustment, however, it
is always necessary to understand the characteristics of the chosen functional
model in all detail, especially for highly non-linear models. Unfortunately,
this was not the case at that time and it remained unclear which part of the
solution was due to the measurement noise and which was due to the functional
model of the adjustment, which is in fact an inverse problem. In addition, the
influence of the approximation of the structural behaviour by FEM on the
estimated material parameters could also not be assessed in all detail. Thus,
a falsification of the solution could not be entirely excluded. Therefore, it was
necessary to get a detailed understanding on the approximation of functions
in general and to obtain a direct influence on the solution of the adjustment
problem in order to eliminate all undesired effects caused by the functional
model as far as possible. These aspects, thus, lead to the two main research
topics addressed within this thesis.

1. About the characteristics of basis functions on the approximation of
functions.

2. About the impact of random errors on the damage analysis using MeMoS.

In Part ii we have thoroughly examined the approximation of univariate func-
tions using different sets of basis functions and discussed the main advantages
and disadvantages. We have also shown how approximations can be trans-
formed between different sets of basis function and addressed some general
problems that arise for the approximation of multivariate functions. With
regard to the planned examinations in the second research topic and also for
the approximation of Lipschitz continuous univariate functions in general, the
Chebyshev basis is excellent. In general, it is possible to approximate any
Lipschitz continuous function with arbitrary accuracy using this set of basis
functions and, therefore, we can ensure that the approximation error is always
zero within machine precision. In addition, the identification of the optimal
polynomial degree is solely based on its coefficients and the approximation
error can be determined from the absolute values of the last coefficients. Fur-
thermore, an approximation in the Chebyshev basis also offers the possibility
to easily and quickly perform numerical computations with functions, such as
computing derivatives, integrals or root finding. Whereby many arithmetic
operations are available in matrix notation and, thus, can directly be embed-
ded in the least squares adjustment, if necessary. These were the main reasons
why we have chosen the Chebyshev basis for the investigations in Part iii.
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elementwise vs. global approach

Just to make it clear again, it was
never the intention to replace the
general approach of the FEM by a
spectral method using Chebyshev
polynomials.
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Apart from quasi-continuous
strain measurements via FOS.

At least for discrete static
measruements.

This conclusion only refers to
displacement and inclination
measurements.

Since the investigations of the second research topic provide a fundamental
framework for understanding a damage analysis using MeMoS, the simple ex-
ample of a statically bended Euler-Bernoulli beam was chosen in Part iii. At
first, the mechanical model of a four-point bending test apparatus was de-
rived and its analytical solution was approximated in the Chebyshev basis.
The approximation was directly embedded as the functional model for an
Integrated Analysis (IA) of static measurements such as displacements, inclin-
ations and strains. In this example, we have introduced the elastic modulus
as a continuous function along the beam E(x) and the whole process of dam-
age detection and localisation is based on a detailed analysis of the estimated
function E(x). In addition, it was also shown how functions can be used as
observation within the 1A, which consequently provides an easy way for the
evaluation of quasi continuous measurements using for example TLS, FOS or
photogrammetry. Numerical studies have demonstrated in detail the impact
of measurement noise on the estimation of the unknown function E(x) and
revealed the actual nature of the inverse problem at hand. Furthermore, we
gained an insight into the extent to which damage can be reconstructed from
measurements using MeMoS, while we addressed the impact of damage on the
measurements in all detail. In this thesis, we only considered static discrete
measurements such as displacements, inclinations and strains and in principle
none of these types of measurements are suitable for a damage analysis based
purely on the presented IA using the method of least squares. Either damage
can only be detected in the direct vicinity of the measuring point, as for strain,
or the impact of damage is so small that for real problems, in principle, it can
only be detected with highly precise sensor technology at very few measur-
ing points, as for displacements or inclinations. However, the localisation of
damage using MeMoS is negatively affected if only measurements from a few
measuring points are available.

If we consider the former aim of MeMoS, namely to detect and localise damage
to a structure, based on a rigorous and direct solution for the system para-
meters by an Integrated Analysis (IA) of spatially distributed hybrid meas-
urements using the method of least squares, then these insights are quite
disillusioning. Although damage can be detected to a certain extent, it can
basically not be localised, apart from perhaps huge damages. Unfortunately,
the measurement noise has a way larger impact on the unknown solution
E(x) than the damage itself. At this point, the nature of the inverse problem
prevents a damage assessment using well established geodetic deformation
analysis methods.

Through extensive numerical investigations, however, it became apparent that
the solution of the unknown function E(x) was not only randomly disturbed by
the measurement noise, but also contained a systematic component due to the
damage, which also occurs in its vicinity. The challenge now was to separate
this systematic influence within E(x) from the random disturbance, which
resulted in the development of the Damage Sniffer (Ds) and Damage Modeller
(DM). Therefore, features were identified manually in different regularised
solutions for E(x) and a strategy for localisation was developed, which proved
to be also effective in the experimental studies in Section 10.3. As has been
demonstrated, the DS is in some cases also capable to localise minor damage
precisely. Besides this, a further approach for the localisation of damage was
presented, which is based on a statistical comparison of E(x) from two epochs.
This so-called Local Indicator (LI) relies on a t-test, which has been transferred
to continuous functions. Since this approach for damage localisation only



works reliably for very large damages, it can only be used to a limited extent.
Nevertheless, the methodological concept of the LI can also be used for other
problems, such as a deformation analysis of parameterised point clouds, which,
however, is a different problem. In addition, the well known congruency test
for the detection of deformation in geodetic networks of different epochs was
adopted for damage detection and transferred to continuous functions, which
is referred to as Global Identifier (GI). Apart from a still slightly larger Type-I
error, this test quantity as a global indicator has proven to be very promising
as a first approach for the detection of damage.

In summary, the results of an damage analysis using MeMoS have thus proved
to be very promising, although the established methods for a geodetic deform-
ation analysis cannot be directly applied to a damage analysis based on an
inverse problem. Only by transferring statistical tests to continuous functions
as well as the development of novel approaches for the localisation of damage
enables a reliable damage analysis based on an Integrated Analysis (IA) of
spatially distributed hybrid measurements using the method of least squares.
This thesis at hand provides a fundamental framework for understanding the
problem of a Measurement— and Model-based Structural Analysis from a geo-
detic point of view and consequently provides a technological contribution for
Structural Health Monitoring.

227






OUTLOOK

In order to investigate the general nature of the inverse problem and con-
sequently the actual challenges of a Measurement— and Model-based Struc-
tural Analysis, a simple static model was chosen. Accordingly, only static
measurements, such as displacements, inclinations or strains, could be evalu-
ated with the presented IA. From these limitations, the following step-by-step
extensions of the model’s complexity already result:

e A simple dynamic model.

Following the presented derivation of an IA for static measurements, the
functional model for least squares adjustment of spatially and tempor-
ally distributed hybrid measurements using a simple 1D dynamic model
can be derived, which enables the combined evaluation of static and
vibration measurements from a geodetic point of view.

e A complex static model.

Although a complex 3D structure was already investigated in (Wu 2020),
the damage analysis was based on a first preliminary concept of MeMoS.
In addition, only displacements were used. Consequently, the current
concept of MeMoS can be transferred to more complex 3D structures for
the evaluation of hybrid static measurements.

e A complex dynamic model.

Once both of the previous points have been dealt with in detail, MeMoS
can finally be extended to complex 3D dynamic models, which represent
the behaviour of real structures best. An IA based on such a model
enables a combined evaluation of static and vibration measurements for
real world structures. Consequently, MeMoS can be applied for the first
time for real monitoring tasks.

Apart from this, there are other aspects that could be further addressed in
future work.

e The damage localisation via DS is currently based on only 3 features,
which were identified manually in a very time-consuming way, and it
can be assumed that the damage localisation can be further improved
when more features are available for evaluation. Therefore, additional
features need to be identified with machine learning algorithms and/or
novel approaches to extract damage from the solution of an IA need to
be developed.

e For real monitoring tasks, the environmental conditions, such as temper-
ature or humidity, play an essential role and must be taken into account
in the deformation/damage analysis. This implies for the example dis-
cussed in this thesis, that the unknown solution E(x) is also a function of
the environmental conditions, which have to be considered in the IA as
additional measurements and new additional unknown parameters have
to be introduced accordingly.

229






BIBLIOGRAPHY






BIBLIOGRAPHY

Apiwm, J. (1982): “A detailed study of the duality relation for the least squares
adjustment in euclidean spaces”. In: Journal of Geodesy 56.3, pp. 180—
195.

ADRIAN, R. (1809): “Research concerning the probabilities of the errors which
happen in making observations, etc”. In: Analyst Math. Museum 1,
pp- 93-109.

AHMED, N. and FISHER, P. S. (1970): “Study of algorithmic properties of
chebyshev coefficients”. In: International Journal of Computer Math-
ematics 2.1-4, pp. 307-317.

ATKINSON, K. E. and HAN, W., eds. (2009): Theoretical Numerical Analysis:
A Functional Analysis Framework. 3rd ed. Vol. 39. Texts in Applied
Mathematics. Dordrecht: Springer.

BaarpaA, W. (1968): A testing procedure for use in geodetic networks.
Vol. N.S. 2,5. Publications on geodesy. Delft.

BATHE, K.-J. (2014): Finite element procedures. Second edition. Watertwon,
MA, USA: Klaus-Jiirgen Bathe.

BATTLES, Z. and TREFETHEN, L. N. (2004): “An Extension of MATLAB to
Continuous Functions and Operators”. In: STAM Journal on Scientific
Computing 25.5, pp. 1743-1770.

