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Abstract

In 2015, the International Association of Geodesy (IAG) introduced the International Height Reference
System (IHRS) as the global standard for the determination of physical heights. At present, its
realization relies on precise regional gravity eld modeling, since high-resolution terrestrial, airborne,
and shipborne gravity data are only available in speci c regions. These data sets allow for a regional
gravity eld re nement through a combination with medium-resolution satellite altimetry data and
low-resolution satellite gravimetry data. A proper combination of these heterogeneous data sets is
the key to obtaining a high-resolution and high-precision regional gravity model. Consequently, this
thesis aims at studying and developing different procedures for regional geoid modeling based on the
combination of data from various observation techniques.

Spherical radial basis functions (SRBFs) are used for the representation of the gravity eld and its
functionals. Four properties in the SRBF setup in uence the modeling accuracy, namely the bandwidth,
the location, and the type of the SRBFs, as well as the extension of the data zone for reducing edge
effects. These properties are discussed and speci ed in this work. Two groups of SRBFs are considered,
namely the Shannon function, as well as the Blackman and the Cubic Polynomial (CuP) functions, both
characterized by smoothing features. An SRBF with smoothing features serves further as a low-pass
Iter, e.g., for reducing the high-frequency noise in the gravity data.

For the determination of the unknown gravity eld parameters, the data sets of the measured gravity
functionals have to be combined. However, in case of a least-squares adjustment, the system is almost
always ill-posed, and regularization is inevitable. As the conventional regularization methods cannot
be applied if the relative weight factors of different observation groups are unknown, and the variance
component estimation (VCE) might deliver unreliable regularization results, an extended approach is
proposed in this work. It combines VCE for estimating the relative weights between the different data
sets and the L-curve method for determining the regularization parameter.

The derived procedures and strategies are then applied for the regional (quasi-) geoid modeling in
Colorado, USA. The computation is carried out in the frame of the "1 cm geoid experiment", which
was initiated by the IAG in 2017 to test the possibility of reaching an accuracy of 1 cm in regional
geoid modeling for the realization of the IHRS. Due to the high elevation and the rugged terrain
of this study area, the modeling procedure is further adapted to consider the topographic effect.
High-resolution terrestrial and airborne gravity measurements are combined along with a global
gravity model (GGM) and topography models. It has to be stated that the nal (quasi-) geoid model
bene ts from all types of data sets. The modeling results are validated using both the mean solution
delivered by fourteen institutes worldwide with different modeling approaches and GNSS/leveling
data. The comparison results show that the SRBF-based quasi-geoid model delivers one of the smallest
standard deviations among all the participating groups w.r.t. the validation data, which proves the
validity of the developed modeling procedures based on the SRBFs.

Different types of gravity measurements vary not only in their spatial resolution but also in their
spectral sensitivity. It has been suspected that the single-level SRBF approach could be biased
towards the high-resolution measurements and cannot extract the full information from measurements
with medium to low resolution. To take into consideration the spectral sensitivities of different
data types, a spectral combination based on SRBFs is implemented through the multi-resolution
representation (MRR). The spectral domain is discretized into different resolution levels, and each type



of gravity observations is introduced to the estimation procedure at the level of its highest sensitivity.
Furthermore, the resolution levels are connected by the pyramid algorithm, and its application based
on sequential parameter estimation for regional gravity eld modeling is realized in this thesis.
The bene ts of applying the MRR based on the pyramid algorithm are demonstrated by numerical
investigations based on both simulated and real gravity measurements.



Kurzfassung

Im Jahr 2015 f hrte die "International Association of Geodesy" (IAG) das Internationale H henref-
erenzsystem (IHRS) als globalen Standard f r die Bestimmung physikalischer H hen ein. Dessen
Realisierung basiert derzeit auf einer pr zisen regionalen Schwerefeldmodellierung, falls in diesen
Regionen hochaufgel ste terrestrische Messungen und/oder Daten der Flug- und Schiffsgravimetrie
vorliegen. Diese Datens tze erm glichen eine Verfeinerung des regionalen Schwerefeldes durch
eine Kombination mit Satellitenaltimetriedaten mittlerer Au sung und Satellitengravimetriedaten
niedriger Au sung. Voraussetzung fr die Erstellung eines hochaufgel sten und hochpr zisen re-
gionalen Schwerefeldmodells ist dabei eine geeignete Kombination dieser heterogenen Datens tze. Ziel
dieser Arbeit ist es daher, verschiedene Verfahren zur regionalen Geoidmodellierung zu entwickeln
und anzuwenden, die auf der Kombination von Daten verschiedener Beobachtungstechniken basieren.

Dabei werden fr die Darstellung des Schwerefeldes und seiner Funktionale sph rische radiale
Basisfunktionen (SRBFs) verwendet. Vier Eigenschaften des SRBF-Setups beein ussen die Model-
lierungsgenauigkeit, n mlich die Bandbreite, der Ort und der Typ der SRBFs sowie die Ausdehnung
der Datenzone. Letztere reduziert dabei die Randeffekte. Es werden zwei Gruppen von SRBFs
betrachtet, n mlich die nicht gl ttende Shannon-Funktion sowie die Blackman- und die Cubic Poly-
nomial (CuP)-Funktionen, die beide durch Gl ttungsmerkmale gekennzeichnet sind. SRBFs mit
Gl ttungsmerkmalen dienen weiterhin als Tiefpass lter, z.B. zur Reduzierung des hochfrequenten
Rauschens in Schwerefelddaten.

Zur Bestimmung der unbekannten Schwerefeldparameter m ssen die beobachteten Datens tze der
Schwerefunktionale kombiniert werden. Im Falle einer Sch tzung nach der Methode der kleinsten
Quadrate ist das Normalgleichungssystem jedoch fast immer schlecht gestellt, sodass eine Regu-
larisierung unumg nglich ist. Da die konventionellen Regularisierungsmethoden nicht angewandt
werden k nnen, wenn die relativen Gewichtungsfaktoren der verschiedenen Beobachtungsgruppen
unbekannt sind und die Varianzkomponentensch tzung (VCE) m glicherweise unzuverl ssige Regu-
larisierungsergebnisse liefert, wird in dieser Arbeit ein erweiterter Ansatz vorgeschlagen, der die VCE
zur Sch tzung der relativen Gewichte zwischen den verschiedenen Datens tzen mit der Methode der
L-Kurve zur Bestimmung der Regularisierungsparameter kombiniert.

Die abgeleiteten Verfahren und Strategien werden dann f r die regionale (Quasi-)Geoidmodellierung
in Colorado, USA, angewendet. Die Berechnung erfolgt im Rahmen des "1-cm-Geoid-Experiments”,
das 2017 von der IAG initiiert wurde, um die M glichkeit zu testen, eine Genauigkeit von 1 cm bei
der regionalen Geoid Modellierung fr die Realisierung des IHRS zu erreichen. Aufgrund der gro en

H he und des zerkl fteten Gel ndes dieses Untersuchungsgebiets wird das Modellierungsverfahren
weiter angepasst, um den topogra schen Effekt zu ber cksichtigen. Dabei werden die hochaufgel sten
terrestrische Messungen und die Daten der Fluggravimetrie mit einem globalen Schwerfeldmodell
(GGM) sowie Topographiemodellen kombiniert. Dabei | sst sich feststellen, dass das nale (Quasi-
)Geoidmodell von allen Datens tzen pro tiert. Anschlie end wird dieses Ergebnis sowohl mit der
mittleren L sung aller brigen 14 Einzell sungen, die mittels unterschiedlicher Modellierungsans tze
berechnet wurden, als auch mit GNSS-/Levellingsdaten verglichen. Dabei zeigt sich, dass das SRBF-
basierte (Quasi-)Geoidmodell mit die kleinsten Abweichungen unter allen teilnehmenden Gruppen
gegen ber den Validierungsdaten aufweist, was die Qualit t des entwickelten Ansatzes belegt.

Die Messungen der verwendeten verschiedenen Schwerefeldtechniken unterscheiden sich nicht nur
in ihrer r umlichen Au sung, sondern auch in ihrer spektralen Emp ndlichkeit. Der einstu ge



SRBF-Ansatz ist auf die hochaufgel sten, hochfrequenten Messungen ausgerichtet und nicht die
gesamte Information aus Messungen mit mittlerer oder geringer Au sung extrahieren kann. Daher
wurde in dieser Arbeit die spektrale Kombination als Multi-Resolutions-Darstellung (Multi-Resolution-
Representation, MRR) realisiert. Bei diesem Vorgang wird der Spektralbereich in verschiedene
Au sungsbereiche, die sogenannten Levels, unterteilt. Aufgrund der spektralen Au sung wird jede
verwendete Schwerefeldtechnik in das Sch tzverfahren auf dem Level ihrer h chsten Emp ndlichkeit
eingef hrt. Dar ber hinaus werden die Levels mathematisch durch den sogenannten pyramidalen Al-
gorithmus verbunden, der in dieser Arbeit durch eine sequentielle Parametersch tzung realisiert wird.
Die Vorteile dieser Vorgehensweise werden durch numerische Untersuchungen mittels simulierter und
realer Schwerefeldmessungen aufgezeigt und diskutiert.



Preface

This cumulative dissertation is based on the following three rst-author papers:

P-lI Liu, Q., Schmidt, M., Pail, R., and Willberg, M. (2020a). Determination of the regularization
parameter to combine heterogeneous observations in regional gravity eld modeling. Remote
Sensing 12(10), 1617. https://doi.org/10.3390/rs12101617

P-ll Liu, Q., Schmidt, M., S/Enchez, L., and Willberg, M. (2020b). Regional gravity eld re nement
for (quasi-) geoid determination based on spherical radial basis functions in Colorado. Journal
of Geodesyd4, 99. https://doi.org/10.1007/s00190-020-01431-2

P-1ll Liu, Q., Schmidt, M., and S/Anchez, L. (2022). Combination of different observation types through
a multi-resolution representation of the regional gravity eld using the pyramid algorithm and
parameter estimation. Journal of Geodes96, 80. https://doi.org/10.1007/s00190-022-01670-5

These publications are cited within this dissertation using the letter P (for "publication”) and a Roman
number (for the chronological order).

The main body of this thesis starts with an introduction to the topic of regional gravity eld modeling
based on various types of observations. The fundamental theory and different gravity observation
techniques are introduced. The applied modeling methods and procedures are explained, and the
setting up of the estimation model is demonstrated. Numerical modeling results in different study
areas are also discussed. In the end, conclusions and an outlook for future work are provided.

In the appendix, the three original publications are included along with a declaration of the author’s
contribution for each.

Besides the three rst-author publications, the following two co-author publications supplement this
dissertation:

CP-I S&nchez, L., “gren, J., Huang, J., Wang, Y., Mkinen, J., Pail, R., Barzaghi, R., Vergos, G.,
Ahlgren, K., and Liu, Q. (2021). Strategy for the realisation of the International height Reference
System (IHRS). Journal of Geodes95, 33. https://doi.org/10.1007/s00190-021-01481-0

CP-Il Wang, Y., S&Enchez, L., gren, J., Huang, J., Forsberg, R., Abd-Elmotaal, H., Barzaghi, R., Bia,
T., Carrion, D., Claessens, S., Erol, B., Erol, S., Filmer, M., Grigoriadis, V., Isik, M., Jiang, T., Ko,
., Li, X., Ahlgren, K., Krcmaric, J., Liu, Q., Matsuo, K., Natsiopoulos, D., NovAEk, P., Pail, R.,
PitonZ&k, M., Schmidt, M., Varga, M., Vergos, G., V@ronneau, M., Willberg, M., Zingerle, P. (2021).
Colorado geoid computation experiment Overview and Summary. Journal of Geodes95, 127.
https://doi.org/10.1007/s00190-021-01567-9

These two publications are cited using the usual citation style in this thesis. A short summary as well
as the author’s contribution are provided for each co-author publication in the Appendix.
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1 Introduction

1.1 Motivation

In 2003, a height difference of 54 cm was found when the two sides of a bridge (Laufenburg bridge)
between Germany and Switzerland over the Rhine river were going to connect in the middle. How
did this happen? What is the height of Mount Everest, and why did it vary between measurements
from different countries? Is it possible that a river ows from a lower to a larger height value?

level B

Figure 1.1: What happens when different height reference systems are used at the two sides of a bridge

One answer to all these questions is the usage of different local height reference systems in different
countries, which all refer to local levels. As an example, the physical height ( H in Fig. 1.1) in Germany
and Switzerland refers to the sea level of the North Sea from the tide gauge in Amsterdam and
the fundamental station Geneva, which is tightly linked to the tide gauge in Marseille, respectively.
They differ 27 cm from each other. Instead of eliminating the difference caused by the local vertical
datum before the construction of the bridge, it was doubled by mistake in the calculation. At present,
hundreds of local height systems exist (lhde et al., 2017), and the discrepancies between them can
reach more than 2 m. There is a rapidly increasing need for the establishment of a global physical
height reference system.

The de nition and uni cation of physical height systems is an essential geodetic application of the
Earth’s gravity eld. For both scienti ¢ and practical reasons, it is desirable to establish an accurate,
consistent, and well-de ned global height reference system (SAnchez et al., 2021). The general case
for the realization and uni cation of height reference systems is the combination of the Global
Navigation Satellite Systems (GNSS) positioning, which can reach an accuracy of a few millimeters,
and the (quasi-) geoid modeling (lhde et al., 2017). In 2015, the International Association of Geodesy
(IAG) introduced the International Height Reference System (IHRS) as the conventional reference
for the determination of physical heights worldwide (Drewes et al., 2016). The IHRS is a gravity
potential based reference system (lhde et al., 2017), and the determination of potential values as
IHRS coordinates can be performed following the strategies applied for the (quasi-) geoid modeling.
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Therefore, a high-resolution and high-precision (quasi-) geoid model is the key for the realization of
the IHRS.