BECKER, T., WEISBRICH, S., WU, C.-C. and NEITZEL, F. (2015): “Advances in
structural monitoring by an integrated analysis of sensor measurements
and 3D building model”. In: 3D Geoinformation science - The selected
papers of the 8D Geolnfo 2014. Ed. by M. BREUNIG, M. AL-DOORI, E.
BurwiLowskl, P. V. KUPER, J. BENNER and K. H. HAEFELE. Lecture
Notes in Geoinformation and Cartography. Springer, pp. 141-156.

BENDER, B. and GoOHricH, D. (2020): Dubbel Taschenbuch fiir den
Maschinenbau 1: Grundlagen und Tabellen. Berlin, Heidelberg:
Springer Berlin Heidelberg.

BoOLJEN, J. (1983): “Ein dynamisches Deformationsmodell”. In: Deformation-
sanalysen ’83. Ed. by W. WELSCH. Vol. 9. Schriftenreihe des Instituts
fiir Geodésie der Hochschule der Bundeswehr Miinchen, pp. 43—66.

BOLLER, C., CHANG, F.-K. and FuJiNo, Y., eds. (2009): Encyclopedia of
structural health monitoring. Chichester (G.B.): Wiley.

BORRE, K. (2006): Mathematical Foundation of Geodesy: Selected Papers of
Torben Krarup. Berlin, Heidelberg: Springer.

BORRMANN, A., KONiG, M., KocH, C. and BEETZ, J. (2015): Building In-
formation Modeling. Wiesbaden: Springer Fachmedien Wiesbaden.

Boyp, J. P. (2002): Chebyshev and Fourier spectral methods. Dover books
on mathematics. Mineola: Dover.

233



234

Bibliography

BRANDES, K., NEITZEL, F., WEISBRICH, S. and DAuM, W. (2012): “Lagrange-
Multiplikatoren (LM) der Ausgleichungsrechnung als Indikator fiir
Strukturschéden”. In: tm - Technisches Messen 79.7-8, pp. 348-358.

BRONSHTEIN, 1. N., SEMENDJAJEW, K. A., MusioL, G. and MUHLIG, H.
(2007): Handbook of mathematics. 5th ed. Berlin and New York:
Springer.

BunMANN, M. D. (2003): Radial basis functions: Theory and implementa-
tions. Vol. 12. Cambridge monographs on applied and computational
mathematics. Cambridge and New York: Cambridge University Press.

BURDEN, R. L. and FAIRES, J. D. (2011): Numerical Analysis. 9. ed. Belmont,
Calif.: Brooks/Cole.

CARRERA, E., GIUNTA, G. and PETROLO, M. (2011): Beam structures: Clas-
sical and advanced theories. 1st ed. Hoboken, N.J: Wiley.

CHEBFUN (2021): Chebfun — numerical computing with functions. URL: http:
//www.chebfun.org/ (Accessed on 27th Jan. 2022).

CHEN, H.-P. and N1, Y.-Q. (2018): Structural health monitoring of large civil
engineering structures. Hoboken, NJ: John Wiley & Sons.

Czicuos, H., ed. (2013): Handbook of Technical Diagnostics: Fundamentals
and application to structures and systems. Heidelberg etc.: Springer.

DaumMm, W. (2013): “Principles, Concepts and Assessment of Structural
Health Monitoring”. In: Handbook of Technical Diagnostics. Ed. by H.
CzicHos. Heidelberg etc.: Springer, pp. 413-424.

DEKKING, F. M., KraaikamP, C., LopuHAA, H. P. and MEESTER, L. E.
(2005): A Modern Introduction to Probability and Statistics: Under-
standing Why and How. Springer Texts in Statistics. London: Springer.

DERMANIS, A. (1976): Probabilistic and deterministic aspects of linear estim-
ation in geodesy. Reports of the Department of Geodetic Science 244.
Columbus, Ohio: Ohio State University.

EICHHORN, A. (2005): Ein Beitrag zur Identifikation von dynamischen Struk-
turmodellen mit Methoden der adaptiven Kalman-Filterung. Doctoral
Thesis. Vol. C. No. 585. Miinchen: Deutsche Geoditische Kommision
(DGK).

Eznov, N., NEITZEL, F. and PETROVIC, S. (2018): “Spline approximation,
Part 1: Basic methodology”. In: Journal of Applied Geodesy 12.2,
pp. 139-155.

FARRAR, C. R. and WORDEN, K. (2013): Structural health monitoring: A
machine learning perspective. West Sussex: John Wiley & Sons Ltd.

FRrRISWELL, M. I. and MOTTERSHEAD, J. E. (2011): Finite element model
updating in structural dynamics. Vol. 38. Solid mechanics and its ap-
plications. Dordrecht and London: Springer.

GANDER, W. (2005): “Change of basis in polynomial interpolation”. In: Nu-
merical Linear Algebra with Applications 12.8, pp. 769-778.

Gauss, C. F. (1809): Theoria motus corporum coelestium in sectionibus
conicis solem ambientium. Hamburg: sumtibus Frid. Perthes et I. H.
Besser.


http://www.chebfun.org/
http://www.chebfun.org/

Bibliography

GENTLE, J. E. (2009): Computational Statistics. New York, NY: Springer New
York.

GERE, J. M. and GOopNoO, B. J. (2013): Mechanics of materials. 8th edition
— SI edition. Stamford, CT: Cengage Learning.

GHILANI, C. D. (2018): Adjustment computations: Spatial data analysis. 6th
ed. Hoboken, N.J.: John Wiley & Sons.

HARTER, H. L. (1974a): “The Method of Least Squares and Some Alternatives:
Part 1. In: International Statistical Review / Revue Internationale de
Statistique 42.2, pp. 147-174.

HARTER, H. L. (1974b): “The Method of Least Squares and Some Alternatives:
Part I17. In: International Statistical Review / Revue Internationale de
Statistique 42.3, pp. 235-282.

HARTER, H. L. (1975a): “The Method of Least Squares and Some Alternatives:
Part I11”. In: International Statistical Review / Revue Internationale de
Statistique 43.1, pp. 1-44.

HARTER, H. L. (1975b): “The Method of Least Squares and Some Alternatives:
Part IV”. In: International Statistical Review / Revue Internationale de
Statistique 43.2, pp. 125-190.

HARTER, H. L. (1975¢): “The Method of Least Squares and Some Alternatives:
Part V”. In: International Statistical Review / Revue Internationale de
Statistique 43.3, pp. 269-272.

HARTLEY, R. and ZISSERMAN, A. (2003): Multiple view geometry in computer
vision. 2nd ed. Cambridge, UK and New York: Cambridge University
Press.

HEUNECKE, O., KUHLMANN, H., WELSCH, W., EICHHORN, A. and NEU-
NER, H. (2013): Auswertung geoditischer Uberwachungsmessungen. 2.,
neu bearb. und erw. Aufl. Handbuch Ingenieurgeodisie / Moser et al.
(Hrsg.) Berlin u.a.: Wichmann.

HigHAM, N. J. (2002): Accuracy and stability of numerical algorithms. 2nd
ed. Philadelphia: Society for Industrial and Applied Mathematics.

KARBHARI, V. M. and ANSARI, F. (2011): Structural health monitoring of civil

infrastructure systems. Woodhead Publishing in materials. Cambridge,
UK and Boca Raton, FL: Woodhead Pub.

Koo, K. Y., BROWNJOHN, J. M. W., LisT, D. I. and CoOLE, R. (2013): “Struc-
tural health monitoring of the Tamar suspension bridge”. In: Structural
Control and Health Monitoring 20.4, pp. 609-625.

KopPriva, D. A. (2009): Implementing spectral methods for partial differential
equations: Algorithms for scientists and engineers. Scientific computa-
tion. Dordrecht: Springer.

KUHLMANN, H., SCHWIEGER, V., WIESER, A. and NIEMEIER, W. (2014): “En-
gineering Geodesy - Definition and Core Competencies”. In: Journal of
Applied Geodesy 8.4, pp. 327-334.

KUNZEL, A. (2016): “Parameteridentifikation auf Basis faseroptisch
gemessener quasi-kontinuierlicher Dehnungssignale”. Doctoral Thesis.
Berlin: Technische Universitéit Berlin.

235



236

Bibliography

LANCASTER, P. and SALKAUSKAS, K. (1988): Curve and surface fitting: An
Introduction. London - San Diego etc: Academic Press.

LANGTANGEN, H. P. (2016a): Approximation of functions. URL: http://
hplgit . github . io/num-methods - for - PDEs /doc/pub/approx/
sphinx/index.html (Accessed on 27th Jan. 2022).

LANGTANGEN, H. P. (2016b): Approximation of functions. URL: http://
hplgit . github . io/num-methods - for - PDEs / doc / pub / approx /
pdf/approx-4print-A4-2up.pdf (Accessed on 27th Jan. 2022).

LEGENDRE, A. M. (1806): Nouvelles méthodes pour la détermination des or-
bites des cometes: Avec un supplément contenant divers perfection-
nemens de ces méthodes et leur application aux deux cometes de 1805.
Courcier.

LENZMANN, L. and LENZMANN, E. (2004): “Strenge Auswertung des nicht-
linearen Gaufl-Helmert-Modells”. In: avn - Allgemeine Vermessungsna-
chrichten 111, pp. 68-73.

LiENHART, W. (2007): “Analysis of Inhomogeneous Structural Monitoring
Data”. Doctoral Thesis. Graz: Graz University of Technology.

LIENHART, W., EHRHART, M. and GRICK, M. (2017): “High frequent total sta-
tion measurements for the monitoring of bridge vibrations”. In: Journal
of Applied Geodesy 11.1, pp. 1-8.

LJung, L. (1998): “System Identification”. In: Signal Analysis and Prediction.
Ed. by A. PROCHAZKA, J. UHLIR, P. W. J. RAYNER and N. G. KINGS-
BURY. Applied and Numerical Harmonic Analysis. Boston, MA and s.1.:
Birkh&user Boston, pp. 163-173.

LoGa, A., MARDAL, K.-A. and WELLS, G. (2012): Automated Solution of
Differential Equations by the Finite Element Method: The FEniCS
Book. 2012th ed. Vol. 84. Lecture Notes in Computational Science and
Engineering. Berlin, Heidelberg: Springer.

LoPEz-HIGUERA, J. M., RODRIGUEZ COBO, L., QUINTELA INCERA, A. and
CoBoO, A. (2011): “Fiber Optic Sensors in Structural Health Monitor-
ing”. In: Journal of Lightwave Technology 29.4, pp. 587—608.

LunMmanN, T., RoBsoON, S., HARLEY, I. and KYLE, S. (2011): Close range
photogrammetry: Principles, techniques and applications. Dunbeath
and Hoboken, NJ: Whittles and Distributed in North America by J.
Wiley & Sons.

Ma, Q. (2019): “Identification of singularities in the displacement field for
damage detection in structures”. Doctoral Thesis. Sevilla: Universidad
de Sevilla.

Mason, J. C. and HANDScOMB, D. C. (2003): Chebyshev polynomials. Boca
Raton, Fla.: Chapman & Hall/CRC.

MENG, X., ROBERTS, G. W., DODSON, A. H., COSSER, E., BARNES, J. and
Ri1zos, C. (2004): “Impact of GPS satellite and pseudolite geometry on
structural deformation monitoring: analytical and empirical studies”.
In: Journal of Geodesy 77.12, pp. 809-822.

MERRIMAN, M. (1877): “On the History of the Method of Least Squares”. In:
The Analyst 4.2, p. 33.


http://hplgit.github.io/num-methods-for-PDEs/doc/pub/approx/sphinx/index.html
http://hplgit.github.io/num-methods-for-PDEs/doc/pub/approx/sphinx/index.html
http://hplgit.github.io/num-methods-for-PDEs/doc/pub/approx/sphinx/index.html
http://hplgit.github.io/num-methods-for-PDEs/doc/pub/approx/pdf/approx-4print-A4-2up.pdf
http://hplgit.github.io/num-methods-for-PDEs/doc/pub/approx/pdf/approx-4print-A4-2up.pdf
http://hplgit.github.io/num-methods-for-PDEs/doc/pub/approx/pdf/approx-4print-A4-2up.pdf

Bibliography

MikHAIL, E. M. and ACKERMANN, F. E. (1976): Observations and least
squares. IEP series in civil engineering. New York: TEP.

MONTGOMERY, D. C. and RUNGER, G. C. (2011): Applied statistics and prob-
ability for engineers. 5th ed. Hoboken, NJ: Wiley.

MoriTz, H. and SUNKEL, H. (1978): Approximation Methods in Geodesy:
Band 10. 1. Auflage. Karlsruhe: Wichmann.

MULLER, W. H. and FERBER, F. (2012): Technische Mechanik fiir Ingenieure.
4., aktualisierte Aufl. Miinchen: Fachbuchverl. Leipzig im Carl-Hanser-
Verl.

NATKE, H. G. (1992): Einfithrung in Theorie und Praxis der Zeitreihen- und
Modalanalyse. Wiesbaden: Vieweg+Teubner Verlag.

NEITZEL, F. (2010): “Generalization of total least-squares on example of un-
weighted and weighted 2D similarity transformation”. In: Journal of
Geodesy 84.12, pp. 751-762.

NEITZEL, F., NIEMEIER, W., WEISBRICH, S. and LEHMANN, M. (2012):
“GBSAR, TLS und Beschleunigungsmessungen fiir Schwingungsunter-
suchungen”. In: Interdisziplindre Messaufgaben im Bauwesen — Wei-
mar 2012. Beitrige zum 115. DVW-Seminar am 25. und 26. Septem-
ber 2012 in Weimar. Vol. DVW-Schriftenreihe Band 68/2012. Wilner-
Verlag, pp. 121-148.

NEITZEL, F., RESNIK, B., WEISBRICH, S. and FRIEDRICH, A. (2011): “Vibra-
tion monitoring of bridges”. In: Reports on Geodesy No.1 (90), Proceed-
ings of the X-th Scientific and Technical Conference on Current Prob-
lems in Engineering Surveying, Warsaw, Poland, March 24-25, pp. 331—
340.

NEITZEL, F., WEISBRICH, S. and Wu, C.-C. (2014): “Integration der Finite-
Elemente-Methode in die Ausgleichungsrechnung zur Parameteridenti-
fikation”. In: Ingenieurvermessung 14. Ed. by A. WIESER. Berlin: Wich-
mann, H, pp. 301-310.

NIEMEIER, W. (2008): Ausgleichungsrechnung: Statistische Auswertemeth-
oden. 2., iiberarb. und erw. Aufl. De Gruyter Lehrbuch. Berlin [u.a.]:
De Gruyter.

OCHSNER, A. (2021): Classical Beam Theories of Structural Mechanics. Cham:
Springer International Publishing.

OLVER, S. and TOWNSEND, A. (2013): “A Fast and Well-Conditioned Spectral
Method”. In: SIAM Review 55.3, pp. 462—489.

OMIDALIZARANDI, M., HERRMANN, R., KARGOLL, B., MARX, S., PAFFEN-
HOLZ, J.-A. and NEUMANN, I. (2020): “A validated robust and auto-
matic procedure for vibration analysis of bridge structures using MEMS
accelerometers”. In: Journal of Applied Geodesy 14.3, pp. 327-354.

ORszAG, S. A. (1971): “Accurate solution of the Orr—Sommerfeld stability
equation”. In: Journal of Fluid Mechanics 50.04, p. 689.

OUELLET, J.-N. and HEBERT, P. (2009): “Precise ellipse estimation without
contour point extraction”. In: Machine Vision and Applications 21.1,
pp- 59-67.

PIEGL, L. and TILLER, W. (1997): The NURBS book. 2nd ed. Berlin: Springer.

237



238

Bibliography

PLACKETT, R. L. (1972): “Studies in the History of Probability and Statistics.
XXIX: The Discovery of the Method of Least Squares”. In: Biometrika
59.2, pp. 239-251.

QUARTERONI, A. and Rozza, G., eds. (2014): Reduced order methods for
modeling and computational reduction. Vol. volume 9. MS&A: Model-
ing, simulation & applications. Cham: Springer.

RADHAKRISHNA RAO, C. and TOUTENBURG, H. (1999): Linear Models: Least
Squares and Alternatives. Second Edition. Springer Series in Statistics.
New York: Springer-Verlag.

REIMER, M. (2003): Multivariate Polynomial Approximation. Vol. 144. Inter-
national Series of Numerical Mathematics. Basel: Birkhauser.

RivLIN, T. J. (1974): The Chebyshev polynomials. Pure and applied mathem-
atics. New York: Wiley.

SCHABACK, R. (2015): “Multivariate Approximation”. In: Encyclopedia of ap-
plied and computational mathematics. Ed. by B. ENGQUIST. Berlin and
Heidelberg: Springer, pp. 1014-1017.

ScHILL, F. J. (2018): Uberwachung von Tragwerken mit Profilscannern. Doc-
toral Thesis. Vol. C. No. 844. Miinchen: Ausschuss Geodisie der Bay-
erischen Akademie der Wissenschaften (DGK).

SCHWINTZER, P. (1984): “Zur Bestimmung von signifikanten Parametern in
Approximationsfunktion”. In: Beitrige aus dem Institut fiir Geoddisie.
Ed. by W. CASPARY, A. SCHODLBAUER and W. WELSCH, pp. 71-91.

SHAMPINE, L. F. (2008): “Vectorized adaptive quadrature in MATLAB”. In:
Journal of Computational and Applied Mathematics 211.2, pp. 131-
140.

SHEYNIN, O. (2014): “C.F. Gauss and the method of least squares”. In: Slgski
Przeglad Statystyczny 12 (18).

SOLIN, P. (2006): Partial differential equations and the finite element method.
Pure and applied mathematics. Hoboken, N.J.: Wiley-Interscience.

STEPHAN, C. (2016): Entwicklung eines Verfahrens zur photogrammetrischen
Verformungsmessung mittels handelsiiblicher Digitalkamera und Sys-
temidentifikation mit der Methode der inversen finiten Elemente. Wup-
pertal: Universitétsbibliothek Wuppertal.

STIGLER, S. M. (1981): “Gauss and the Invention of Least Squares”. In: The
Annals of Statistics 9.3.

STRUCTURAL VIBRATION SOLUTIONS A /S (2021): ARTeMIS Modal. Ed. by
STRUCTURAL VIBRATION SOLUTIONS A/S. URL: https://svibs.
com/artemis-modal/ (Accessed on 27th Jan. 2022).

SuLL, E. and MAYERS, D. F. (2003): An Introduction to Numerical Analysis.
Cambridge and New York: Cambridge University Press.

TEsKY, F. W. (1988): Integrierte Analyse geoditischer und geotechnischer
Daten sowie physikalischer Modelldaten zur Beschreibung des Deforma-
tionsverhaltens grofler Erdddmme unter statischer Belastung. Docotral
Thesis. Vol. C. No. 341. Miinchen: Deutsche Geoditische Kommision
(DGK).


https://svibs.com/artemis-modal/
https://svibs.com/artemis-modal/

Bibliography

TEUNISSEN, P. J. G. (2000): Adjustment theory: An introduction. Series on
mathematical geodesy and positioning. Delft: Delft University Press.

TOWNSEND, A. (2014): “Computing with functions in two dimensions”. PhD
Thesis. University of Oxford.

TOwNSEND, A. and OLVER, S. (2015): “The automatic solution of partial
differential equations using a global spectral method”. In: Journal of
Computational Physics 299, pp. 106-123.

TREFETHEN, L. N. (2008): Spectral methods in MATLAB. 3rd repr. Software,
environments, tools. Philadelphia: STAM.