Observations from satellite missions, such as
the CHAllenging Minisatellite Payload (CHAMP)
(Reigber et al., 2002b), the Gravity Recovery
And Climate Experiment (GRACE) (Tapley et al.,
2004), the GRACE-Follow-On (GRACE-FO) (Ko-
rnfeld et al., 2019), and the Gravity eld and
steady-state Ocean Circulation Explorer (GOCE)
(Rummel et al., 2002) are currently the main
data sources for global geoid modeling. How-
ever, their main limitation is the spatial resolu-
tion, which is only around 100 km at the Earth’s
surface (Pail et al., 2011). The missing high-
frequency part of the gravity signal can cause an
omission error of 30 to 40 cm (in extreme cases
even several meters) in the geoid models (Gru-
ber et al., 2012; S/Anchez et al., 2021). In contrast,
other types of measurements such as terrestrial,
airborne, and shipborne observations are able
to provide a much higher spatial resolution of a
few kilometers. Thus, they can be used on top of
global models for regional geoid re nement to
extend the spectral content and to improve the
resolution and precision.

Figure 1.2: High-resolution regional gravity data
(airborne and terrestrial measurements)
in combination with global satellite
data®

To optimally combine different types of obser-
vations, a proper modeling approach needs to
be set up. Different regional gravity eld mod-
eling methods have been developed during the
last decades, and among them, the method of
Spherical Radial Basis Functions (SRBFs) is the focus of this work. The fundamentals of the SRBFs
are introduced by Freeden et al. (1998), and further studies can be found in Freeden and Michel
(2004); Schmidt et al. (2007); Klees et al. (2008); Eicker et al. (2014), among many others. SRBFs ful I
the Laplace equation such as the Spherical Harmonics (SHs). At the same time, they can be used
appropriately for regional approaches to consider the heterogeneity of data sources, due to their
localizing features. The SRBFs are computationally easy to implement, and the observations can be
used directly at their original positions without applying any griding or interpolation procedures,
which are often required in other regional modeling methods, e.g., the numerical evaluation of the
Stoke’s formula. Four properties in the SRBF setup in uence the modeling accuracy, namely the type,
the bandwidth, the location of the basis functions, and the extension of the data zone for reducing
edge effects.

Heterogeneous data sets can be combined within a parameter estimation procedure (see Koch, 1999;
Koch and Kusche, 2002). However, in the context of regional gravity eld modeling, the derived
least-squares adjustment system is in most cases ill-posed, due to three reasons: (1) the number of
used basis functions is usually larger than required, (2) data gaps in the inhomogeneously distributed
observations, and (3) the downward continuation of satellite and airborne data to the Earth’s surface.
Thus, a regularization is inevitable, and choosing an appropriate regularization parameter is a crucial
issue. The Tikhonov regularization is applied in this work, which can be interpreted as a least-

1GRACE satellite image source: http://geoid.colorado.edu/grace/
GOCE satellite image source: https://gisgeography.com/earth-satellite-list/
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squares estimation including prior information (Tikhonov and Arsenin, 1977). Various approaches
have been developed and used for the regularization parameter determination, such as the L-curve
method (Hansen, 1990), the Generalized Cross Validation (GCV) (Golub et al., 1979), and the Variance
Component Estimation (VCE) (Koch and Kusche, 2002). However, when measurements from various
observation techniques with different unknown variance factors are to be combined, all regularization
methods may not be appropriately applicable unless the VCE is implemented (Xu et al., 2006).
Nonetheless, it has been suspected that the regularization parameter generated by VCE might be
unreliable (Liang, 2017). Lieb (2017) pointed out that in regional approaches, regularization is much
more sensitive and less well-investigated than in global approaches.

Due to the different spectral sensitivities of each observation technique, the long wavelength parts, i.e.,
the large-scale structures, of the gravity eld can only be evaluated by global satellite observations,
while the short wavelength parts are mainly detectable by other types of gravity observations, such as
terrestrial and airborne data. To take the spectral resolution of various observation techniques into
consideration, a spectral combination (see e.g., Sj berg, 1981; Kern et al., 2003; Denker, 2013) can be set
up such that the different measurement techniques contribute their information in the spectral domain
with the highest sensitivity. One way to realize the spectral combination is to set up a Multi-Resolution
Representation (MRR), which was initially proposed, e.g., by Freeden et al. (1998); Freeden (1999);
and Haagmans et al. (2002). Its realization has been investigated, e.g., by Beylkin and Cramer (2002);
Schmidt et al. (2005); Panet et al. (2011); and Bolkas et al. (2016). The fundamental idea of the MRR
is to split a given signal into a smoothed version, i.e., a low-pass lItered global gravity model, and

a number of detail signals, i.e., band-pass Itered gravity signals (Schmidt et al., 2007). In this case,
the nal gravity model could bene t from the individual strengths of each observation technique.
Furthermore, a pyramid algorithm (Freeden, 1999; Schmidt et al., 2005, 2006) can be applied to connect
the different resolution levels, by consecutive low-pass Itering. However, although the proposal of
using the pyramid algorithm dates back nearly two decades, its practical realization in regional cases
faces several challenges (Lieb, 2017), e.g., the low-pass Iter matrix needs to be set up properly, and
the extension of the data zone should be adapted for each resolution level.

1.2 Research questions and objectives

This dissertation is aiming to investigate and realize the regional gravity re nement by optimally
combining data from different observation techniques using SRBFs. This general goal leads to the
following main research objectives:

1. To investigate and derive an appropriate regularization method when different data types are
to be combined,

2. To develop a high-resolution regional (quasi-) geoid model using SRBFs based on real gravity
measurements,

3. To realize the spectral combination of data from various observation techniques via MRR based
on the pyramid algorithm.

These three objectives are accomplished by the three rst-author papers P-I to P-1ll respectively, all
published in peer-reviewed journals with open access. As a cumulative dissertation, the three papers
are reprinted in the Appendix, along with a declaration of the author’s contributions. To demonstrate

how the corresponding objectives are addressed in each paper, a few research questions are de ned.

P-I Determination of the regularization parameter to combine heterogeneous observations in re-
gional gravity eld modeling
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By Qing Liu, Michael Schmidt, Roland Pail, and Martin Willberg. Published in "Remote Sensing".

This publication focuses on the determination of the regularization parameter, which is an inevitable
issue in regional gravity eld modeling. As mentioned in Sect. 1.1, VCE could give unreliable
regularization results, and other conventional regularization methods are not properly applicable
when the weight factors of different gravity measurements are unknown. To solve these issues, two
combined approaches are proposed for the regularization parameter determination when different
data sets are to be combined. The two approaches combine VCE and the L-curve method in such a
way that the relative weights are estimated by VCE, but the regularization parameter is determined by
the L-curve method. They differ in whether determining the relative weights between each observation
type rst (VCE-Lc) or the regularization parameter by the L-curve method rst (Lc-VCE). Numerical
experiments are carried out to compare the performance of these two approaches with the original
L-curve method and VCE. In P-I (Liu et al., 2020a), we answer the following research questions:

Q-1. Is VCE suf cient for determining the regularization parameter?
Q-2. How to apply a conventional regularization method if various data sets are to be combined?

Q-3. How large is the impact of the regularization parameter on the modeling accuracy?

P-1l Regional gravity eld re nement for (quasi-) geoid determination based on spherical radial
basis functions in Colorado

By Qing Liu, Michael Schmidt, Laura S/A nchez, and Martin Willberg. Published in "Journal of Geodesy".

This publication applies SRBFs for computing the regional quasi-geoid and geoid models using
real terrestrial and airborne gravity observations in Colorado, USA, which is a challenging study
area with high elevation and rugged terrain. Thus, the topographic effect is also considered in the
computation. The model settings, i.e., the type, the bandwidth, the location of the SRBFs, and the
extension of the data zone, are explained in detail. The Cubic Polynomial (CuP) function, which has
smoothing features, is applied to the airborne observations to further serve as a low-pass lter for
reducing the high-frequency noise. In P-Il (Liu et al., 2020b), we also discuss the contribution of each
data set, namely the Global Gravity Model (GGM), the topography models, and the regional gravity
observations, to the nal (quasi-) geoid model. The results contribute to the "1 cm geoid experiment"
(Wang et al., 2021; SAnchez et al., 2021), within which the (quasi-) geoid models calculated by fourteen
institutes worldwide using different approaches are compared. Furthermore, the model accuracy
is evaluated by the GNSS/leveling data from the Geoid Slope Validation Survey 2017 (GSVS17) in
southern Colorado. The following research questions are de ned in P-II:

Q-4. How to set up the estimation model using SRBFs?
Q-5. How much does each observation group contribute to the nal (quasi-) geoid model?

Q-6. Which accuracy can the SRBF-based regional (quasi-) geoid model achieve, and how is its
performance compared to other methods?

P-1ll Combination of different observation types through a multi-resolution representation of the
regional gravity eld using the pyramid algorithm and parameter estimation

By Qing Liu, Michael Schmidt, Laura S/Anchez. Published in "Journal of Geodesy".

This paper develops an MRR scheme based on the pyramid algorithm and sequential parameter
estimation for the spectral combination of data from various observation techniques. The challenges
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in the practical realization of the pyramid algorithm are addressed. Different observation types are
introduced successively into the evaluation process at the spectral levels of their highest sensitivities,
which makes it possible to bene t from the individual strength of each data set. In  P-Ill (Liu et al.,
2022), we explain in detail how the estimation model is set up for the MRR, how the different resolution
levels are connected by the pyramid algorithm, and how different observations are introduced into
the estimation model at each level. The derived gravity model from the MRR based on the pyramid
algorithm is then compared directly to the one computed by the single-level SRBF approach, using
both simulated and real gravity measurements. Additionally, the advantages of applying the MRR
based on the pyramid algorithm are demonstrated and discussed. The following research questions
are answered in P-111 :

Q-7. How can the MRR and the pyramid algorithm be realized in regional gravity eld modeling?
Q-8. What and how large is the bene t of applying the MRR based on the pyramid algorithm?
Q-9. In which cases the MRR based on the pyramid algorithm should be applied?

These research questions are answered in the aforementioned papers, and will be structured and
summarized in this dissertation. Although each publication is a self-contained study, this thesis will
provide more insights, details, and connect them in a scienti c context.

1.3 QOutline

This thesis contains seven chapters. It covers the whole procedure of regional gravity eld re nement
using data from various observation techniques; from the theory and methodology to the estimation
models and the results. Figure 1.3 shows the structure of this work, including the connection between
the chapters as well as their connection to the three papers. Since this is a cumulative dissertation,
there is a certain overlap between some contents presented in the following chapters, especially in
the methodology and the result parts, and the three publications. They are repeated here to keep this
work comprehensive on its own as much as possible. Nevertheless, this thesis will show in particular
the insights and relations between the publications in a structured manner.

Chapter 2 explains the fundamentals. Section 2.1 introduces the background of the gravity and the
potential theory. Section 2.2 lists different gravity functionals, which are obtained as the rst or second
order derivatives of the gravity potential. Section 2.3 is dedicated to the height systems. Different
height de nitions and the IHRS are introduced. It also explains why the physical height system can be
realized by regional gravity re nement. Section 2.4 introduces different methods for regional gravity
eld modeling, and among them, the SRBFs will be explained in detail in Chap. 4.

Chapter 3 presents various gravity observation techniques which are involved in this work, including
terrestrial, airborne, shipborne, satellite gravimetry, and satellite altimetry. Each observation technique
corresponds to a certain type of gravity functionals and is characterized by its spectral sensitivity. The
observation data, the GGMs, and the topography models used in this work are also introduced.

Chapter 4 is dedicated to the methodology. Section 4.1 introduces the SRBFs, and how they are
adapted to different gravity functionals as given in Sect. 2.2. The spectral convolution of a gravity
functional by SRBFs is also demonstrated. Sections 4.2 and 4.3 discuss the principle and the procedure
of the MRR and the pyramid algorithm, respectively. These two sections explain how the resolution
levels can be chosen, how the levels are connected, and how different observation techniques are used
at these levels. Section 4.4 introduces and compares different types of scaling and wavelet functions,
which can be interpreted as low-pass and band-pass lters, respectively.

Chapter 5 discusses how the methodologies presented in Chap. 4 are realized to compute regional
gravity models using different types of gravity observations introduced in Chap. 3. Section 5.1 shows
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Figure 1.3: Structure of this dissertation, including the connection between the chapters, and in
particular their connection to the three publications

the model settings, i.e., how the aforementioned four properties, namely the type, the bandwidth, the
location of the SRBFs, and the extension of the data zone, are chosen. Sections 5.2 and 5.3 demonstrate
how the estimation models are established for the single-level approach and the MRR, respectively.
The combination of data from various observation techniques is explained in detail, including the
relative weighting between each other. Section 5.4 introduces existing methods for determining the
regularization parameter, discusses their drawbacks, and therefore, proposes a new approach when
different data types are to be combined.

The estimation models derived in Chap. 5 are applied to different study cases, and the corresponding
results are presented in Chap. 6. The results can be divided into two groups, one from the single-level
approach using SRBFs (Sect. 6.1) and one from the multi-level approach, i.e. spectral combination
through MRR (Sect. 6.2). In Sect. 6.1, the results from the "1 cm geoid experiment” are discussed, where
the SRBF-based (quasi-) geoid model is thoroughly validated with the other thirteen independent
solutions delivered by different modeling methods as well as the GNSS/leveling data. Section 6.2
presents the gravity model computed by the MRR based on the pyramid algorithm, and compares it
directly with the single-level model.

Finally, Chap. 7 summarizes the ndings of this dissertation, provides conclusions and the outlook for
future work.



2 Fundamental theory

This chapter addresses the theoretical background of the Earth’s gravity eld, introduces different
gravity related quantities and height systems, and provides a short summary of gravity eld modeling
approaches.