TREFETHEN, L. N. (2013): Approximation theory and approximation practice.
Philadelphia, Pa.: STAM.

TREFETHEN, L. N. and BAu, D. (1997): Numerical linear algebra. Phil-
adelphia: Society for Industrial and Applied Mathematics.

WEISBRICH, S. and NEITZEL, F. (2014): “Einsatz von Evolutionsstrategien
in der Zeitreihenanalyse”. In: Zeitabhdngige Messgrifsen — Ihre Daten
haben (Mehr-)Wert. Beitrige zum 129. DVW-Seminar am 26. und 27.
Februar 2014 in Hannover. Vol. DVW-Schriftenreihe Band 74. Wifiner-
Verlag, pp. 271-293.

WENDLAND, H. (2004): Scattered Data Approximation. Vol. no. 17. Cam-
bridge monographs on applied and computational mathematics. Cam-
bridge: Cambridge University Press.

WENZEL, H. (2009): Health monitoring of bridges. Chichester: Wiley.

WENZEL, H. and PICHLER, D. (2005): Ambient vibration monitoring.
Chichester: Wiley.

WOLFRAM RESEARCH, INC. (2021): Wolfram|Alpha. Ed. by WOLFRAM RE-

SEARCH, INC. Champaign, Illinois. URL: https://www.wolframalpha.

com/ (Accessed on 27th Jan. 2022).
WORDEN, K., FARRAR, C. R., MANSON, G. and PARK, G. (2007): “The fun-

damental axioms of structural health monitoring”. In: Proceedings of

the Royal Society A: Mathematical, Physical and Engineering Sciences
463.2082, pp. 1639-1664.

Wu, C.-C. (2020): The Measurement- and Model-based Structural Analysis
for Damage Detection. Doctoral Thesis. Vol. C. No. 844. Miinchen: Aus-
schuss Geodésie der Bayerischen Akademie der Wissenschaften (DGK).

Wu, C.-C., WEISBRICH, S. and NEITZEL, F. (2016): “Inverse Finite Element
Adjustment of Material Parameters from Integrated Analysis of Dis-

placement Field Measurement”. In: Materials Today: Proceedings 3.4,
pp. 1211-1215.

Wu, C.-C., WEISBRICH, S. and NEITZEL, F. (2017): “Approximate model for
geometrical complex structures”. In: Materials Today: Proceedings 4.5,
pp- 5995-6000.

WUuJANZ, D. (2016): Terrestrial laser scanning for geodetic deformation monit-
oring. Doctoral Thesis. Vol. C. No. 775. Miinchen: Ausschuss Geodésie
der Bayerischen Akademie der Wissenschaften (DGK).

239


https://www.wolframalpha.com/
https://www.wolframalpha.com/

240 Bibliography

ZIENKIEWICZ, O. C., TAYLOR, R. L. and ZHU, J. Z. (2013): The finite element
method: Its basis and fundamentals. 7th ed. Kidlington, Oxford, UK
and Waltham, MA: Butterworth-Heinemann.



APPENDIX






DISCRETE MEASUREMENTS VS. FUNCTIONS

In the following we will present the detailed calculation of the comparison
from Section 9.1 for the specification of the four-point bending test set-up
and beam specimen which was used for the numerical studies and is given
again in Table A-1.

beam length I 7.26m  beam elastic modulus 70 GPa
beam width w  0.20m load F  7460N
beam height 1  0.36m loading position 2 2.42m

The unique identifier for the nodes v and elements  for this specification are
listed Table A-2.

and

Furthermore, the 24 equidistant and uncorrelated displacement measurements
of high precision of the example from Section 9.1 are again listed in Table A-
3, with 8 measurements for each of the three elements according to the beam
specification.

3'd element

15¢ element 214 glement

i X Laisp; i X Laisp; i X Laisp,
[m] [um] [m] [um] [m] [um

1 0.0000 —0.6 9 25252 —829.7 17 5.0504 —765.4
2 03157 —125.2 10 2.8409 —878.5 18 5.3661 —683.7
3 06313 —251.2 11 3.1565 —912.9 19 5.6817 —587.4
4 09470 3714 12 34722 —9279 20 59974 —481.8
5 12626 —484.5 13 3.7878 —930.1 21 63130 —370.6
6 15783 —589.0 14 41035 —911.3 22 6.6287 —2499
7 18939 —683.0 15 44191 —879.3 23 69443 1247
8 2209 —763.4 16 4.7348 —829.4 24 7.2600 1.6

Before we can determine the unknown solution e for the inverse of the elastic
modulus E*(x) based on these measurements, we have to map them onto the
interval [—1,1] of the corresponding element by applying (8-6) with the nodes
according to Table A-2. For the first element this mapping reads

2x — ngl — éx,,

¢ 4 2
t= ft X, "Xy, Xy, | =
< 1 2) ngz _ gxw
2x —0.00 —2.42 2x—242
= = A_l
2.42 —0.00 2.42 ( )
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Table A-1: Specification of
the four-point bending set-up
and beam specimen for the
numerical studies.

Table A-2: Coordinates for
all nodes v and the nodes

for all three elements { for
specification of the four-point
bending test set-up in Table
A-1.

Table A-3: 24 equidistant dis-
placement measurements of
high precision.

For the sake of clarity, we will
omit the units for all values in
formulas in this chapter.
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Table A-4: Mapped position ¢;
of the 24 equidistant displace-
ment measurements of high
precision from Table A-3.

DISCRETE MEASUREMENTS VS. FUNCTIONS

and for the other two elements, the functions for mapping the positions on
[-1,1] can be derived in the same way. The mapped positions ¢; of the 24
equidistant displacement measurements are listed in Table A-4.

15 element 214 element 3" element
i x; t; i X ti i X ti
jm] ] [m ] [m
1 0.0000 —1.0000 9 25252 —0.9130 17  5.0504 —0.8261
2 03157 —0.7391 10 2.8409 —0.6522 18 5.3661 —0.5652
3 0.6313 —0.4783 11 31565 —0.3913 19 5.6817 —0.3043
4 09470 —-0.2174 12 34722 —0.1304 20 59974 —0.0435
5 1.2626 0.0435 13 3.7878 0.1304 21 6.3130 0.2174
6 15783 0.3043 14 4.1035 0.3913 22 6.6287 0.4783
7 1.8939 0.5652 15 44191 0.6522 23 6.9443 0.7391
8 22096 0.8261 16 4.7348 0.9130 24 7.2600 1.0000

In the following we use these measurements to determine the unknown solution
e for each element and we choose a polynomial degree p. = 3. Consequently,
we choose a polynomial degree p,, = 5 for each element of the unknown solution
of the bending line u(x).

At first, we approximate the displacements according to the first step in Sec-
tion 8.2.4 and the functional model is already given by (8-55). For the measure-
ments and their mapped positions given in Table A-3 and A-4 the functional
model for each element ¢ results in

¢ _iAC
Lisp = Ay‘u (A-2)
and explicitly reads for the first element
—0.0000006
—0.0001252 u,
—0.0002512 L,
—0.0003714 lu
1Ldisp = ’ lu = 1 2 (A'S)
—0.0004845 Uy
—0.0005890 lu,
—0.0006830 [ us |
| —0.0007634 |
and
1 -1 1 -1 1 —1]
1 —0.739130434782609 0.092627599243857 0.602202679378646  —0.982840255716639 0.850691611680733
1 —0.478260869565217 —0.542533081285444 0.997205556012164 —0.411315711421843 —0.603773136391271
1 A, — 1 —0.217391304347826 —0.905482041587902 0.611079148516478 0.639795455276389  —0.889251085593170 ( A- 4)
¢ 1 0.043478260869565 —0.996219281663516 —0.130106024492479 0.984905714316344 0.215749999650423
1 0.304347826086956  —0.814744801512288 —0.800279444398783 0.327618183182594 0.999699208075145
1 0.565217391304348 —0.361058601134215 —0.973370592586504 —0.739273373094007 0.137670257784583
1 0.826086956521739 0.364839319470700 —0.223308950439713  —0.733784541936313  —0.989030727542022 |

Since the vector of observations

‘L aisp and vector of unknowns ¢u for the
second and third element can be set up analogous to (A-3), the corresponding
design matrices ‘A ¢ for the remaining two elements are
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1 —0.913043478260870 0.667296786389414  —0.305498479493712  —0.109429997748721
1 —0.652173913043478 —0.149338374291116 0.846963096901456  —0.955396099928173
1 —0.391304347826087 —0.693761814744801 0.934248376756801  —0.037389088804000
2 A¢ _ |1 —0.130434782608696 —0.965973534971645 0.382427878688255 0.866209740531230
1 0.130434782608696  —0.965973534971645 —0.382427878688255 0.866209740531230
1 0.391304347826087 —0.693761814744802 —0.934248376756801 —0.037389088803999
1 0.652173913043479 —0.149338374291114 —0.846963096901454 —0.955396099928174
1 0.913043478260870 0.667296786389414 0.305498479493713  —0.109429997748721

and
(1 —0.826086956521739  0.364839319470700  0.223308950439713 —0.733784541936313
—0.565217391304348 —0.361058601134216  0.973370592586505 —0.739273373094007
—0.304347826086956 —0.814744801512288  0.800279444398782  0.32761818318259%
3A, — —0.043478260869565 —0.996219281663516  0.130106024492478  0.984905714316344
o=

0.478260869565218 —0.542533081285443 —0.997205556012164 —0.411315711421845
0.739130434782609 0.092627599243857 —0.602202679378646 —0.982840255716639
1 1 1 1

1
1
1
1
1 0.217391304347825 —0.905482041587902 —0.611079148516477  0.639795455276391
1
1
1

The three equation systems (A-2) can be combined into

Lyiep A, 0 0 | !
Ly | = | 0 2A, 0 | |2, (A-7)
Lyiep 0 0 SA,l [Pu
or in short
Laisp = Ag u. (A-8)