2.1 Physical background

Gravitation is a function of mass distribution. According to Newton’s universal law of gravitation, the
force F exerted by a body with attracting mass m on a unit mass located at a distancel from m reads

m

F=G gl (2.1)

where G = 6.6742 10 ' m3kg s 2 is Newton’s gravitational constant (Hofmann-Wellenhof and

Moritz, 2006), | is a vector pointing from the unit mass to the attracting mass with length 1. The Earth
can be considered as an attracting mass with continuously distributed mass elements dm, and the
gravitational potential V at any point P with coordinates (x,Y, z) is the integral of the contributions of

individual mass elements zzz 777
m r
V==_G T =G T dv (2.2)
where dv is the volume element, and r = dnV dv is the density of the attracting mass.

The gravitational potential V satis es the Poisson equation
r V= 4pGr, (2.3)

where r 2= §%/ Ix?+ 1%/ Ty + 12/ 122 is the Laplace operator (Hofmann-Wellenhof and Moritz, 2006).
Moreover, in the exterior space outside the Earth, under the assumption r = 0 by neglecting the
density of the atmosphere, it further satis es the Laplace equation

r2v=o. (2.4)

Thus, the gravitational potential V is a harmonic function outside the attracting masses.

The gravity potential W is the sum of the gravitational potential V and the centrifugal potential Z
W=V+Z, (2.5)
where Z at any point P(x,y,z) can be calculated as
1
Z= S wHx*+y?), (2.6)

with w being the angular velocity of the Earth.

The gravity acceleration g is derived as the gradient of the gravity potential W (Heiskanen and Moritz,
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1967)

w w w '
=r W= — —, — . 2.7
J %'y’ 1z @7
The magnitude g = jgj is called gravity, which is usually measured in the unit Gal or mGal ( 1 mGal =
10 ° m/s 2). The direction of the gravity vector is pointing into the Earth along the plumb line, which

intersects all equipotential surfaces of the Earth’s gravity eld perpendicularly.

The Earth can be rst approximated as a sphere, and
second as an ellipsoid of revolution, i.e., a spheroid,
whose surface is an equipotential surface of the
normal gravity eld (Heiskanen and Moritz, 1967).
The ellipsoid is regarded as the normal form of the
geoid (see Fig. 2.1), which is an equipotential sur-
face of the actual gravity eld with W = Wp. The
normal potential U of the ellipsoid is constant on its
surface with U = Ug = Wy. The value of this con-
stant differs between different reference ellipsoids,
e.g., the Geodetic Reference System 1980 (GRS80)
(Moritz, 2000), and the World Geodetic System 1984
(WGSB84) (Hofmann-Wellenhof and Moritz, 2006).
The normal potential U is mathematically easy to
handle; it can be determined by the constant GM
value (with M being the total mass), the semi-axes of the ellipsoid, and the angular velocity w (Heiska-
nen and Moritz, 1967). The Earth’s gravity potential is then split into a "normal" and a remaining
"disturbing" eld

semi minor axis

geoid
w=Ww,

semi major axis

ellipsoid
U=w,

Figure 2.1: The geoid and the ellipsoid

T(x,y,2) = W(x,y,2) U(x,y,2), (2.8)

where T is called the disturbing potential. It also satis es the Laplace equation r 2T = 0 outside the
attracting masses, and thus, is a harmonic function. Gravity eld modeling usually deals with T
instead of W, since the latter can always be reconstructed by adding the normal potential (Heiskanen
and Moritz, 1967).

Spherical harmonics

The global gravity eld is usually modeled by a series expansion in terms of spherical harmonics (e.g.,
Heiskanen and Moritz, 1967; Torge, 1991). As a solution of the Laplace equation (2.4) in spherical
coordinates, the series expansion of the disturbing potential T in terms of spherical harmonics in the
exterior space reads

) GM ¥ R ntl n . . . o
T( ,I,r)= R " [Chm cos(ml ) + Spm sin(ml )] Pam(sinj ) (2.9)
n=0 m=0

where j and | are the spherical latitude and longitude, R is the radius of the Earth, and r Ris the
radial distance. Cpm and Sy, are the fully normalized spherical harmonic coef cients, and Ppn are the
fully normalized associated Legendre functions,

8

_ <p2n+ 1 Pym(t), when m= 0
Pom(t) = . @ ) . (2.10)
- 2((2n+]) (nm)! Pum(t), whenm®6 0
Pam is the associated Legendre function of degreen and order m, and it is de ned by
m
Pm() = (1 )™ Top ), (211)

fitm
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with t = sinj ; P, is the Legendre polynomial of degree n
1 n
2"n! itn

Pa(t) = (t> 1" (2.12)

In practice, the Legendre polynomials P, can be calculated more simply by the evaluation of the

recursion formula
n 1 2n 1

Pn(t) = n Pn Z(t) + n

with Py(t) = 1 and Py(t) = t (Hofmann-Wellenhof and Moritz, 2006).

t Py 1(1) (2.13)

2.2 Gravitational functionals

Various gravitational functionals can be derived from the disturbing potential T based on eld
transformations (Rummel and van Gelderen, 1995). This section introduces some of the functionals
which are involved in this thesis, while more details related to different gravitational functionals are
presented, e.g., by Heiskanen and Moritz (1967) and Hofmann-Wellenhof and Moritz (2006).

Geoid height

As mentioned in Sect. 2.1, the geoid is a unique equipo-
tential surface with W = Wj that coincides with the
worldwide mean ocean surface; it was described as the
"mathematical gure of the Earth" by Gauss. As shown
in Fig. 2.2, the metric difference between the geoid (with

plumb line

Earth’s surface

W = W) and the reference ellipsoid (with U = Ug = W) ] W =W
is denoted as the geoid height (also known as geoid N
undulation) N. According to Bruns’ formula, it can be ellipsoid h U=U,=W,
calculated as Py
N= R (2.14)

do Figure 2.2: Geoid height N. Note that
(Hofmann-Wellenhof and Moritz, 2006), where Tp, is the the curve of the ellipsoid is ne-
disturbing potential of P, at the geoid, and gg is the glected in this and the following
normal gravity of P at the ellipsoid. gures

Quasi-geoid height

The quasi-geoid is a surface identical to the geoid over the —
oceans, and close to the geoid anywhere else (Heiskanen :Orma plumb fine
and Moritz, 1967). In the same manner as the geoid EW\/
height, the metric difference between the quasi-geoid ' Q ¢

and the reference ellipsoid is denoted as the quasi-geoid telluroid_—"——
height (also known as height anomaly) z. According to

.  eoid
Bruns’ formula, it can be calculated as un\
¢
Z= E, (2.15) ellipsoid _,l U=U,
9Q @

where Tp is the disturbing potential at the Earth’s surface

point P, and gq is the normal gravity of the correspond- Figure 2.3: Quasi-geoid height z
ing point Q at the telluroid ( Fig. 2.3), which is a surface

that is composed of points which have the same normal

potential as the gravity potential of the corresponding surface points, i.e., Ug = Wp.
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Gravity disturbance

The gravity disturbance dg of the point P is de ned as the difference between the gravity and normal
gravity at this point
dg= gr gp. (2.16)

Recalling Eq. (2.7), the gravity vector g = r W, the normal gravity vector g = r U, thus, the gravity
disturbance vector dg can be expressed as the gradient of the disturbing potential T

d=r W U)=rT. (2.17)
Its magnitude in spherical approximation can be written as

i

dg =

see e.g., Hofmann-Wellenhof and Moritz (2006).
Gravity anomaly

The (surface) gravity anomaly Dg is the difference between the gravity gp at point P and the normal
gravity gq of the corresponding point Q at the telluroid (see Fig. 2.3)

Dg=gr do. (2.19)
With Bruns’ formula and the spherical approximation (Hofmann-Wellenhof and Moritz, 2006), it yields

T 2
HTr =T (2.20)

Gravity gradient

The gravity gradient tensor (also known as the E tv s tensor) includes all second-order derivatives of
the disturbing potential T, which quanti es the change of gravity

2
Txx Txy Txz
rorT=4Ty Ty Ty° (2.21)

Tzx sz Tzz

with Txy = Tyx, Txz = Tax, Tyz = Tzy (Torge, 1991). Moreover, the tracer 2T = Ty + Tyy+ Tz = 0
outside the attracting mass, according to the Laplace equation (2.4). In spherical approximation, we
obtain Tzz = Tyr.

2.3 Heights and height system

The de nition and determination of heights include two aspects, the geometric part which provides
the ellipsoidal height h (elevations above a reference ellipsoid), and the physical part which provides
the physical height H (heights above a level surface of the Earth’s gravity eld, Ihde et al., 2017). These
two parts are connected to each other by the geoid height N and the quasi-geoid height z, which were
introduced in Sect. 2.2.

Ellipsoidal height

The ellipsoidal height (or geometric height) h of a point P is de ned as the distance from this point to
the ellipsoid along the normal plumb line (see Fig. 2.4). It can be directly measured by GNSS, with an
accuracy of a few millimeters.
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normal plumb line |/ plumb line

geopotential surface

Earth’s surface

geoid P,
——/_-_————\\

uasi-geoid
mmmm 1) \w/: Wo

ellipsoid - L5 U=U,=W,
Py Qo

Figure 2.4: Overview of heights and reference surfaces, adapted from S/Anchez et al. (2021)

Orthometric height

The orthometric height Hg of a point P is the distance from this point to the geoid, along the plumb
line (Fig. 2.4). It can be calculated by

Wo Wp _ Cp

Ho = Y0
°T g T 3

(2.22)
(Heiskanen and Moritz, 1967), where Wy and Wp are the potential values at the geoid and the point P,
respectively; Cp = Wy W5 is denoted as the geopotential number, and g is the mean value of the
gravity along the plumb line between the point Py at the geoid and the point P. The relation between
the orthometric height Hg and the ellipsoidal height h reads

h= Ho+ N, (2.23)

neglecting the de ection of the vertical and the curvature of the plumb line (Torge, 1991).
Normal height

The normal height Hy of a point P is the distance from this point to the quasi-geoid, along the normal
plumb line (Fig. 2.4). The normal height can be derived as
Wo Wp _ Cp
Hy= ——= —, 2.24
N 5 5 (2.24)
(Heiskanen and Moritz, 1967), where @ is the mean normal gravity along the normal plumb line
between the point Qg at the quasi-geoid and the point P. The relation between the normal height Hy
and the ellipsoidal height h reads
h= Hy + z (2.25)

The orthometric height Hpo and the normal height Hy are the two most important types of physical
heights. Although the ellipsoidal heights generally have a much better accuracy, they cannot replace
the physical heights, due to their geometrical nature (Ihde et al., 2017). For applications related to
geophysical uids, e.g., sea level changes, the Earth’s interior, or the river ow, the physical heights
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need to be available. Two approaches can be applied to determine the physical heights. The rstis
spirit leveling combined with gravimetry, following Eq. (2.22) or Eq. (2.24). It is the classical technique
that delivers precise results, but the disadvantages are that their measurement is time consuming
and expensive, and it may contain systematic distortions. The second approach is to combine the
ellipsoidal height from GNSS positioning with a (quasi-) geoid model from gravity eld modeling,
following Eq. (2.23) or Eq. (2.25). The costs of this approach are much lower, and it is regarded as
the future trend for physical height determination (Rummel, 2012). Thanks to the recent advances in
optical atomic clocks, a new approach that might be used for physical height determination in the
future is the chronometric leveling by high-precision clocks (see e.g., Bjerhammar, 1985; Lion et al.,
2017; M ller et al., 2018; Shen et al., 2019).

A physical height can be determined as orthometric height in combination with the geoid height
following Stokes’ theory or as normal height in combination with the quasi-geoid height following
Molodensky’s theory. The geoid height and the quasi-geoid height can be transformed from each
other through a geoid-quasigeoid separation term. One formulation of this separation term reads

N oz P9y (2.26)
dl
Dgg=g Ag+F g (2.27)

(Heiskanen and Moritz, 1967), where Dgg is the simple Bouguer anomaly, Ag = 0.1119 Ho mGal is
the topographic mass effect,and F  0.3086 Ho mGal is the free-air reduction. More re ned formulas
for the geoid-quasigeoid separation have been derived, e.g., by Flury and Rummel (2009) and Sj berg
(2010). In this work, the quasi-geoid height is calculated directly at the Earth’s surface following
Molodensky’s theory, and then it is transformed to the geoid height following the Egs. (2.26) and
(2.27). If the geoid is to be computed rst, the gravity values should be reduced to gravity anomalies
at the geoid, which includes the reduction of topographic masses. In this case, consistencies should be
ensured between the gravity reductions in different regions to guarantee a globally consistent physical
height system (SZ&Anchez and Sideris, 2017).

Currently, the existing height reference frames around the world all refer to local sea levels. Ihde

et al. (2017) pointed out that hundreds of national or regional physical height systems are in use,
with discrepancies of more than 2 m between each other. This does not ful Il the demand of having
global height systems consistent at the level of a few centimeters or better (Plag et al., 2009), for both
scienti ¢ and practical reasons. Thus, it is important and necessary to establish a global physical height
reference system and to integrate the regional height systems into the global one. S/£nchez and Sideris
(2017) showed that the height system uni cation is based on the comparison of the quasi-geoid height
(or geoid height) obtained from the gravity eld modeling and that derived from GNSS/leveling, i.e.,

h H (Egs. (2.23) and (2.25)). The GNSS/leveling combination can also be used to validate the (quasi-)
geoid models obtained by regional gravity eld re nement, which is demonstrated in P-1l, S/ Enchez
et al. (2021), and Wang et al. (2021).

International Height Reference System

The Earth can be characterized by its geometry together with its geopotential. A globally uni ed
geometric reference system was already introduced by the International Terrestrial Reference System
(ITRS) and realized by the International Terrestrial Reference Frame (ITRF) (Petit and Luzum, 2010).
However, an equivalent high-precision global physical reference system is still not available, and thus
desired (lhde et al., 2017). In 2015, the IHRS was introduced by the IAG as a global standard for the
determination of physical heights (Drewes et al., 2016). The strategies for the de nition and realization

of the IHRS have been discussed in many publications, e.g., S/Anchez (2012); S/Anchez and Sideris (2017);
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Ihde et al. (2017); and S/Anchez et al. (2021).

The IHRS is de ned as a geopotential reference system co-rotating with the Earth. It is realized by the
establishment of the International Height Reference Frame (IHRF), by determining the coordinates of
the selected stations worldwide following the de nition of the IHRS. Station coordinates are determined
(1) as gravity potential values W(x) and their changes with time dW(x)/ dt, de ned within the Earth’s
gravity eld and, (2) as geocentric Cartesian coordinates x and their changes with time dx/ dt, referring
to the ITRS. For practical purposes, the geocentric position vector x can be transformed to the ellipsoidal
height h, and the potential value W(x) of point P should be transformed to the geopotential number
Cp (see Egs. (2.22) and (2.24)) by referring to an equipotential surface of the Earth’s gravity eld, i.e.,
the geoid, with conventional value Wy (lhde et al., 2017). According to the IAG Resolution No. 1 from
Drewes et al. (2016), the conventional value is de ned as Wy = 62,636, 853.4n2/s 2, which was derived
by SAnchez et al. (2016).

S/nchez et al. (2021) showed that there are three approaches for the determination of potential values
as IHRF physical coordinates, namely (1) the uni cation of existing local height systems, (2) using
high-resolution GGMs, and (3) using regional (quasi-) geoid models. The authors further stated
that except for regions without or with very few surface gravity data, the IHRF coordinates should

be determined by high-resolution regional gravity eld modeling. The reliability of the potential
estimation thus undergoes the same limitations of the precise (quasi-) geoid modeling. According to
Ihde et al. (2017), the target uncertainty of W(x) should be at the 10 2 m?/s 2 level, which is equivalent

to 1 mm for physical heights. This goal is unrealistic at the current moment due to the limitation

of available resources, and S/nchez et al. (2021) stated that the possibility of reaching an accuracy at
10 1 m?/s 2 level (equivalentto 1 cm in height) should be evaluated rst.

To test the feasibility of reaching a 1 cm accuracy and to assess the repeatability of IHRS coordinates
determination using different regional gravity eld modeling methods, the "1 cm geoid experiment"
(also known as the "Colorado experiment”) was set up in 2017 (S/Anchez et al., 2018). It was proposed
by four scienti ¢ groups within the IAG, namely

- the Global Geodetic Observing System (GGOS) Joint Working Group (JWG) 0.1.2 "Strategy for
the realization of the IHRS",

- the IAG JWG 2.2.2 "The 1 cm geoid experiment",
- the IAG Sub-Commission (SC) 2.2 "Methodology for geoid and physical height systems",

- the Inter-Commission Committee on Theory (ICCT) Joint Study Group (JSG) 0.15 "Regional
geoid/quasi-geoid modeling Theoretical framework for the sub-centimeter accuracy".

With high-resolution terrestrial and airborne gravity data provided by the National Geodetic Survey
(NGS), fourteen institutions worldwide computed the (quasi-) geoid model and geopotential values
(as IHRS coordinates) for Colorado, USA using different methodologies, within this experiment.

2.4 Regional gravity eld modeling

SHs (see Sect. 2.1) are an appropriate method for global gravity eld modeling. However, they
are not ideal for regional cases, and the reasons are summarized, e.g., by Naeimi (2013) and Li
(2018). Accordingly, different regional gravity modeling approaches have been developed during the

last decades, e.g., the statistical method of Least Squares Collocation (LSC) (Krarup, 1970; Moritz,
1978), the Stokes’ integral (Heiskanen and Moritz, 1967; Moritz, 1980), the method of mascons (mass
concertrations, Rowlands et al., 2005; Jacob et al., 2012), and point masses (Barthelmes, 1988; Antunes
et al., 2003), besides the SRBFs which are used in this work. Comparisons between the different
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methods have been studied, e.g., by Tscherning (1981); Eicker (2008); and Ophaug and Gerlach (2017,
2020).

The method of LSC has been used in regional gravity eld modeling for a long time, since its
development by Krarup (1970). A detailed method description is given in Moritz (1978, 1980), and
its application can be found in numerous studies, e.g., Pail et al. (2010); Reguzzoni and Sans (2012);
Tscherning (2013), and the references therein. Willberg et al. (2019) further developed the Residual
Least Squares Collocation (RLSC) as an enhancement of LSC by applying the Remove-Compute-
Restore (RCR) procedure and including the full variance-covariance information of the GGM. LSC
is considered as a combination of least-squares adjustment, Itering, and prediction (Moritz, 1980).
It tries to minimize the prediction error based on the knowledge of the signal covariance (Ophaug
and Gerlach, 2017). The advantages of LSC are (1) it is exible for handling and combining different
types of observation data, (2) it is able to deliver error information with full covariance matrices,
and (3) the measurements can be used directly without the need of grid interpolation (Denker, 2013).
However, the challenges in applying the LSC are the proper computation of the covariance function
(Alberts, 2009), and the high computational costs when dealing with a large number of point-wise
data (Wittwer, 2009). For tackling the latter issue, Zingerle et al. (2021) made practical modi cations to
the original LSC and proposed a "partition-enhanced" LSC.

The Stokes’ integral, also known as the Stokes’ formula, is a classical method initiated by Stokes
(1849), which delivers the disturbing potential T or geoid height N by an integration of gravity data

in terms of gravity anomalies. The original form of the Stokes’ integral has later been modi ed for

the case of an arbitrary reference ellipsoid (Heiskanen and Moritz, 1967). For the more recent geoid
determination, the Stokes'’ integral is usually employed in combination with SHs (Torge, 1991) in such

a way that the long-wavelength features are represented by SHs, and the Stokes’ integral furnishes the
short-wavelength part. In this case, the modi ed Stokes’ kernels should be used so as to minimize
the resulting truncation error (Jekeli, 2015). Different modi cations to the Stokes’ kernel have been
proposed, e.g., by Wong and Gore (1969); Sj berg (1981, 1991, 2003); and Featherstone et al. (1998).
Featherstone (2013) provided a detailed review and classi cation of the modi cations applied to the
Stokes’ integral. The Stokes’ integral is a widely used method with plenty of applications available, e.g.,
Saleh et al. (2013); Jiang and Wang (2016); McCubbine et al. (2018); Koji and Yuki (2020), among many
others. However, one challenge in applying the Stokes’ integral is the combination of heterogeneous
data (Wu et al., 2017b), since a grid interpolation is needed in this approach, and the integral is
formulated only for one data type each.

The method of SRBFs will be explained in detail in Chap. 4, as it is used in this thesis and the three
publications P-1 to P-IIl . These regional gravity eld modeling methods have been applied in the "1 cm
geoid experiment" by different institutions worldwide (e.g., Willberg et al., 2020; Claessens and Filmer,
2020; Wang et al., 2020), and their performances are compared and presented in the two co-author
publications, i.e., S/&Enchez et al. (2021) and Wang et al. (2021). The (quasi-) geoid model calculated by
SRBFs is also validated with the other methods in Sect. 6.1 andP-Il .
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3 Gravity data and models

This chapter introduces different gravity observation techniques, and presents the data and models
that are involved in this thesis.

3.1 Satellite gravimetry

GOCE satellite mission

The GOCE mission was the rst Earth Explorer mission within the framework of the Living Planet
Programme of the European Space Agency (ESA) and the rst gravity gradiometry satellite mission.
It was launched by ESA in March 2009 and deorbited in November 2013. The primary objective of
the GOCE mission was to provide gravity observations for modeling the Earth’s gravity eld and the
geoid with high accuracy (Drinkwater et al., 2003; Johannessen et al., 2003), and more speci cally

- to determine the Earth’s gravity eld with an accuracy of 1 mGal,
- to determine the geoid with an accuracy of 1 cm,

- to achieve both of the above goals at length scales down to 100 km, which corresponds to an SH
degree and order (d/o) 200.

The core of the GOCE sensor system was a three axes gravity gradiometer with two accelerometers on
each axis, which measured the difference in gravitational acceleration inside the spacecraft (Drinkwater
et al., 2003). Each accelerometer was ultra sensitive along two orthogonal directions and less sensitive
along the third one (Rummel et al., BOE). Gruber et al. (2014) reported that the gradient precision along
the two sensitive axes was 10mE/  Hz. The measured signal corresponds to the second derivatives of
the gravitational potential V, i.e., the gravity gradient (Eicker et al., 2006). The gradiometer components
Vx, Vyy, Vzz, and Vy, have been derived with high precision, whereas the components Vy, and Vy,
have much lower precision (Bouman et al., 2011; Fuchs and Bouman, 2011).

GOCE data products are provided in different level categories, depending on the processing status.
Level 0 data are the raw observations. For Level 1a, the instrument time series with the calibration data
are attached; after calibration and correction, Level 1b products are generated. Level 2 products are
precise orbits, gravity gradients and GOCE gravity eld models. The processing details for obtaining
the Level 2 products can be found, e.g., in Gruber et al. (2007, 2014).

GRACE satellite mission

The GRACE mission was jointly implemented by the National Aeronautics and Space Administration
(NASA) and the German Aerospace Center (DLR); it was launched in March 2002 and operated till
October 2017. On 22 May 2018, its successor GRACE-FO was successfully launched as the continuation
of the mission. The objectives of GRACE were to track changes in the Earth’s gravity eld and to map
the global gravity eld with a spatial resolution of 400 km and a temporal resolution of 30 days (Tapley

et al., 2004). The GRACE mission consists of two satellites in the same orbit, with an inter-satellite
distance of around 220 km, at an initial altitude of 500 km and an inclination of 89 . The measurements
of GRACE include:
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- the precise distance between the twin satellites, which re ects the changing gravity eld of the
Earth, obtained by a K-band microwave ranging system,

- the non-gravitational accelerations from high precision accelerometers,

- the position of the satellite using the onboard Global Positioning System (GPS) receiver (Tapley
et al., 2005).

GRACE data are also provided from Level 0 (raw data) to Level 2 products, which include the satellite
orbits as well as the estimated SH coef cients for the gravity eld models (Dahle et al., 2013).

CHAMP satellite mission

The German satellite CHAMP was launched in July 2000; the mission generated gravity and magnetic
eld measurements simultaneously for 10 years and ended in September 2010. The CHAMP mission
was operated in an almost circular and near-polar orbit with an inclination of 87.3 , which enables a
homogeneous and complete global coverage of the Earth’'s sphere. The satellite was equipped with a
GPS ight receiver and a three-axis accelerometer, which allow a Precise Orbit Determination (POD)
as well as the separation of gravitational and non-gravitational accelerations to resolve the gravity eld
parameters (Reigber et al., 2002a).

CHAMP data products are categorized from Level O (raw data) to Level 4, which are the precise
satellite orbits and global gravity models represented by the adjusted SH coef cients (Reigber et al.,
2002b).

In P-1 and P-lll (simulated data case), satellite data are simulated from the GGMs in terms of the
disturbing potential difference DT = TA  TB between the two satellites A and B for GRACE and
the second-order derivative T, of the disturbing potential (see Sect. 2.2) for GOCE. In P-Il and P-llI
(real data case), the satellite data are involved directly by the GGMs being subtracted within the RCR
procedure.

3.2 Satellite altimetry

Satellite altimetry missions are initially not devel-
oped for gravity eld modeling; however, gravity
values such as the geoid height and the de ec- satellite orbit e

tion of the vertical can be converted from the — 1
altimetry measurements and used as gravity ob-
servations. The derivation of different gravity hs

functionals (including the gravity anomaly, ver- h

tical gravity gradient, de ection of the vertical, sea surface

etc.) from altimetry data is discussed and ap- geoid  DOT

plied, e.g., by Sandwell and Smith (1997); Hwang TS

and Hsu (2008); and Sandwell et al. (2014). In . TH\
ellipsoid

this work, the altimetry observations are used in
terms of geoid height.

The direct observable of satellite altimetry is the ~ Figure 3.1: Quantities related to satellite altimetry
traveling time for a radar signal to reach the

sea surface and back using a pulse-limited radar.

Thus, the distance h® from the satellite to the sea surface is obtained. Meanwhile, the distance h from
the satellite to the ellipsoid is given from POD (Sandwell and Smith, 1997). As shown in Fig. 3.1, the
Sea Surface Height (SSH) can be calculated as the difference between the two distances and hS. The
sea surface differs from the geoid due to different hydrodynamic processes, and their difference is
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denoted as the Dynamic Ocean Topography (DOT). DGFI-TUM provides instantaneous DOT values
through the Open Altimeter Database (OpenADB, https://openadb.dg .tum.de/en/), which are
derived using a "pro le approach" with cross-calibration between different missions (Bosch et al., 2014).
The geoid height N is then obtained as

N=h h® DOT. (3.1)

Numerous satellite altimetry missions have been launched in the last four decades, and a list of
past, active, and potential future missions is shown in Fig. 3.2. Detailed information about these
missions can be found at the OpenADB. The precision of the derived SSH is listed in Vermeer (2020); it
varies between different altimetry missions and averages around 3 cm. In P-lll , geoid heights derived
from the satellite altimetry mission ERS-1, Jason-1, Envisat, and Cryosat-2 are used as major offshore
observations for regional gravity eld modeling.