The standard deviation of the 24 uncorrelated displacement measurements of
high precision according to Table 9-2 is given by o, = 0.93 um and choosing
the same value for the theoretical reference standard deviation oy results in
an identity matrix I for the weight matrix

1
Pdisp 0 0
Pysp=1| 0 2P, 0 |=L (A-9)
3
0 0 Pdisp

The normal equation system for a least squares adjustment according to (2-17)
results in

Nu=n
AI) Pdisp Ad) u= A?{) Pdisp Ldisp (A—IO)

and introducing the constraints (7-24) at the two inner nodes in Table A-2
for a C2 continuous approximation of the displacements yields the extended
normal equation system

A-!(; I)disp Ad) C::ronti u — A$ I)disp Ldisp (A—ll)
Cconti 0 A 0

with
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0.505327171034855 |
0.399205729091812
—0.904987350736279
—0.608395637087706
0.608395637087708
0.904987350736280
—0.399205729091817

—0.505327171034856 |

0.989030727542022 |
—0.137670257784585
—0.999699208075144
—0.215749999650421

0.889251085593168

0.603773136391269
—0.850691611680733

1_
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(A-12)

where each line has been normalized to £1. Solving (A-11) yields the unknown
coefficients u of a C? continuous approximation of the displacements, which

are

[—0.000435 174747739 |
—0.000409 714903 599
0.000 030 873 625 874
0.000 005 246 075917
—0.000 000502 460 158

L 0.000000 135802966

Al

[—0.000870244 681219
—0.000 000 364 653 125
0.000 060489 091 286
—0.000 000283 890 813
0.000 000054 112415

L 0.000000 083673159 |

and %u =

0.000410976 779 215
0.000030151 025497
—0.000004 966 110 086
0.000 000271 896 800

SOLUTION OF THE BVP IN THE CHEBYSHEV BASIS

[—0.000434 651922078 ]

L 0.000000 026 679 387 |

(A-13)

The functional model for the integrated analysis is based on the solution
(8-3) of the BVP in the Chebyshev basis for the specification of the four-point
bending test set-up listed in Table A-1 and reads

-1
ul _|c CT —iM
A C o o |’
with area moment of inertia
1 .3
I= ﬁWh = 0.0007776.
According to Section 7.3, the matrices in (A-14) result in
Lo 0
L= 0 20 0 ,
0 Lo
with
¢ ] = 2 — L i
s —xy, 121

(A-14)

(A-15)

(A-16)

(A-17)

for all , see Section 3.2. The differential operator according to Section 5.1.2
yields

O O O O O O

O O O O O O

o O o O

(A-18)
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and the multiplication operator for the bending moment in the Chebyshev

basis reads

with

[4513.3]
45133
| o0
0.0
0.0
0.0]

M['m] 0 0
= 0 M [*m] 0 ,
0 0 M [’m]
[9026.6| 45133 ]
0.0 45133
2y 00 s 0.0
0.0 0.0
0.0 0.0
| 0.0 . 00]

Matrix C in (A-14) reads according to (7-27)

1 -1 1
(U

C:CBC’
Cconti
-11 -1 0 0 0O 0OOO OO0 OO0
0 0 000 00 O0OO0OT1TT1TT1TT1

and Ceont; 1s given by (A-12). Solving (A-14) yields

with

U=
Iy = {UU
2y = [21U
U = [31U

The 9 submatrices in (A-24) are

—10345715.58964359
—8718318.051372554
2015939.950204016
399437.6556318913
—24905.31096108862
—35800.55466000026

1y —

—15242032.16875645
—15118040.56665488
83417.41103458252
—54983.93684446609
24173.16059043959
38582.90636791472

12

—4887031.872427874
—4941499.047028706
245556.0419178382
399437.6556318913
63613.88445322034
—35800.55466000027

2306829.070937842
2144847.933009133
—133624.0684442123
35737.81110484458
—25637.4613317378
—33018.20295208581

'u

u| .,

U

12U 13U} ,
22U 23U]
32y 33U] .

2082379.446525393  3307235.088281441
735532.0188756472  2741790.777259978

—1524827.866368344 —983976.1455636623 —
—43158.32143965364 —519234.2318691599 —
6811.53977183243 —106793.1495909436

152133.0798675295

17310.96258858512  107513.9370987938

7418881.85730664 —714626.1325372444 —
7542873.459408216 —876607.2704659516 —

83417.41103458584 —133624.0684442107
—54983.93684446609  35737.81110484459
24173.16059043946 —25637.46133173782

38582.90636791472 —33018.20295208582 —

(A-19)

(A-20)

(A-21)

(A-24)

1779483.857843914 —573458.3488636302
1572984.722444413 —549468.6618478659
256349.4856115345  124857.480980551
232117.3169278467  110619.2462357254
—12047.6264363625
75473.81712486954 —21799.07870730117

2487919.576577622  526735.0815575167
2279008.861741687  446467.3687312375
285087.9465154848 —123904.1692700929
119006.3290606252 —66762.94382223717
5884.411049279352  1202.714796797653
36944.68633179535  24329.20217522113

, (A-25)

’ (A_26)
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[ —4862855.464122241

—4843860.696208674
25103.32870481401
9623.062869810752
732.1503706491042

| —2782.351707914459

[—13451815.44146978

3507872.339619947
218994.2416099797
35737.81110484458
41120.26441236397

| —25949.18537090776

[—33997575.56210501

0.000000001818065
3810932.896666873
—0.000000000121745
—82240.52882472797

L 0.000000000011451

—13451815.44146978
—3507872.339619949
218994.24160998
—35737.81110484424
41120.26441236394
25949.18537090773

[—4862855.464122242

4843860.696208675
25103.32870481451
—9623.06286981075
732.1503706491261
2782.35170791446

[—15242032.16875646

15118040.56665488
83417.41103458381
54983.93684446609

24173.1605904395

[—10345715.58964359

8718318.051372554
2015939.950204017
—399437.6556318913
—24905.31096108862

2974445.961950317
2955451.19403675
—25103.32870481402
—9623.062869810752
—732.1503706491382
2782.35170791446

—7786586.934954012
1619462.837448024
218994.2416099799
35737.81110484461
41120.26441236395

—25949.18537090776

0.000000001862645
—5022865.897106128
—0.000000000140862

779629.1855241609
—0.000000000008285
—51898.37074181549

7786586.934954009
1619462.837448022
—218994.2416099797
35737.81110484451
—41120.26441236395
—25949.18537090775

—2974445.961950318
2955451.194036751
25103.32870481453

—9623.062869810758
732.1503706491278
2782.351707914463

—2306829.070937841
2144847.933009131
133624.0684442129
35737.81110484458
25637.46133173776

L —38582.90636791472 —33018.20295208581

4887031.872427871
—4941499.047028704
—245556.0419178376

399437.6556318913
—63613.88445322036

DISCRETE MEASUREMENTS VS.

—330672.6589096251
—311677.890996057
25103.32870481536
9623.062869810745
732.1503706491128
—2782.351707914454

144732.9741680761
—1024310.465592675
218994.2416099795
35737.8111048446
41120.26441236398
—25949.18537090776

18051711.34150867
0.000000005454197
—3270602.736477847
—0.000000000194792
271836.2528325081
0.000000000011451

144732.9741680729
1024310.465592674
218994.2416099794
—35737.81110484464
41120.26441236397
25949.18537090774

—330672.6589096229
311677.8909960556
25103.32870481453

—9623.062869810758
732.1503706491278
2782.351707914463

7418881.857306645
—7542873.45940822
83417.41103458381
54983.93684446609
24173.1605904395
—38582.90636791472

2082379.44652539
—735532.0188756455
—1524827.866368342

43158.32143965364
152133.0798675294

L 35800.55466000027 —35800.55466000026 —17310.96258858512

—687304.3788272543
—698636.0621000712
—13872.13997947222
—4124.65743734581
—702.85313809734
881.3475925931538

2825271.685150603
—1620977.27628399
180157.128684736
7756.283179347966
26521.04059910193
—14970.11744014057

—0.000000006053596
2577982.349135872
—0.000000000281725
—990754.7227620186
0.000000000020713
160547.698252526

—2825271.685150594
—1620977.276283992
—180157.1286847354

7756.28317934779
—26521.04059910202
—14970.11744014053

687304.3788272609
—698636.062100076
13872.13997947037
—4124.657437345821
702.8531380973415
881.3475925931648

714626.1325372359 —2487919.576577623 —526735.0815575151]

—876607.2704659452
133624.0684442129

FUNCTIONS

646008.0019119057
642013.5159032156
—8590.237471218481
—6872.15342758403
644.2586729937631
2920.660638049427

1954597.749948288
—737060.4452775045
102482.9028342489
—48206.77267164475
—2677.407027422099
6988.018421393717

—4797164.896054927
—0.000000000681774
462938.3860689035
0.000000000048698
—59667.92803969242
—0.000000000005326

1954597.749948289
737060.4452775029
102482.9028342491
48206.77267164487
—2677.407027422129
—6988.018421393731

646008.001911904
—642013.5159032145
—8590.237471217933

6872.153427584026
644.2586729937652
—2920.660638049421

2279008.861741689
285087.946515485

121108.1093380563 |
129851.2873251376
14866.0696474215
9277.919145036705
—461.2210803314819
—3616.248565028034

—630938.3215258291 |
368801.4470980304
47734.34243175392

—57141.22544785592

—12957.47313051308

13475.31476412066

0.000000001979060]
—987831.3894498016
—0.000000000246509

220550.8940127617

0.000000000021749

—40786.75873140126 |

630938.321525828
368801.4470980299
—47734.34243175387
—57141.2254478559
12957.47313051308
13475.31476412066

—121108.1093380565 |
129851.2873251379
—14866.06964742157
9277.91914503672
461.221080331482
—3616.248565028039 |

446467.3687312357
123904.169270093

35737.81110484459 —119006.3290606252 —66762.94382223711

25637.46133173776
—33018.20295208581

—3307235.088281438
2741790.777259975
983976.1455636612

—519234.2318691599

—6811.539771832358

5884.411049279331
36944.68633179535

1779483.857843913
—1572984.722444412
—256349.4856115345

232117.3169278467
—106793.1495909436

—1202.714796797666

24329.20217522111 |

573458.3488636292 |
—549468.6618478651
—124857.4809805508

110619.2462357253

12047.6264363625

107513.9370987938 —75473.81712486953 —21799.07870730116

’ (A_27)

, (A-28)

’ (A_29)

(A-30)

(A-31)

(A-32)

(A-33)

Thus everything is available for an integrated analysis of the 24 displacement
measurements.
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A.2 SOLUTION FOR DISCRETE MEASUREMENTS AS OBSERVATIONS

The functional model for an integrated analysis of displacement measurements
is given by (8-7) and results for this example in

5 5
Ldisp[ = Z g”j T] (ft (xdispi/ ngw ngz)) = Z guj T]'(tdiSPi)
= =
=¢ (tdispi) gu . (A_34)

As the polynomial degree pe < pu, we have to remove the last two columns of
the 9 submatrices in (A-25) — (A-33). According to (OLVER and TOWNSEND
2013), this can be done by applying the (pe + 1) X (py + 1) truncation operator
given by

10 0 0 00
01 0 0 0 O
Pp.1=|I 0| = (A-35)
g [”5“]001000
0 001 0O
Since our problem has 3 elements, the truncation operator reads
Pp.+1 0 0
P = 0 Ppe+1 0 (A_36)
0 0 Ppc+1
and the functional model (A-34) can be written as
Ldisp,- = q)(tdispi)gu
= q)(tdispi)(:U’PTe . (A—37)

Introducing (8-57) the functional model (A-37) of all observations for each
element  results in

e _¢ T
Ly, = Ay, UPTe. (A-38)
and can be combined into
"Lyiep A, 0 0 | |'U le
_ T
Ly =1 0 A, 0 | [U|P|% (A-39)
3 3
Licp 0 0 GA,] [°U e
or in short
Laisp = Ay UPTe, (A-40)

with Ay given by (A-7) and U by (A-23). Finally, Equation (A-40) can be
simplified to
Ldisp = Adisp e, (A'41)

with
Agisp = Ay UPT. (A-42)

The least squares approximation of the 24 displacement measurements accord-
ing to Section 8.1.3 and with the weight matrix (A-9) and (A-12) results in
the extended normal equation system

T T
A Adisp

T
disp Pdisp Adisp C

conti e P
Cconti 0 A

disp Ldisp] . (A_43)
0

249
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Solving (A-43) yields the unknown coefficients e of a Chebyshev series for each
element representing the inverse of elastic modulus E(x) as a C? continuous
function along the beam, which are

0.014 306 766 300 151 0.014284158 519764 0.013 057 831 082 907

0.000 080971277 957 2= 0.000103 484 603 866 and %e — —0.002246 518 605775 (A-44)
—0.000183237594773 0.000 065238 799 878 —0.001034 809 078 185

0.000 048 179 060 970 —0.000006 766 328 528 —0.000176 574984 482

These values are already listed in the first column of Table 9-4.

A.3 SOLUTION FOR FUNCTIONS AS OBSERVATIONS

The functional model for an integrated analysis of displacements as functions
is given by (8-32) and with the truncation operator (A-36) it reads

L.=A.e, (A-45)
with
lu
Lu = 2u (A—46)
3
from (A-13) and
A, =UPT. (A-47)

The least squares approximation of the displacement measurements represen-
ted as a function u according to Section 8.2.3 results in the extended normal
equation system

AI Pu Au C;ronti e — AI I:'u Lu . (A—48)
C 0 A 0

conti

According to Section 9.1, we estimate e in the following sections for 3 different
stochastic models:

e Using the coefficients u as observations and under consideration of cor-
relations = P, = A} Py Ay

e Using the coefficients u as observations and without consideration of

. _ . T
correlations = P, = diag(Aj Py A,)-

e Using the coefficients u as observations and without explicit stochastic
model = P, =L

disp

A.3.1  With correlations

First of all, we estimate e under consideration of correlations using the follow-
ing stochastic model
-
P, = Ad> Pdisp A¢ (A-49)
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and with (A-7) and (A-9) the stochastic model (A-49) can be written as

with

8 —0.695652173913043 —2.162570888468808
—0.695652173913043  2.918714555765596 —0.806114900961617
—2.162570888468808 —0.806114900961617  4.042552735303262
—0.916577628010191 —1.038732708931141 —0.986948023124311

0.085105470606525 —1.097410750172885 —0.696108765895277
| —1.278243872335579  0.427729413642389 —1.228413060553586

8 0 —2.283553875236295
0 2.858223062381852 0
—2.283553875236295 0 3.763994554050336
0 —1.377782383567812 0
—0.472010891899328 0 —1.482283096904966
0 —0.576511605236483 0

2P:

8 0.695652173913045
0.695652173913045  2.918714555765596
—2.162570888468808  0.806114900961618

—2.162570888468808
0.806114900961618

3P _ 4.042552735303264

0 ,

—0.916577628010191
—1.038732708931141
—0.986948023124311

4.385176678339127
—1.117950333505012
—0.374453822727150

0
—1.377782383567812
0

3.659493840713180

0
—1.788829156182099

0.916577628010190
—1.038732708931140
0.986948023124311

0.085105470606525 —1.278243872335579 |
—1.097410750172885  0.427729413642389
—0.696108765895277 —1.228413060553586
—1.117950333505012 —0.374453822727150
4.706831621507255 —0.992718837868885
—0.992718837868885  4.922067160516348 |

—0.472010891899328 0]
0 —0.576511605236483
—1.482283096904966 0
0 —1.788829156182099
3.352947781436048 0

0 3.207736240291689 |

1.278243872335575 |
0.427729413642388
1.228413060553588

0.085105470606528
1.097410750172883
—0.696108765895281

0.916577628010190 —1.038732708931140
0.085105470606528  1.097410750172883
1.278243872335575  0.427729413642388

0.986948023124311
—0.696108765895281
1.228413060553588

4.385176678339123
1.117950333505014
—0.374453822727146

1.117950333505014
4.706831621507259
0.992718837868888

Solving (A-48) under consideration of correlations between the observations
u by the stochastic model (A-49), yields the unknown coefficients e

0.014 306766 300212 0.014 284 158519 764
1 0.000080971277841| » 0.000 103 484 603 859 3
e , e = and “e =
—0.000 183237 594 699

0.000 065238799 878
0.000 048179 060 954 —0.000 006 766 328 524

0.013057 831 082 851
—0.002 246 518 605 880
—0.001 034 809 078 253
—0.000176 574984 498

These values are already listed in the second column of Table 9-4.

A.3.2  Without correlations

Now we estimate e without consideration of correlations between the observa-
tions u. The stochastic model (A-50) simplifies to

0 | =diag(A{ Py Ay), (A-55)

—0.374453822727146
0.992718837868888
4.922067160516345 |

, (A-51)

, (A-52)

(A-53)

(A-54)
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with
(8 0 0 0 0 0]
0 2.918714555765596 0 0 0 0
p, = 0 0 4.042552735303262 0 0 o (A-56)
0 0 0 4.385176678339127 0 0
0 0 0 0 4.706831621507255 0
0 0 0 0 0 4.922067160516348 |
(8 0 0 0 0 0]
0 2.858223062381852 0 0 0 0
2p — 0 0 3.763994554050336 0 0 o (A-57)
0 0 0 3.659493840713180 0 0
0 0 0 0 3.352947781436048 0
0 0 0 0 0 3.207736240291689 |
(8 0 0 0 0 0]
0 2.918714555765596 0 0 0 0
p, — 0 0 4.042552735303264 0 0 0 (A-58)
0 0 0 4.385176678339123 0 0
0 0 0 0 4.706831621507259 0
0 0 0 0 0 4.922067160516345 |

Solving (A-48) without consideration of correlations between the observations
u by the stochastic model (A-55), yields the unknown coefficients e

0.014172412374 338 0.014286 234410083 0.013176983 814 449
0.000318308581172| 0.000 143 530 605 680 3 —0.002018 366 780776
, ‘e = and e = (A-59)
—0.000354 862279 467 0.000 062 758 301 860 —0.000 855944 393 495
0.000 090003 822 607 —0.000 020400392 386 —0.000132716723 507
These values are already listed in the third column of Table 9-4.
A.3.3  Without explicit stochastic model
Lastly, we estimate E without explicit stochastic model, which reads
P, =1. (A-60)

Solving (A-48) without explicit stochastic model for the observations u by
(A-60), yields the unknown coefficients e

0.014 343935390 659 0.014 279231576 483 0.012944 001 628 930
0.000016728279048| » 0.000114 461 350 024 3 —0.002498 454 983 944

, ‘e = and e = (A-61)
—0.000158 897 874 031 0.000076 174 257 866 —0.001182342165776
0.000 043401985193 —0.000004 223 296 544 —0.000205 529 440730

These values are already listed in the fourth column of Table 9-4.



DAMAGE SNIFFER

The measurements for the example in Section 10.1.5 are based on the true
solution of (7-5) for the huge damage (9-2). The 30 equidistant displacement
measurements of high precision are given in Table B-1.