ERS-1 Saral Sentinel-3B
ERS-2 Envisat EM Saral DP
Envisat Sentinel-3A
Jason-1 Jason-1 GM Jason-3

Topex Jason-1 EM Jason-2 EM S¢ntinel-6A

Topex EM Jason-2 Jason-2 GM SWOT

Geosat GM
GFO Cryosat-2
Geosat

ICESat ICESat-2

HY-2A GM HY-2D

HY-2A HY-2B

1985 1987 1989 1991 1993 1995 1997 1999 2001 2003 2005 2007 2009 2011 2013 2015 2017 2019 2021 2023 2025

Figure 3.2: List of past, active, and potential future satellite altimetry missions 2

3.3 Regional gravity measurements

As mentioned in Chap. 1, the main limitation of satellite data is their spatial resolution, which is
around 100 km. Gravity measurements from terrestrial, airborne, and shipborne gravimetry deliver a
much higher resolution of a few kilometers, and thus, are the major data contributors for regional
gravity eld re nement. Therefore, they are categorized here as regional gravity measurements.
However, it is worth clarifying that terrestrial, airborne, and shipborne data can be used not only for
regional gravity modeling but also for global gravity eld modeling. Although the costs for collecting
these data are generally much lower than for satellite missions, their availability and distribution
vary between different regions. Hence, it is of great importance to develop approaches to optimally
combine the heterogeneous regional observations in addition to global satellite data.

Terrestrial gravimetry

Terrestrial gravimetry measures the gravity eld on the Earth’s surface and can be divided into two
types, absolute gravimetry and relative gravimetry. Absolute gravimetry delivers the magnitude
of the gravity vector g directly at speci c stations, while relative gravimetry measures the gravity
difference with respect to the absolute stations. The measuring principle and related instruments of

2Image source: https://openadb.dgfi.tum.de/en/missions/
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both types of gravimetry are explained, e.g., by Torge (1991) and Vermeer (2020). Absolute gravimetry
can achieve an instrument uncertainty of 1  Gal (Niebauer et al., 1995), but it is expansive. Relative
gravimeters are the standard instruments for rapid eld measurements, and their measurement
precision can reach 10 Gal (Timmen, 2010). The most accurate and stable relative gravimeters, namely
the superconducting gravimeters, are able to achieve a sensitivity of 1 Gal (Virtanen, 2006).

Airborne and shipborne gravimetry

Airborne gravimetry is conducted by the highly sensitive accelerometers on board an aircraft, following
the principle of relative gravimetry. The details about its measuring principles can be found in Forsberg
and Olesen (2010) and Vermeer (2020). Airborne gravimetry became a major tool for gravity eld
modeling in the 1990s, thanks to the development and availability of carrier-phase kinematic GPS,
which measures the acceleration of the aircraft (Alberts, 2009). Removing it from the acceleration
captured by the accelerometer, only gravity and system errors remain. Airborne gravimetry is
important for geodesy, since it is able to collect data over areas that are dif cult for other observation
techniques to access, e.g., in polar, mountainous, and coastal regions. It is able to provide data with
high spectral resolution over large scales, with relatively low costs. Nowadays, the airborne gravity
measurements are at an accuracy level of 1-2 mGal (Forsberg and Olesen, 2010).

Like airborne gravimetry, shipborne gravimetry is conducted by gravimeters on board a ship, and
it also follows the measuring principle of relative gravimetry. It is a major method for measuring
the Earth’s gravity eld in coastal and offshore areas. Lu et al. (2019) reported that a measurement
accuracy of sub-mGal can already be achieved by shipborne gravimetry.

Regional gravity data

As an example, the regional gravity data used in this work for the "1 cm geoid experiment" are
visualized in Fig. 3.3a. The estimation model is then set up according to the resolution and quality
of the data, and the corresponding modeling results are validated by the GNSS/leveling data at the
GSVS17 benchmarks (red line in Fig. 3.3a) and presented in Sect. 6.1.

4000

3000

37
2000

36

Tl 1000
-110° -108° 6 -104° -102°

Figure 3.3: (a) terrestrial (blue dots) and airborne (green ight tracks) gravity measurements in Col-
orado, as well as GNSS/leveling data at the GSVS17 benchmarks (red line) for validation;
(b) terrain map of the study area

Two types of observations are provided by the NGS in terms of gravity values g. The terrestrial gravity
data (blue dots in Fig. 3.3a) were collected by different organizations during a large time span (since
the late 1930s). Thus, their exact accuracy is unknown. However, Saleh et al. (2013) estimated that the
NGS'’s surface gravity database generally contains high-frequency errors with a Root Mean Square
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(RMS) of around 2.2 mGal, and the error is larger in mountainous areas such as the Rocky Mountains
and the Appalachians. The terrestrial measurements have full coverage over the whole study area,
with a total amount of 59,303 points, given with orthometric height Hg. Although they are not evenly
distributed, the average point distance reaches approximately 3 km for the whole terrestrial data set.

The airborne gravity data (green ight tracks) were collected by the "Gravity for the Rede nition of

the American Vertical Datum" (GRAV-D) project (GRAV-D Team, 2017) in recent years, and resampled
to a 1 Hz observation frequency. The data consist of 56 ight lines, with a mean ight altitude of
6,186 m. They cover most of the study area in the southeastern part, generally between -109 and
-102 longitude and between 35 and 38.5 latitude. The total humber of airborne measurements
amounts to 283,716 points, given with ellipsoidal height h. The along-track spatial resolution depends
on the aircraft speed, with an average of around 100 m; the cross-track resolution is almost 10 km. A
crossover error analysis has been done by the GRAV-D Team (2018), which suggests an RMS error of
2.32 mGal in the GRAV-D data for this region.

The following preprocessing steps are performed to the original terrestrial and airborne data before
they are used for computation:

1. For the terrestrial data, duplicate values are removed. To be more speci c, in case of several
gravity observations located at the same position, only the rst of these observations is kept.
However, if the observations at the same position differ more than 2 mGal from each other, all
of them are deleted. This step results in a deletion of 1,175 points.

2. Downsampling of the airborne data from 1 Hz to 1/8 Hz to save computation time, as the
consecutive airborne observations are highly correlated (see P-1l for more detail). Low-pass
Itering is also required in the preprocessing for the airborne data (see e.g., Olesen et al., 2002;
GRAV-D Team, 2018), and different low-pass lters have been applied by the participating
groups in the "1 cm geoid experiment”. However, in SRBFs, the low-pass ltering can be directly
implemented in the computation by applying an SRBF with smoothing features (see Sect. 4.4).

3. Transformation of the orthometric heights Hg in the terrestrial data to the ellipsoidal heights h
using a geoid model provided by the NGS following Eq. (2.23).

4. Transformation of both the terrestrial and airborne observations in terms of absolute gravity
values g to gravity disturbance dg by subtracting the normal gravity g following Eq. (2.16).

5. The normal gravity subtracted in the previous step contains the gravitation of the atmospheric
mass, i.e., it considers the mass of the Earth’s atmosphere on the ellipsoidal surface. However,
gravity observations on or close to the Earth’s surface are not affected by the atmospheric mass.
Thus, the atmospheric correction (see Torge, 1989) is added to these two types of observations,
which is calculated as

dgarm = 0.874 9.9 10 °h+ 3.56 10 °h? (3.2)

3.4 Global gravity models

In this thesis, the global gravity eld modeled by SHs serves as background model for regional
gravity eld re nement, using the RCR procedure (e.g., Forsberg and Tscherning, 1981; Forsberg,
1993). To be more speci ¢, the long-wavelength component derived from a GGM is removed from
the gravity measurements before computation, the remaining part is then modeled using regional
gravity eld modeling methods, and afterwards, this removed part is restored to the nal gravity
model. Existing global models approximate the long-wavelength component of the gravity eld very
accurately. Furthermore, it also solves the problem that regional gravimetry cannot estimate the
long-wavelength parts (Lieb et al., 2016). Numerous GGMs are provided by the International Centre
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for Global Earth Models (ICGEM) and available through http://icgem.gfz-potsdam.de/; the ones that
are involved in this work are introduced in this section.

EGM2008

The Earth Gravitational Model 2008 (EGM2008) was developed and evaluated by Pavlis et al. (2012),
and it is the rst high-resolution GGM with SH expansion up to degree 2190 (calculated in terms
of ellipsoidal harmonic coef cients up to degree 2159, and converted to the SH representation with
degree 2190). This global model was developed by a combination of

- the GGM ITG-GRACEO3S (Mayer-G rr et al., 2010), which was developed using GRACE data
up to d/o 180, along with its associated error covariance matrix,

- aglobal 5° 59gravity anomaly grid formed by merging terrestrial, altimetry-derived, and
airborne gravity data,

- gravitational information obtained from a detailed global topographic database over areas
where only lower resolution gravity data were available.

Pavlis et al. (2012) further showed that over areas covered with high quality gravity data, the accuracy
of the geoid heights calculated by EGM2008 is similar (or even better) compared to those obtained
from corresponding regional geoid models w.r.t. independent GNSS/leveling data.

EIGEN-6C4

The EIGEN-6C4 (F rste et al., 2014) is a high-resolution global gravity model (up to degree 2190) of the
European Improved Gravity model of the Earth by New techniques (EIGEN) series. It was calculated
by a band-pass combination of normal equations from different types of data, namely Satellite Laser
Ranging (SLR) data up to degree 30, GRACE data up to degree 175, GOCE data up to degree 300, and
a20 29global gravity anomaly grid of the Technical University of Denmark (DTU), which is obtained

by altimetry over the oceans and EGM2008 over the continent (Andersen, 2010).

XGM2016 and XGM2019e

The eXperimental Gravity eld Model 2016 (XGM2016) was derived by Pail et al. (2018) up to
degree 719 as a successor of the model GOCOO5c (Fecher et al., 2017). The main difference is that
XGM2016 includes an improved terrestrial data set of 15° 15° gravity anomaly provided by the
National Geospatial-Intelligence Agency (NGA), which improves the model especially in continental
areas such as South America, Africa, parts of Asia, and Antarctica. In near-coastal regions, the model
performance is also improved by a combination strategy of relative regional weighting.

The eXperimental Gravity eld Model 2019 extended with topographic information (XGM2019e)
(Zingerle et al., 2020) is the successor of XGM2016, with a highest degree of 5540. The same terrestrial
data set as in XGMZ2016 is used up to degree 719. Beyond d/o 719, the topography-derived gravity
information is taken from the Earth2014 spherical harmonic model (Rexer et al., 2016). Over the oceans,
the DTU13 (Andersen et al., 2013) altimetry-derived gravity anomalies with a resolution of 19 1%are
used.

GECO

The GOCE and EGM2008 Combined model (GECO) (up to degree 2190, Gilardoni et al., 2016) merges
gravity information derived from a GOCE satellite-only global model, namely GOCE-TIM-RLO5 (up

to d/o 280, Brockmann et al., 2014), with EGM2008. Gilardoni et al. (2016) pointed out that such a
combination could improve the model accuracy in the low to medium frequencies in comparison to
EGM2008, especially in areas where ground data were not available for the EGM2008 computation,
such as Africa, South America and Antarctica.

As mentioned in Sect. 2.3, using high-resolution GGMs is also one way to determine the IHRF
physical coordinates (SZAnchez et al., 2021). However, how precise are the modeling results from the
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high-resolution GGMs, and can they replace the regional (quasi-) geoid models? These questions are
answered in Sect. 6.1, where the performance of here-listed GGMs is compared with the regional
gravity model in the "1 cm geoid experiment".

3.5 Topography models

The consideration of topographic effects is important for high-resolution regional gravity eld model-
ing, especially in mountainous areas (e.g., the Colorado study area shown in Fig. 3.3b), as the very
short wavelengths are correlated with local topography to a large extent (Bucha et al., 2016). The
following two topography models are used in this thesis to represent the high-frequency topographic
effect.

dV_ELL_Earth2014

The topographic gravity eld model dV_ELL_Earth2014 (Rexer et al., 2016) was developed by spectral
forward modeling with volumetric mass layers using data from the Earth2014 topography model
(Hirt and Rexer, 2015). Earth2014 is a set of global topography, bathymetry, and ice-sheet grids.
It combines up-to-date digital elevation data with multi-source gridded surface data in terms of
mean sea level heights, and delivers a high resolution of 1° 1% Rexer et al. (2016) established a
layer concept, and derived the topography models relying on mass layer modeling based on two
different levels of approximation, namely spherical and ellipsoidal. Rexer et al. (2016) pointed
out that the ellipsoidal one should be used for applications requiring ultra-high-resolution or high
accuracy, and thus, it is used in this study. dV_ELL Earth2014 was initially calculated with a
highest degree of 2190, and later extended to degree 5480 (Rexer et al., 2017); it is available through
http://ddfe.curtin.edu.au/models/Earth2014/.

ERTM2160

The ERTM2160 (Earth Residual Terrain Modeled-gravity eld with the spatial scales equivalent to
spherical-harmonic coef cients up to degree 2160 removed, Hirt et al., 2014) was developed for
the approximation of the short-scale gravity eld, from degree 2160 to a degree of around 80,000
(equivalent to a spatial resolution of 250 m). It was calculated by high-resolution gravity forward
modeling using the Shuttle Radar Topography Mission (SRTM) global topography model. ERTM2160
is the rst model to represent the short scale gravity eld characteristics at a near-global scale with
ultra-high resolution (Hirt et al., 2014). It is provided as globally distributed 0.002 0.002 grid
points within 60 latitude in terms of gravity disturbance, (quasi-) geoid height, and de ection of
the vertical, and is accessible via http://ddfe.curtin.edu.au/models/ERTM2160/. Thus, interpolation

is usually required when using ERTM2160 in regional gravity eld modeling.

The in uence of the topographic effect and the importance of including the topography models are
demonstrated in P-Il. In study areas with high elevation (e.g., Fig. 3.3b), the gravity eld becomes
much smoother after subtracting the topographic effect computed from these two topography models
(see Fig. 3.4). The terrestrial and airborne observations (Fig. 3.3a) are smoothed by 69% and 61%,
respectively, in terms of Standard Deviation (STD), after including the topography models. Such a
signi cant smoothing effect enables a better least-squares t in the parameter estimation (see Sect. 5.2),
and thus, a better modeling result.
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Figure 3.4: Terrestrial gravity observations (a) before and (b) after the topographic effect reduction
(long-wavelength part from the GGM has already been removed)
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4 Methodology

This chapter explains the methodology of SRBFs, as well as the principle of the MRR and the pyramid
algorithm.

4.1 Spherical radial basis functions

The methodology of SRBFs is the base of this thesis, and it has been described and applied in all
the three papers, P-I, P-Il, and P-lll . For completeness, this section reformats the related parts of
the papers and explains the foundations of the method. SRBFs are an appropriate tool for regional
gravity eld modeling to consider the heterogeneity of different data sources, due to their localizing
features. SRBFs are a good compromise between optimal spectral localization (SHs) and optimal
spatial localization (Dirac delta function, Freeden et al., 1998).

In general, a spherical basis function B(x, x,) related to a point P, with position vector x, = R ry
on a sphere WRr with radius R and an observation point P with position vector x = r r = r
[cosj cosl ,cosj sinl,sinj]" can be expressed by

¥ n+1
2n+1 R
B(x,x) = =——~ — BnPn(rTry) 4.1)

(Schmidt et al., 2007). P, is the Legendre polynomial (2.12) of degree n, and B, is a Legendre
coef cients which speci es the shape of the SRBF. When B, = 1 for all n, B(x, Xy) represents the Dirac
delta function.

A harmonic funtion F(x) given on the sphere Wg or in the exterior space of Wg, can be described as a
series expansion in terms of the SRBFs (4.1)

F(x) = “ di B(X, X), (4.2)
k=1

where K is the number of basis functions. For describing different gravity functionals listed in  Sect.2.2,
e.g., the gravity disturbance dg or the gravity anomaly Dg, obtained from different observation
techniques (see Chap. 3), the general expression of SRBFs (4.1) needs to be adapted. The adapted basis
functions are listed in Table 1 of P-1, and a more complete version is presented here in Table 4.1 (Koop,
1993).

Spherical convolution

The content of this part is taken and adjusted from the Sect. 3.2 of P-1l. SRBFs (4.1) can act as high-pass,
low-pass or band-pass lter (Schmidt et al., 2007), and a harmonic function F(x) can be Itered by it
through a spherical convolution. The ltered function FYx) can be represented by
Zz
FXx)=(B F)(X)=  B(X,x)F(x)dWg. (4.3)
Wr
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Table 4.1: The adapted basis functions for different gravity functionals obtained from various observa-
tion techniques

gravity functionals units adapted basis function B(x,X)
e I L e R
Gravitationa}ggtAegtliEa)l difference m2s 2 BX* 1 x) = n:ig;%an rBA n+1Pn(rATrk) rBs n+1Pn(rBTrk)g
(terreGs;ﬁ:It,ya?risgurLb:nscrﬁpggrne) mGal Br(x.x) = r: O%m:n 7 n+anPn(rTrk)
(terresct;rrig}l,lzr?ar;(r)rrzz&,lhs/hingorne) mGal B (% = nioiggg(nrl) 7 n+1BnF’n(rTrk)
Gravity gr?gig?:t;) Tir or Vpy - 1% s B (X x) = nioi;}%W $ n+1BnPn(rTrk)

In case of using a band-limited SRBF, which means setting the Legendre coef cient B, = 0for n > npay,
the SRBF acts as a low-pass or band-pass lter. Furthermore, the band-limited SRBF is de ned as the
reproducing kernel Kpep(X, Xy), in case of B, = 1 for all degree values n = 0,1,... Nmax, i.€.,

Nmax 2n+ 1 R n+1
W ? Pn(rTrk)a (4-4)
n=0

Krep(X, Xg) =
and it ful lls the condition that the spherical convolution of a harmonic function F(x), which is
band-limited with n= 0,1,...,n°% nNpnax With Krep(X, Xk) is equal to the original function

K
F(x) = (Krep F)(X) = dkKrep(X, Xk) - (4.5)
k=1

The band-limited basis functions B(Xx, xx) span the Hilbert space Ho 1, n..,(WRr) With nite dimension
N = (nmax+ 1)2. The points P, on the sphere W need to guarantee an admissible point system
(Freeden et al., 1998)

Sk = fxg2WRrjk=1,2,... Kg, (4.6)

so that the series coef cients dy can be estimated, i.e., theK 1 matrix containing the outer spherical

harmonics possesses full column rank (see Schmidt et al., 2007 for more details). The pointsystem Sg
from Eq. (4.6) is admissible for K N = (nmax+ 1)2, and it is called fundamental if the equality

K = (Nmax+ 1)? holds.

with
6 0 for n= 0,1,...,nmax

Br= Z 0 for n> Nmax : (“.7)
the Itered function F(x) of the band-limited function F(x) by the spherical convolution reads
K
R(X)=(B F)(x)=  dB(XX). (4.8)
k=1

¥
If C(x,%y) = , ig*R% BY*1C,Pa(rTry) has the same upper band limitation with
n=

Ch= 0 for n> nmax (4.9
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then
K

RO =(C A= dCxx]) (4.10)
k=1

holds by using the same coef cients dy as in Eq. (4.8). This theorem, which was proven by Freeden
et al. (1998) and Schreiner (1999), shows that the coef cientsd, can be used to calculate different
convolutions of a band-limited signal F(x). Thus, it is possible to use different types of SRBFs for
different data sets and to use different SRBFs in the analysis step (in which the unknown coef cients
are estimated) and in the synthesis step (in which the estimated coef cients are used to calculate the
output gravity functionals), respectively. Usually the reproducing kernel  Krep(X, X) from Eq. (4.4 is
used in the analysis step to avoid loss of spectral information, and any types of SRBFs (see Sect. 4.4)
can be used in the synthesis, according to this theorem.

4.2 Multi-resolution representation

The publications P-I and P-1l apply a conventional single-level approach to combine different types

of observations, which is commonly implemented in current literature based on SRBFs (e.g., Bentel
et al., 2013a; Lieb et al., 2016; Bucha et al., 2016; Wu et al., 2017a). In this case, all the data sets are
combined at the maximum degree nmax Of the expansion. However, as explained in Chap. 3, gravity
data obtained from various observation techniques are not only heterogeneously distributed, but also
characterized by different spectral sensitivities. To take into account the spectral resolution, a spectral
combination based on SRBFs can be set up through the MRR (Freeden et al., 1998; Haagmans et al.,
2002). The realization of the MRR has been investigated in many studies during the last decades, e.g.,
Beylkin and Cramer (2002); Panet et al. (2011); and Bolkas et al. (2016). The MRR approach suggested
by Schmidt et al. (2005, 2006, 2007) is realized irP-IIl , where the gravity signal is decomposed into an
expansion in terms of SHs for the long-wavelength part, and a number of frequency-dependent detail
signals in terms of spherical wavelet functions (see Sect. 4.4) for the medium and high frequency parts.

This section outlines parts of P-lll, while more details can be found there. To set up the MRR,
the frequency domain should be discretized into different resolution levels, as shown in Fig. 4.1
(corresponds to Fig. 2 in P-lll ). Each resolution level de nes a frequency band, and thus, includes
a certain number of spectral degree values. In this study, the upper boundary (maximum degree
value) n; of each level is de ned as _

n=2 1. (4.12)

Correspondingly, the maximum spatial resolution of level ireadsr;j = pR/ n;, with R being the Earth’s
radius in km (Lieb et al., 2016). Different observation techniques can then be classi ed according to
their spectral resolution.

The MRR of the gravity functional F(x), which is band-limited to n, = 2' 1, can be expressed as

[

F(x) = F(x)+ Gi(x) (4.12)
i=i0

where F(x) is the smoothed version, i.e., usually the long-wavelength component evaluated by a GGM

(Schmidt et al., 2006), and it is used as the background model within the RCR procedure. i%®and | are

the lowest and highest level of the MRR respectively, and G;j(x) is the detail signal of resolution level i,

G0=(Yi BO=  daYitxe) (4.13)
k=1

where Y;(x,Xg;) is a spherical wavelet function (see Sect. 4.4), which acts as a band-pass lIter.K; and
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Figure 4.1: The discretization of the frequency domain, and the corresponding spectral degree value
n; as well as the approximate spatial resolution r; of each level i, adapted from Lieb et al.
(2016)

dy; are the number of basis functions and the corresponding series coef cients of level i, respectively.
Again, the system of grid points Py; is required to guarantee an admissible point system of level i

SKi = ka,i 2 WRj k=1,2,... Kig (4.14)

with K;  (nj+ 1)2= 21*1,

4.3 Pyramid algorithm

In existing publications applying this MRR approach, the coef cients are generally estimated at each
level independently, using all or selected groups of observations (e.g., Lieb, 2017; Wu et al., 2018).
However, a compromise is required in this case to balance the spectral range and the spatial distribution
of the observations and to avoid the multiple use of the observation groups at different levels (Lieb,
2017). To be more speci c, if all observation types are used at each level, the corresponding detail
signals are strongly correlated. If only speci ¢ data sets are used, large data gaps may occur, and the
prior information is insuf cient for lling these data gaps at higher resolution levels. This leads to
large erroneous effects in the output signals. Instead, a pyramid algorithm (Freeden et al., 1998) can be
applied to consider all available information by connecting the different levels. Furthermore, Klees
et al. (2018) applied a two-scale approach and suggested that it should be applied in combination with
a sequential estimation of the scale-dependent coef cients. The pyramid algorithm is implemented
in this work to connect the resolution levels and to estimate the coef cients sequentially. However,
as pointed out by Lieb (2017), there are still challenges when applying the pyramid algorithm in
the regional case: (1) it is dif cult to set up a proper low-pass lter matrix in the regional case, and
(2) the margin size has to be adapted appropriately at each level to minimize edge effects. In P-llI,
these issues are addressed, and the pyramid algorithm based on sequential parameter estimation is
successfully implemented, for the rst time. The setting up of the low-pass lIter is discussed in this
section, while the proposed strategies for adapting the extension of the data zone at each level will be
explained in Sect. 5.1.

The pyramid algorithm starts with the calculation of the coef cient vector  d; =[dy,,dy,,...,dk, ]" of
the highest resolution level through the parameter estimation, which will be explained in  Sect. 5.2
The coef cients of the lower resolution levels can then be determined from the coef cients of the
highest level, by a low-pass Itering. With the pyramid algorithm, the coef cient vector at level i
(i=i%% 1,...,1 2,1 1)can be expressed as

diji+1 = Lidisa (4.15)
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Sq

— T

. LiSq,,Li (4.16)
where LjisaK; Kj;q low-pass Iter matrix, transforming the K., 1 coef cient vector d;;q of the
higher level i+ 1to the K;j 1 coefcient vector dj;, 1 of the lower level i. Sdiji+l is the covariance

matrix of d;;, 1 obtained from the covariance matrix Sy, , following the law of error propagation.

According to Schreiner (1999) and Schmidt et al. (2007), the low-pass Iter matrix L; can be decomposed
as
Li = WiH;, (4.17)

where H; is a K; Kj;; matrix containing the reproducing kernel Krep(Xki, Xki+1) from Eq. (4.4)
between the grid points Py;+1 (k= 1,2,...Kj+1) of level i + 1 and the grid points Py; (k= 1,2,...K;) of
level i. Note that the grid points Py ;.1 and P; guarantee admissible point systems S, , of level i + 1
and S, of level i (4.14), respectively. W; = diag(wyj, Wzj,..., Wk, ;) is the K;  K; diagonal matrix of
the integration weights wy; associated with the grid points Py ; of level i, and it depends on the type of
implemented grid.

The derivation of the low-pass Iter matrix L; is presented in the following. The band-limited
function F(x) in the Hilbert space Hg1 (WR) can be represented by the reproducing kernel as

y--:Nmax

Ki
F(X) = dyiKrep(X, Xg;) (4.18)
k=1

according to Eqg. (4.5).
On the other hand, the numerical integration of F(x) can be expressed as

Ki
F(X) =(Krep R)(X) = Wi F(Xki)Krep(X, Xk;i)- (4.19)
k=1
Comparing Eg. (4.18) with Eq. (4.19), we obtain
dyi = Wi F(Xki)- (4.20)

As the grid points Py, 1 ful Il an admissible point system Sk, of level i + 1with Ki+q  (nj+1+ 12 =
22, it further ful lls an admissible point system Sk, at level i with K1 > (n; + 1)2 = 2*1. Replacing
the admissible point system Sy, in Eq. (4.18) by the admissible point system S, ,, it can be rewritten
as

+1!