Table B-1: 30 equidistant dis-

i Xi Laisp;
placement measurements of
[m] [nm] high precision for damage
1 0.000 000000000000 —-0.1 according to (9-2).
2 0.250344 827586207 —104.3
3  0.500689655172414 —202.6
4 0.751034482758621 —301.8
5 1.001379310344828 —397.3
6 1.251724137931034 —488.6
7 1.502068965517242  —575.2
8 1.752413793103448 —653.4
9 2.002758620689655 —726.0
10 2.253103448275862 —789.5
11  2.503448275862069 —841.8
12 2.753793103448276  —885.4
13 3.004137931034483 —9194
14 3.254482758620690  —940.8
15 3.504827586206897 —954.1
16 3.755172413793103 —952.3
17 4.005517241379311 —939.8
18  4.255862068965517 —918.4
19 4506206896551724  —884.9
20 4.756551724137931 —844.7
21  5.006896551724138 —788.7
22 5257241379310345 7264
23 5.507586206896551  —653.7
24 5757931034482758 —574.9
25 6.008275862068966  —489.4
26  6.258620689655173  —396.8
27  6.508965517241379  —302.1
28  6.759310344 827585 —2044
29  7.009655172413793 —102.8
30  7.260000 000 000 000 —-0.3
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EXPERIMENTAL STUDIES

The resulting 31 displacement measurements for each of the 31 bending tests
are listed in Table C-1 — C-6.

i Xdisp; Displacements in [mm)]
[m] up u up uz
1 0.02309 —0.0229 —0.0523 0.0877  —0.1202
2 0068709 —0.0480 —0.1039 —0.1657 —0.2457
3 0176352 —0.1058 —0.2210 —0.3385 —0.5332
4 021281 —0.1227 —02569 —0.3916 —0.6280
5 0278871 —0.1552 —0.3230 —0.4899 —0.7885
6 0314151 —0.1702 —0.353¢ —0.5350 —0.8683
7 0417935 —0.2144 —0.4423 —0.6609 —1.0827
8 0447853 —0.2220 —-04612 —-0.6912 —1.1344
9 0527959 —-0.2463 —0.5110 —0.7635 —1.2536
10 0559127 —0.2556 —0.5291 —0.7864 —1.2944
11 0.643514 —0.2673 —0.5558 —0.8261 —1.3639
12 0676329 —0.2732 —05649 —0.8378 —1.3823
13 0.747849 —-0.2747 —-05701 —0.8420 —1.3940
14 0.781092 —0.2723 —-0.5670 —0.8392 —1.3888
15 0.842090 —0.2668 —0.5567 —0.8226 —1.3620
16 0873664 —0.2616 —0.5483 —0.8080 —1.3380
17 0931494 —0.2505 —0.5259 —0.7715 —1.2791
18 0964512 —0.2416 —0.5084 —0.7453 —1.2361
19 1.055018 —0.2139 —0.4540 —0.6572 —1.0929
20 1.087295 —0.2004 —0.4278 —0.6202 —1.0301
21 1121913 —-0.1871 —0.4024 —-0.5790 —0.9631
22 1153746 —0.1741 —0.3749 —-0.5359 —0.8940
23 1197998 —0.1534 —0.3357 —0.4760 —0.7925
24 1226644 —0.1393 —0.3080 —0.4335 —0.7250
25 1262643 —0.1215 —0.2739 —0.3815 —0.6355
26 1291306 —0.1072 —0.2448 —0.3377 —0.5632
27 1331778 —0.0863 —0.2028 —0.2742 —0.4576
28 1.361852 —0.0698 —0.1710 —0.2259 —0.3766
29 1394834 —-0.0517 —-0.1353 —-0.1723 —0.2881
30 1.425921 —0.0341 —0.1012 —0.1202 —0.2027
31 1459129 —0.0162 —0.0644 —0.0651 —0.1100

255

Table C-1: 31 displacements
of the bending test exp with
undamaged beam. Measure-
ments in red are detected as
outliers. The set of displace-
ments uy and us are excluded
since both refer to a six-point
bending test, which is not
considered in this thesis.
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Table C-2: 31 displacements

of the bending test exp4mm
with damaged beam. Measure-
ments in red are detected as
outliers.

EXPERIMENTAL STUDIES

i Xdisp; Displacements in [mm)]
[m] ue uy ug uy uyg uy
1 0.023096 —0.1542 —0.0281 —0.0585 0.0037 —0.0468 —0.1258
2 0068709 —-0.2778 —0.0527 —0.1080 —0.0207 —0.0958 —0.2503
3 0176352 —-0.5611 —0.1132 —0.2251 —-0.0778 —0.2117 —0.5379
4 0212851 —0.6543 —0.1306 —0.2581 —0.0963 —0.2471 —0.6272
5 0278871 —0.8132 —0.1626 —0.3223 —0.1269 —0.3092 —0.7901
6 0314151 —-0.8919 —-0.1794 —0.3535 —0.1431 —0.3410 —0.8690
7 0417935 —1.1039 —0.2222 —-0.4397 —0.1846 —04275 —1.0783
8 0447853 —1.1545 —0.2343 —0.4592 —-0.1960 —0.4499 —1.1350
9 0527959 —1.2728 —-0.2592 —-0.5074 —0.2203 —0.4959 —1.2499
10 0559127 —-1.3130 —0.2667 —0.5230 —0.2266 —0.5124 —1.2889
11 0.643514 —1.3793 —0.2805 —0.5482 —0.2403 —0.5374 —1.3549
12 0676329 —1.3977 —0.2854 —0.5576 —0.2450 —0.5481 —1.3758
13 0747849 —1.4067 —0.2872 —0.5606 —0.2477 —0.5552  —1.3907
14 0781092 —1.4018 —-0.2875 —0.5577 —0.2461 —0.5474 —1.3793
15 0.842090 —1.3728 —0.2823 —0.5458 —0.2408 —0.5387 —1.3530
16 0873664 —1.3479 —0.2776 —0.5344 —0.2346 —0.5261 —1.3253
17 0931494 —-1.2879 —0.2667 —0.5127 —0.2248 —-0.5056 —1.2677
18 0964512 —1.2457 —0.2584 —0.4945 —0.2158 —0.4871 —1.2251
19 1.055018 —1.1003 —0.2313 —04376 —0.1879 —0.4314 —1.0808
20 1.087295 —1.0374 —0.2175 —-0.4099 —-0.1736 —0.4035 —1.0178
21 1121913 —-09694 —0.2041 —-0.3823 —0.1600 —0.3771 —0.9495
22 1153746 —0.8976 —0.1904 —0.3552 —0.1467 —0.3495 —0.8793
23 1197998 —0.7965 —0.1703 —-0.3133 —-0.1259 —0.3081 —0.7778
24 1226644 —0.7268 —0.1575 —0.2858 —0.1129 —0.2809 —0.7095
25 1262643 —0.6383 —0.1395 —0.2496 —0.0949 —0.2447 —0.6198
26 1291306 —0.5644 —0.1257 —0.2204 —0.0803 —0.2156 —0.5470
27 1331778 —0.4581 —0.1047 —-0.1772 —-0.0587 —0.1722 —0.4420
28 1361852 —0.3748 —0.0891 —0.1459 —0.0435 —0.1407 —0.3621
29 1394834 —-0.2876 —0.0695 —0.1085 —0.0261 —0.1042 —0.2722
30 1.425921 —0.1987 —0.0543 —0.0744 —-0.0079 —0.0698 —0.1861
31 1459129 —0.1094 0.0323  —0.0376 0.0097 —0.0333 —0.0970



EXPERIMENTAL STUDIES

i Xdisp; Displacements in [mm)]
[m] up u3 Uiy uis5 Ui
1 0.023096 —0.1265 —0.0871 —0.0273 —0.0267 —0.0090
2 0068709 —0.2509 —0.1613 —0.0522 —0.0515 —0.0340
3 0176352 —-0.5389 —0.3353 —0.1111 —-0.1097 —0.0911
4 021281 —0.6285 —0.3885 —0.1282 —0.1267 —0.1094
5 0278871 —0.7908 —0.4832 —0.1605 —0.1595 —0.1396
6 0314151 —-0.8700 —0.5295 —0.1758 —0.1740 —0.1549
7 0417935 —1.0809 —0.6588 —0.2189 —0.2174 —0.1979
8 0447853 —1.1360 —0.6884 —0.2279 —0.2268 —0.2061
9 0527959 —1.2527 —-0.7616 —0.2518 —0.2501 —0.2301
10 0559127 —1.2933 —0.7845 —0.2603 —0.2581 —0.2381
11  0.643514 —1.3590 —0.8247 —0.2739 —0.2707 —0.2500
12 0.676329 —1.3787 —0.8346 —0.2773 —0.2746 —0.2536
13 0.747849 —-1.3879 —0.8374 —0.2821 —0.2788 —0.2564
14 0781092 —1.3842 —0.8393 —0.2779 —0.2740 —0.2546
15 0.842090 —-1.3526 —0.8189 —0.2731 —0.2696 —0.2480
16 0873664 —1.3286 —0.8053 —0.2674 —0.2634 —0.2431
17 0931494 —-1.2716 —0.7704 —0.2567 —0.2528 —0.2312
18 0964512 —1.2289 —0.7441 —0.2463 —0.2419 —0.2216
19 1.055018 —1.0847 —0.6578 —0.2176 —0.2140 —0.1912
20 1.087295 —1.0218 —0.6192 —0.2037 —0.2007 —0.1791
21 1121913 —-09524 —-0.5772 —0.1906 —0.1869 —0.1649
22 1153746 —0.8824 —0.5357 —-0.1765 —0.1725 —0.1509
23 1197998 —-0.7796 —0.4736 —0.1563 —0.1531 —0.1304
24 1.226644 —0.7113 —-0.4317 —0.1414 —0.1384 —0.1149
25 1.262643 —0.6216 —0.3786 —0.1243 —0.1211 —0.0978
26 1291306 —0.5482 —0.3349 —0.1090 —0.1063 —0.0827
27 1331778 —0.4418 —0.2695 —0.0881 —0.0852 —0.0607
28 1361852 —0.3615 —0.2221 —-0.0716 —0.0692 —0.0447
29 1394834 —-0.2711 —-0.1670 —0.0533 —0.0509 —0.0261
30 1.425921 —-0.1842 —0.1150 —0.0350 —0.0335 —0.0078
31 1459129 —-0.0933 —0.0606 —0.0166 —0.0147 0.0109
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Table C-3: 31 displacements
of the bending tests exp8mm
and explOmm with damaged
beam. Sets ujp; — uy5 are re-
ferring to exp8mm and ujg to
explOmm. Measurements in
red are detected as outliers.
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Table C-4: 31 displacements of
the bending tests exp3L and
exp3L2 with damaged beam.
Set uyy refers to exp3L and
ujg— upg to exp3L2. Measure-
ments in red are detected as
outliers.

EXPERIMENTAL STUDIES

i Xdisp; Displacements in [mm)]
[m] w7 ug uyg uy
1 0.023096 —0.0469 —0.0056 —0.0366 —0.0601
2 0068709 —0.0711 —0.0292 —0.0846 —0.1335
3 0176352 —0.1304 —0.0852 —0.2003 —0.3068
4 0212851 —0.1470 —0.1031 —0.2356 —0.3587
5 0278871 —0.1805 —0.1329 —0.2985 —0.4564
6 0314151 —-0.1951 —0.1491 —0.3298 —0.5023
7 0417935 —0.2413 —-0.1895 —0.4161 —0.6301
8 0447853 —0.2518 —0.2005 —0.4370 —0.6642
9 0527959 —-0.2752 —0.2227 —0.4837 —0.7341
10 0559127 —0.2815 —0.2284 —0.4976 —0.7559
11 0.643514 —0.2950 —0.2415 —0.5247 —0.7969
12 0676329 —0.3002 —0.2448 —0.5333 —0.8067
13 0.747849  —0.3090 —0.2496 —0.5408 —0.8186
14 0.781092 —0.2988 —0.2441 —0.5341 —0.8104
15  0.842090 —0.2959 —0.2415 —0.5253 —0.7977
16 0.873664 —0.2891 0.2318 0.5103  —0.7780
17 0931494 —-0.2781 —0.2233 —0.4912 —0.7459
18 0964512 —0.2683 —0.2146 —04730 —0.7191
19 1.055018 —0.2380 —0.1869 —0.4168 —0.6330
20 1.087295 —0.2250 —0.1722 —-0.3897 —0.5950
21 1121913 —0.2099 —-0.1592 —0.3621 —0.5522
22 1153746 —0.1949 —0.1456 —0.3342 —0.5096
23 1197998 —0.1735 —0.1257 —0.2932  —0.4485
24 1226644 —0.1588 —0.1123 —0.2650 —0.4058
25 1.262643 —0.1406 —0.0948 —0.2288 —0.3516
26 1291306 —0.1251 —0.0806 —0.1991 —0.3078
27 1331778 —0.1018 —0.0599 —0.1559 —0.2429
28 1361852 —0.0859 —0.0448 —0.1240 —0.1945
29 1394834 —-0.0671 —0.0270 —0.0863 —0.1386
30 1.425921 —0.0486 —0.0100 —0.0513 —0.0862
31 1459129 —0.0299 0.0075 —0.0141 —0.0304



EXPERIMENTAL STUDIES

i Xdisp; Displacements in [mm)]
[m] uy uy uy3 uyy ups
1 0.023096 —0.0313 —0.0633 —0.0942 —0.1240 —0.0574
2 0068709 —0.0554 —0.1130 —0.1683 —0.2217 —0.1083
3 0176352 —0.1126 —0.2281 —0.3422 —0.4560 —0.2251
4 021281 —-0.1318 —-0.2630 —0.3955 —0.5178 —0.2617
5 0278871 —0.1615 —0.3257 —0.4914 —0.6608 —0.3255
6 0314151 —-0.1778 —-0.3573 —0.5374 —0.7210 —0.3585
7 0417935 —0.2201 —0.4440 —0.6650 —0.8828 —0.4476
8 0447853 —0.2305 —04625 —0.6967 —0.9424 —0.4699
9 0527959 —-0.2546 —-0.5126 —0.7696 —1.0280 —0.5195
10 0559127 —-0.2612 —-0.5277 —0.7925 —1.0587 —0.5376
11 0.643514 —0.2753 —0.5531 —0.8325 —1.1124 —0.5639
12 0.676329 —0.2809 —0.5648 —0.8454 —1.1367 —0.5744
13 0.747849 —-0.2775 —0.5651 —0.8455 —1.1245 —0.5791
14 0781092 —0.2800 —0.5640 —0.8482 —1.1438 —0.5763
15 0.842090 —0.2737 —0.5498 —0.8271 —1.1057 —0.5684
16 0873664 —0.2679 —0.5394 —0.8135 —1.0901 —0.5578
17 0931494 —-0.2564 —05177 —0.7784 —1.0452 —0.5378
18 0964512 —0.2482 —0.5002 —0.7516 —1.0118 —0.5207
19 1.055018 —0.2202 —0.4441 —0.6646 —0.8960 —0.4673
20 1.087295 —0.2047 —0.4166 —0.6271 —0.8451 —0.4427
21 1121913 —0.1924 —0.3892 —0.5847 —0.7913 —0.4131
22 1153746 —0.1779 —0.3613 —0.5416 —0.7341 —0.3840
23 1197998 —0.1563 —0.3190 —0.4793 —0.6508 —0.3408
24 1.226644 —0.1428 —0.2913 —0.4369 —0.5946 —0.3100
25  1.262643 —0.1239 —0.2548 —0.3830 —0.5228 —0.2718
26 1291306 —0.1092 —0.2250 —0.3385 —0.4630 —0.2416
27 1331778 —0.0867 —0.1817 —0.2733 —-0.3777 —0.1959
28 1361852 —0.0705 —0.1492 —-0.2248 —-0.3135 —0.1616
29 1394834 —0.0518 —0.1122 —-0.1693 —0.2396 —0.1234
30 1.425921 —-0.0348 —-0.0773 —0.1170 —0.1698 —0.0865
31 1459129 —-0.0153 —0.0393 —0.0607 —0.0974 —0.0476
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Table C-5: 31 displacements of
the bending tests exp_Y and
exp_K with damaged beam.
Sets up;— upy are referring

to exp_Y and ups to exp_K.
Due to the large damage, no
outliers could be detected
reliably.
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Table C-6: 31 displacements
of the bending test exp_Z
with damaged beam. Due to
the large damage, no outliers
could be detected reliably.

EXPERIMENTAL STUDIES

i Xdisp; Displacements in [mm)]
[m] uz6 uyy us uyg uzg ug
1 0.023096 —0.0673 0.0041 —-0.0079 —0.0293 —0.0535 —0.0778
2 0068709 —0.1470 —0.0220 —0.0612 —0.1084 —0.1589 —0.2103
3 0176352 —0.3344 —0.0821 —0.1839 —0.2938 —0.4055 —0.5180
4 0212851 —-0.3917 —0.1010 —0.2206 —0.3501 —0.4802 —0.6134
5 0278871 —0.4962 —0.1338 —0.2891 —0.4538 —0.6208 —0.7883
6 0314151 —-0.5474 —-0.1512 —0.3230 —0.5032 —0.6881 —0.8734
7 0417935 —0.6893 —0.1961 —04174 —0.6433 —0.8712 —1.1043
8 0447853 —0.7235 —0.2080 —0.4381 —-0.6776 —0.9198 —1.1616
9 0527959 —-0.8050 —0.2341 —0.4922 —-0.7583 —1.0254 —1.2957
10 0559127 —-0.8326 —0.2444 —-0.5116 —0.7857 —1.0625 —1.3401
11 0.643514 —0.8819 —0.2564 —0.5409 —0.8329 —1.1254 —1.4231
12 0676329 —0.8978 —0.2625 —0.5522 —0.8478 —1.1472 —1.4476
13 0747849 —09115 —-0.2659 —0.5610 —0.8622 —1.1653 —1.4730
14 0781092 —09133 —-0.2661 —0.5608 —0.8633 —1.1664 —1.4737
15 0.842090 —0.9045 —-0.2621 —0.5534 —0.8525 —1.1533 —1.4564
16 0873664 —0.8914 —0.2555 —0.5437 —0.8393 —1.1349 —1.4360
17 0931494 —-0.8656 —0.2469 —0.5273 —0.8124 —-1.0996 —1.3901
18 0964512 —0.8445 —0.2397 —-05114 —-0.7898 —1.0703 —1.3532
19 1.055018 —0.7673 —0.2144 —04607 —0.7128 —0.9683 —1.2250
20 1.087295 —0.7357 —0.2011 —0.4378 —0.6796 —0.9228 —1.1701
21 1121913 —0.6895 —0.1859 —0.4067 —0.6338 —0.8634 —1.0939
22 1153746 —0.6351 —0.1684 —0.3709 —-0.5794 —0.7914 —1.0050
23 1197998 —0.5579 —0.1408 —0.3187 —0.5017 —0.6866 —0.8741
24 1226644 —05060 —0.1239 —0.2832 —0.4490 —0.6181 —0.7887
25 1262643 —04396 —0.1016 —0.2390 —0.3828 —0.5290 —0.6759
26 1291306 —0.3849 —0.0825 —0.2021 —0.3275 —0.4552 —0.5839
27 1331778 —0.3063 —0.0555 —0.1489 —0.2480 —0.3501 —0.4528
28 1361852 —0.2475 —0.0357 —0.1095 —0.1889 —0.2717 —0.3541
29 1394834 —0.1810 —0.0132 —0.0648 —0.1224 —0.1830 —0.2436
30 1.425921 —0.1178 0.0081 —0.0230 —0.0592 —0.0987 —0.1377
31 1459129 —0.0517 0.0304 0.0218 0.0084 —0.0102 —0.0265