Ki+ 1
K (X) = dk,i+ 1Krep(xa Xk,i+ 1)- (4.21)
k=1
By setting x = X; in Eq. (4.21), it follows
Kit1
K (Xk,i) = dk,i+ 1Krep(xk,i y Xk i+ 1)- (4.22)
k=1

Combining Eq. (4.22) with Eq. (4.20), we obtain

Kit1
dii = Wii i+ 1Krep(Xkis Xkii+ 1) (4.23)
k=1
Collecting dyj,dpj, . . ., dk; i to the vector djji, 1 = [dy;, dzj, - . -, dKi,i]T, collecting dyj+1,dpj+ 1, - -, Ak, 4 i+ 1

to the vector d. 1, the integration weights w; to the diagonal matrix W, and the reproducing kernel
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Reuter grids are regarded as equidistributed point systems on the sphere (Fengler et al., 2004; Eicker,

In this work, the Reuter grid (Reuter, 1982) is used. It generates a homogeneous coverage of grid
2008).

points P(j |,1 | m) on the sphere with spherical coordinates
the sphere is determined by this positive integer g. Figure 4.2 visualizes the generated Reuter grid

points on the sphere at level 4 (red triangles in Fig. 4.2) and level 5 (green dots in Fig. 4.2), respectively.

where g is a positive integer control parameter. Thus, the total amount of Reuter grid points Z on

Krep(Xki, Xkj+ 1) to the matrix Hj, it follows from Eq. (4.23) that

and longitude direction, respectively

and thus, Eq. (4.15).
forl =1,2,..
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Figure 4.2: Reuter grid points on the sphere for level 4 (red triangles) and level 5 (green dots)

P-ll proposes a way for computing the corresponding integration weights  w; to set up the low-pass
Iter matrix L; (4.17) in case of using the Reuter grid, which reads

where Z; is the total number of Reuter grid points on the sphere at level i.
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MRR based on the pyramid algorithm

The developed MRR scheme based on the pyramid algorithm and sequential parameter estimation is
visualized in Fig. 4.3 (cf. Fig. 4 in P-lll ). The coef cient vector d, of the highest level | is rst estimated
using only the high-resolution data set(s). It is used to compute the detail signal G, and to start the
pyramid algorithm, i.e., to calculate the coef cient vector d, 4, of the next lower level according to
Eq. (4.24) At this level, the coef cient vector d, 4, is then updated by the direct combination with the
lower-resolution data set(s) involved at the level | 1 through the parameter estimation (see Sect. 5.3.
Continuing this process until the lowest level i%of the MRR, the scaling coef cients and the detail
signals of each level can be obtained, and thus, the nal gravity functional is computed according to
Eqg. (4.12). Typically, the terrestrial data are used at the highest level. Then the shipborne or airborne
data can be introduced at a level lower, followed by the altimetry data and the satellite gravimetry
data, if applicable (see Fig. 4.1).

high (€ chuly bz parameter 43 fine
at level 7 estimation D &d; 146,

1
1
1
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Figure 4.3: The multi-resolution representation (MRR) based on the pyramid algorithm (cf. P-lll')

The advantages of applying the pyramid algorithm are demonstrated in  P-lll in detail, including

- different observation types can be used only once at the spectral level of their highest sensitivi-
ties,

- the covariance information can be calculated following the law of error propagation from the
higher levels and serve as input for the lower levels,

- the computational effort is reduced when the observations are included at the lower levels,
which require a smaller number of SRBFs.

4.4 Scaling and wavelet functions

A spherical scaling function of resolution i is a band-limited SRBF B(x,xx) =: Fi(x,Xk;), which
can act as a low-pass lter (see Sect. 4.1), with Legendre coefcient B, =: f,; > 0 for degree
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n=0,1,..,Nmax=:2 landf ni = Ofor degree values n > 2" 1. Based on the scaling function, a
spherical wavelet function Y;(x, xx;), which can be interpreted as a band-pass lter, can be de ned as

Yilx, i) = Fi(%,xki)  Fi (X Xki)

2 1pgn41 R M1 (4.31)

= S T Py
=0 4pR2 r nitn 1

(Schmidt et al., 2007), where its Legendre coef cients y , ; are computed as

Yni=fni fni 1 (4.32)

Different types of basis functions have been introduced and applied in numerous studies, including
band-limited SRBF, e.g., the Shannon and Blackman function (Schmidt et al., 2007), as well as non-
band-limited SRBF, e.g., the Poisson kernel (Klees et al., 2008) and radial multipoles (Marchenko,
1998). Wittwer (2009) and Bentel et al. (2013b) summarized and compared the characteristics of
different types of SRBFs. Tenzer and Klees (2008) pointed out that the band-limited property of the
basis functions is an advantage due to the reduced numerical complexity. Naeimi et al. (2015) and
Bucha et al. (2016) showed the advantages of applying the Shannon function in regional gravity eld
modeling for satellite and terrestrial data, respectively. Lieb (2017) demonstrated that it is bene cial to
use the non-smoothing Shannon function in the analysis but apply the Blackman or CuP function with
smoothing features in the synthesis. These three types of band-limited SRBF, i.e., scaling functions, are
considered in this work:

1. The Shannon function, which is a reproducing kernel (4.4), its Legendre coef cients f ﬁy’i‘aare

given by _
sha_ 1 for n 2 [0,2)
foi= 0 else (4.33)
2. The Blackman function, its Legendre coef cients f B'a are given by
8 .
<1 for n2[0,2 1)
f,?'ia— (A(n))2 for n2[2 1 2) (4.34)
0 else
where 0l 1 ) ) 4
pn pn
= _— = - + — , .
A(n) = 59 °°S > £C0S 5 (4.35)
3. The Cubic Polynomial (CuP) function, its Legendre coef cients f C“P are given by
cap. (1 821+ 55) for n 2 [0,2) (4.36)

0 else

Correspondingly, three types of wavelet functions can be obtained, with Legendre coef cients ySha—

fSha fSha yBla=fBa fBa andySuP=fSuP fCUP . Figure 4.4 visualizes the characteristics
of these three types of scallng funcnons (Ieft column) as well as their corresponding wavelet functions
(right column). In each sub-plot, the upper and bottom panels show the spatial and spectral domain,
correspondingly. According to Heisenberg’s uncertainty principle (Heisenberg, 1927; Freeden and
Michel, 2004), the spatial and spectral domain cannot be sharply localized at the same time, and a
trade-off between these two localizations is required in the choice of SRBFs. The comparison between

the different types of basis functions, i.e., between the Figs. 4.4a, 4.4c, 4.4e, shows that the Shannon
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Figure 4.4: The (a) Shannon scaling functions, (b) Shannon wavelet functions, (c) Blackman scaling
functions, (d) Blackman wavelet functions, (e) CuP scaling functions, and (f) CuP wavelet
functions at different resolution levels, in the spatial domain (upper panel, ordinate values
are normalized to 1), and in the spectral domain (bottom panel, ordinate values are not

normalized)

function has the highest localization in the spectral domain, but it also has the strongest oscillations
in the spatial domain. In contrast, the CuP function has the least oscillations in the spatial domain
but has a smoothing decay and extracts the least spectral information in the spectral domain. The
Blackman function is regarded as a compromise between these two domains. When the resolution
level i increases, the peak becomes sharper, but stronger oscillations show up in the spatial domain.
In the spectral domain, the corresponding frequency band becomes wider at higher resolution level.
Comparing the plots in the right with those in the left, it is clear that the wavelet function is the
difference between two scaling functions of neighboring levels in the spectral domain. In the spatial
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domain, the wavelet function has stronger oscillations than the scaling function of the same resolution
level.

In P-1, both the Shannon and CuP scaling functions are applied for comparing different regularization
methods, as Naeimi et al. (2015) stated that the performance of regularization methods differs when
using SRBFs with or without smoothing features. In P-Il and P-lll , the Shannon scaling function
is implemented in the analysis to avoid the loss of spectral information, and a smoothing function

is applied in the synthesis to reduce erroneous systematic effects, as suggested by Lieb (2017).
Furthermore, P-II shows that the SRBF with smoothing features can be applied to the airborne data as
a low-pass lter to reduce the high-frequency noise. The results also indicate the validity of combining
different SRBFs for different observations, which is applied to real data for the rsttime, in  P-1l. When
the terrestrial and airborne data are combined at a high maximum degree of the expansion, the noise
in the high frequency of the airborne data needs additional Itering (Childers et al., 1999; Forsberg
and Olesen, 2010). This issue can be solved either by applying a smoothing SRBF, which is done in
P-11, or by implementing the MRR based on the pyramid algorithm to include the airborne data at a
lower resolution level, which is realized in  P-lll . And in the latter case, the Shannon function can be
applied to all types of observations in the analysis.
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5 Estimation model

Based on the methodologies of the SRBFs discussed in Chap. 4, estimation models are set up. This
chapter discusses the model settings, how different types of observations are included and combined
within the estimation model in terms of both the SRBFs and the MRR, how the regularization parameter

is determined, and how the unknown coef cients are calculated.

5.1 Model con guration

As mentioned in Chap. 1, there are four properties that in uence the modeling accuracy, and thus,
need to be speci ed in the model settings. The type of the SRBFs has been discussed in Sect. 4.4, and
this section explains the other three, namely the bandwidth and location of the SRBFs as well as the
extension of the data zone. Detailed explanations regarding the settings of these four properties are
given in P-Il;in P-lll these settings are adapted in case of the MRR.

Bandwidth of the SRBFs

In this work, the maximum degree nmax Of the expansion is de ned according to the spatial resolution r
of the observations (Bucha et al., 2016; Lieb et al., 2016), and it is chosen following

R
Nmax pT, (5.1)

with r calculated as the average spatial resolution of all types of observations used in the whole study
area. For instance, in the "1 cm geoid experiment", the average spatial resolution of the terrestrial and
airborne gravity data (see Fig. 3.3a) amounts to 3.5 km, and correspondingly, the maximum degree of
the expansion is chosen asnpax = 5600.

Extension of data zone

Three areas need to be de ned in regional gravity modeling, the observation area YWp where the
observations are available, the computation area W where the SRBFs are located, and the investigation
(target) area W, in which the nal gravity functionals are computed as output. The observation
area fWg is xed by the given data, and as shown in Fig. 5.1, Wc and W, are chosen following
W, TWo W to mitigate edge effects. The detailed reasons for such settings are explained in
P-11, which include:

- the oscillations of the SRBFs cannot overlap and balance with each other at the boundaries of
the computation area W¢ due to the neglect of SRBFs outsideW¢, and thus, the computation
area W needs to be chosen larger than the observation areafW, i.e., TWe  TWo.

- the unknown coef cients dy cannot be estimated appropriately at the border of the observation
area fWop due to the lack of fully surrounding observations, and thus, the observation area Wg
should be larger than the investigation area W, i.e., TWo  TW,.

The margin size between the three areas is in uenced by the shape of the SRBFs; ifnmax is chosen
higher, the SRBFs become narrower (see Fig. 4.4), and thus, a smaller margin size can be selected. In
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this work, the margin size hc o between W and W is determined following a method described by
Lieb et al. (2016), but modi ed to

360
Nmax COS(jf maxj)

hC,O = (52)

where f nax is the maximum latitude value of the investigation area. In case of applying the MRR, the
margin size hc o increases by multiples of 2 from the highest level to the lowest level, as Nmax = 2 1
for each resolution level i. The margin size hg | between TWp and W, is usually chosen equal to
the margin size hc o (Bentel et al., 2013a), which is applied in P-l1. Depending on the desired nal
model size (target area), any value ho,  hco is valid, which is the case in P-Il. When the MRR
is applied, the margin size hc o differs between different resolution levels, and P-IIl shows that the
margin size hp | can be chosen as the median of the appliedhc o of each level.

Location of the SRBFs

The location of the SRBFs depends on the type
and the number of grid points. Eicker (2008)
examined four types of grids, and the results

45”._'."1

indicate that the Reuter grid and the triangle ver- e b
tex grid are the most suitable choices for space '_
localizing basis functions. According to Bentel 43"
et al. (2013a) and Naeimi (2013), different grid

types do not have a strong impact on the mod- 42
eling results, especially comparing to the other :
three properties. In this work, the Reuter grid is
implemented, which generates a homogeneous
coverage of equidistributed grid points on the !
sphere. As explained in Sect. 4.3, the total num- 3¢’
ber of Reuter grid points Z on the sphere is set
by a control parameter g (Eicker, 2008), and it is
estimated by

417

Figure 5.1: The different extensions for the areas of
Z 2+ 4 g2 (5.3) computation W, of observations fWg
and of investigation W, as well as the
distribution of the Reuter grid points in

The minimum total number of required grid
TWe

points on the sphere depends on the maximum
degree npax Of the expansion. When npax in-
creases, the SRBFs need to be placed at denser
grid points in order to cover the full spectral content of the gravity observations. As already mentioned
in Sect. 4.1, the system of grid points needs to be admissible, which means

Z  (Nmax+ 1)% (5.4)

and it is fundamental if Z = (npax+ 1)2 holds (Schmidt et al., 2007). In practice, it is dif cult
to generate grids with the exact amount of points ful lling a fundamental system. In case of an
admissible system, linear dependencies exist between the SRBFs, which yield a global rank de ciency
of Z (nmax+ 1)2. This is one of the reasons why regularization is required. The choice of the total
amount of Reuter grid points Z thus needs to guarantee an admissible grid point system, and to
minimize the rank de ciency at the same time. For these reasons, the control parameter g is usually
chosen asg = nmax+ 1 (Bucha et al., 2016; Lieb et al., 2016) og = nmax (Wittwer, 2009; Bentel, 2013) in
existing literature. In this thesis, g = nmax is applied, and those Reuter grid points that are distributed
inside the computation area W are used as the locations of the SRBFs (see Fig. 5.1).
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5.2 Parameter estimation

To calculate the unknown coef cients, a classical numerical integration technique (de Min, 1995) or a
parameter estimation procedure (Koch, 1999) can be applied. The advantages of numerical integration
are that each coef cient can be computed independently of the others and no (ill-conditioned) linear
system needs to be solved (Schmidt et al., 2007). The advantages of parameter estimation include:

- data from different observation techniques can be used directly at their original observation
sites, without the need of grid interpolation,

- the covariance, and thus, the standard deviations can be estimated along with the coef cients
and the gravity model, which evaluate their uncertainty,

- the downward continuation of the airborne and satellite data can be directly performed in the
estimation step,

(Bentel et al., 2013b). Thus, in geodesy the parameter estimation is usually applied to combine hetero-
geneous data sets (Schmidt et al., 2015). The procedure of parameter estimation has been discussed in
all the three publications, P-I to P-lll , and the key points are repeated here for completeness.

The following estimation models are developed based on the Eq. (4.2). For each gravity data set p =
1,2, P, collecting the observations yp(X1),Yp(X2), - - -,Yp(Xn,) With position vector Xg,Xp,...,Xn,
into the np 1 observation vector y , the Gauss Markov model

Yot €= Apd with  D(y,) = sjP,' (5.5)

can be set up. ep = [ey(X1),ep(x2), .. .,ep(xnp)]T is the np 1 vector of the observation errors, and
Ap = [Bp(x,x)] is the np, K design matrix, which contains the corresponding (adapted) scaling
functions between the observation points and the grid points. D(yp) is the covariance matrix of the

observation vector Yo with sg being the unknown variance factor and Pp being the given positive
de nite weight matrix. However, the model (5.5) is in most cases ill-posed due to three reasons, namely

- the number of used basis functions is larger than required (as explained in Sect. 5.1),
- existing data gaps,
- the downward continuation of airborne and satellite data.
Thus, regularization is inevitable. To solve this problem, an additional linear model
m+e=d with D(my)= siP,* (5.6)

is introduced as prior information. mnyis the K 1 expectation vector of the coef cient vector d, gy is
the corresponding error vector, and D(ry) is the covariance matrix of the prior information, with sg

being its variance factor and P4 being the positive de nite weight matrix.

Combining the two models (5.5) and (5.6), an extended Gauss Markov model can be formulated

2 3
02 31 s?p,t 0 0
y

2 3 2 3 2. 3 0
A1 1 : : :
A, Yo 0 s2p,t : :
:Z2 dwith D : = : 0 : : (5.7)
Ap o . . .
I

y : : : 1
”h ; ; : S3Pp 0
0 0 ... 0 sZp,t
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Applying the least-squares adjustment to Eq. (5.7), the unknown coef cient vector 8 can be estimated
as | |
P Slop '
8= WpALPpAp + | Py WpARPpY,+ | Pamy (5.8)
p=1 p=1
with the covariance matrix -
o !
By=s? WpAIPpAp+ I Py . (5.9)
p=1
Wp = bf/ bg denotes the relative weights between the observation groups, which are estimated by
VCE.| = blz/ bg can be interpreted as the regularization parameter (Koch and Kusche, 2002), and its
determination is discussed in Sect. 5.4. In this work, the expectation vector my is set to the zero vector,
since the background model subtracted in the remove step of the RCR procedure serves as the prior
information.

The estimated coef cient vector 8 and its covariance matrix B, are then used to calculate the output
gravity functional P as well as its covariance matrix 8 in the synthesis step

b= BA (5.10)

QF = BQdBT, (5-11)

where B is the design matrix, which contains the scaling functions between the grid points and the
computation points of the nal gravity model.

5.3 Sequential parameter estimation

As explained in Sect. 4.2, the unknown coef cients need to be estimated at each resolution level when
the MRR is applied. They are estimated sequentially in this work, by implementing the pyramid
algorithm (see Sect. 4.3). In this procedure, the unknown coef cient vector B, as well as its covariance
matrix le of the highest level | are estimated rst by the parameter estimation procedure explained in
Sect. 5.2i.e., the Egs. (5.8) and (5.9). Afterwards, they are transformed to the lower levels by low-pass
ltering according to the Egs. (4.15) and (4.16), and updated by including observations successively
at each level. The combination of the coef cient vector dj;;,; from the pyramid algorithm with the
observations of level i is realized again by parameter estimation, and it is detailed in P-III .

Assuming that Q data groups with observation vector Y, are introduced at level i, the combination of
diji+ 1 and y,; reads

2,3 2 02 31 251|P 1 o ... 0o °
y1| A1| Yii .
yz. A2| Yoi 52|P
d; with D =
yQI Ya, s3iPol 0
Ijl+l diji+l 0
diji+ 1

(5.12)
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The updated coef cient vector Bi of level i is derived as

1

Q1 Q1
Hi = TAg,i Pq,iAq,i + Sd} TA;qu,iyqyi + Sd..:.L diji+l (5.13)
F=1 Sqi iji+1 =1 Sqi iji+1
with the covariance matrix
|
|
B, = ? 1 Al PyiAgi+ S, L 14
di - ST q,| qvl qvl diji+l . (5 )
g=1>q,
e variance factorss¢.,s5.,...,s5; of the data setsy,.,y,:,...,Yo; are estimated by .
Th factors s2,,s2. & of the data setsy, ;,y,; o timated by VCE
e combination of y; = [y,:, Y5y --» Y] and d;;;+ 4 can also be solved in analogy to a Kalman
Th binat fy; II ; B|T d diji+1 Iso b Ived I to a Kal

lter (Kalman, 1960), where the d;;,, and Sdiji+l can be regarded as the predicted state vector and
the related predicted covariance matrix, respectively. Then the corrected state vector d; as well as its
covariance matrix Sy are computed by incorporating the involved measurements y; at level i

Bi = dji1t Ki y; Aidijieg (5.15)
By = (I KiA) Sq;.,, (5.16)
where K; is the gain matrix
Ki = Sqg,,,Al AiSq,, Al + Sy, (5.17)
with A; = [Af;, AZ;, ..., AG;lT, and Sy, = diag sZP, ' s3,P,1,...,s3 Py; being the covariance
matrix of the observation vector y;. After taking into account the matrix identities (Koch, 1999)
D 'Ic(A BD !¢) '=(D cA !B) cal (5.18)
and
(A BD '¢) '=A 1+A B(D CA !B) cA? (5.19)

the solution delivered by the Egs. (5.15) and (5.16) ends up identical to the Eqgs. (5.13) and (5.14).

In the synthesis step, the estimated coef cient vector B; and its covariance matrix Qdi are used to
calculate the estimated detail signal 8; as well as its covariance matrix QGi of level i

Qi = BiBi (520)

8 = BBy B/, (5.21)

where B; is the design matrix containing the corresponding wavelet functions between the computation
points of the gravity model and the grid points of level .

5.4 Regularization

As mentioned in Sect. 5.2, regularization is in most cases inevitable in the parameter estimation.
Bouman (1998) discussed and compared different regularization methods, and among them, the
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Tikhonov regularization (Tikhonov and Arsenin, 1977) is applied here. It nds the solution  d; that
solves the minimization problem

d = argminf(Ad y)TP(Ad y)+1(d m)TR(d m)g. (5.22)
d

The residual term kKAd  ykp measures the least-squares t, and the penalty term kd nykg quanti es
the regularity, where my is the prior information of d, | and R are the regularization parameter and
regularization matrix, respectively. Ilk (1993) concluded that the modeling result is insensitive to the
choice of the regularization matrix R. In this thesis, it is chosen as the identity matrix, i.e., R = I,
which is commonly applied in existing literature (see e.g., Naeimi et al., 2015; Klees et al., 2018; Slobbe
et al., 2019). Eicker et al. (2014) explained why the regularization matrix can be approximated by 1.
Other choices for R are given, e.g., by Kusche and Klees (2002) and Wu et al. (2017a). However, a
detailed discussion about the regularization matrix is beyond the scope of this study.

This section focuses on the determination of the regularization parameter | when different data types
are to be combined, which is the rst main research objective of the thesis (see Sect. 1.2), accomplished
by P-I. The regularization parameter determination is a crucial issue, and it directly in uences the
modeling results. A weak regularization, i.e., | chosen too small, leads still to instabilities in the
results, and if | is chosen too large, some information contained in the observations would be lost
(Naeimi, 2013). Different methods have been developed and applied for the regularization parameter
determination, e.g., the L-curve criterion (Hansen, 1990; Hansen and O’Leary, 1993), the GCV (Golub
et al., 1979; Wahba, 1990), and the VCE (Koch and Kusche, 2002). Each method has its own advantages
and disadvanteges, and a comparison between different methods can be found, e.g., in Farquharson
and Oldenburg (2004); Naeimi et al. (2015); and Xu et al. (2016). Xu et al. (2006) modi ed the
VCE and proposed a bias-corrected variance component estimator. Tanir et al. (2009) combined two
regularization methods, namely the VCE and GCYV for the Very Long Baseline Interferometry (VLBI)
intra-technique combination. Naeimi (2013) proposed a Parameter-Signal Correlation (PSC) approach
based on the idea that in case of SRBFs, an appropriate regularization parameter gives the maximum
correlation between the estimated coef cients and the gravitational potential.

Koch and Kusche (2002) demonstrated that the Tikhonov regularization can be interpreted by Bayesian
statistics as estimation with prior information, and it is realized by adding a positive de nite ~ matrix Py
times the regularization parameter | to the normal equations for stabilizing the solution, as shown in
Eqg. (5.8). In this case, the regularization parameter is regarded as an additional variance component
for the prior information my of the unknown coef cients, i.e., the prior information is treated as an
additional observation group. The VCE is commonly used in regional gravity eld applications (see
e.g., Bentel et al., 2013a; Eicker et al., 2014; Bucha et al., 2016; Wu et al., 2017b), especially when
different types of observations are combined. It estimates the relative weights between different
observation groups and the regularization parameter simultaneously. However, it has been suspected
that the regularization parameter generated by VCE could be unreliable (Liang, 2017), due to the fact
that the prior information is required to be of random character (Koch and Kusche, 2002), and this
is not ful lled when a background model serves as prior information. Naeimi et al. (2015) showed
that VCE delivers larger RMS errors in the calculated geoid model than the L-curve method and GCV,
and further concluded that the L-curve method should be applied when the Shannon function is used.
However, the L-curve or other conventional regularization methods cannot deliver the relative weights
between heterogeneous observations (Xu et al., 2006). ThusP-lI proposes to combine the L-curve
method and VCE in such a way that the relative weights are estimated by VCE, but the regularization
parameters are determined by the L-curve method.

Variance component estimation

VCE is an iterative process; it starts with given initial values for the variance factors sg and s§ to
calculate an initial solution for 8, following Eq. (5.8). This leads to new estimations for bg and bg, with
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<
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T (5.23)
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where By and by are the residual vectors, which read

Cop= Acl
Bp= Apl Y, (5.24)
bd = B n’h
rp and rqy are the partial redundancies, which can be computed as
8
<rp=np trace(SATPLApN 1)
sp P (5.25)

Crg= K trace(s—lgPdN D)

(Koch and Kusche, 2002).n, denotes the number of observations in the p" data set, K is the number of
coef cients, and N = ’F)’:l %AgPpAp + ?lgpd is the extended normal equation matrix. The procedure

iterates until a convergence point is reached.
L-curve method

The L-curve is a graphical procedure. As shown
in Fig. 5.2, the plot of the regularized solu-

tion norm kB, myKp, against the residual norm 02

kAB,  ykp by changing the numerical value for 022

the regularization parameter | shows a typical L- 02

curve behavior. The corner point in this L-shaped 018

curve corresponds to the desired regularization =§ 016

parameter. The L-shaped curve can be exam- | o1a

ined on a logarithmic scale (Hansen and O’Leary, S o

1993), or a linear scale when the variation of the ~ — |

residual norm is low (Eriksson, 2000). -

Based on these two methods, two combined ap- 0.06 L

proaches are proposed, namely VCE-Lc and Lc- 004 o - P - = .
VCE. The following descriptions about these two ~
approaches are taken from P-1, which answer the lad; - ¥|

research question Q-2 raised in Sect. 1.2: how
to apply a conventional regularization method,
i.e., the L-curve method, if various data sets are
combined.

VCE-Lc

Figure 5.2: An example of the L-curve function

The rst approach (VCE-Lc) is visualized in Fig. 5.3 (Fig. 3 in P-1). It starts with the calculation of the

relative weights between the observation groups by means of VCE; a regularization parameter | ycg
is also generated. In the second step, the weighting factors wyp are kept, but the regularization
parameter | ycg is not used. Instead, a new regularization parameter is regenerated using the L-curve
method, based on these weights. The nal solution is then computed using Eq. (5.8) with the

weights wp from VCE and the new regularization parameter | [ ¢ve from the L-curve criterion.

Lc-VCE

Figure 5.4 (Fig. 4 in P-1) illustrates the procedure of the Lc-VCE. In contrast to the VCE-Lc, in the Lc-
VCE the L-curve method is applied rst based on empirically chosen values for the relative weights wyp.
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Figure 5.3: Combination of different types of observations based on the regularization method VCE-Lc
(adapted from P-I)

A regularization parameter | | _cune IS Obtained in the rst step, and it is used for de ning the value
of s in the VCE. In the second step, the VCE is applied with initial values s? = s3= ...= s3and
s2 = s2/ | |cune. After each iteration within the VCE, the value of s3 is setto s?/ | |_cure again, with
the new value of 312 obtained in this iteration. In this case, the regularization parameter | calculated
from the L-curve method will be kept, but the relative weighting factors  wp are recomputed in each
iteration step.

In P-I, these two combined approaches are compared with the L-curve method and VCE using
simulated terrestrial, airborne, and satellite gravimetry data in six study cases, based on different
combinations of data groups. Two comparison criteria are used; the RMS error between the computed
disturbing potential and the validation data, as well as the correlation between the estimated coef cients
and the validation data. A higher correlation indicates a better representation of the gravity signal
(seeSect. 4.2in P-1 for more details). Numerical results and detailed discussions can be found in P-I,
while the key ndings and conclusions are summarized here. The investigation shows that the L-curve
method or the VCE alone does not guarantee a reliable regularization result. The answer to Q-1 is that
VCE fails to provide a suf cient regularization in study cases where strong regularization is required,
e.g., when only satellite gravity data are used, and when large data gaps exist (see Sect. 5.1 inP-I for
more details). In such cases, the RMS error obtained from VCE-Lc decreases by up to 60% compared
to the one delivered by the VCE. This conclusion is further veri ed in  P-Il by the modeling results
using real gravity observations. In the "1 cm Geoid Experiment”, when calculating the airborne-only
solution (see Sect. 6.1), the regularization parameter delivered by VCE is almost two magnitudes
smaller than the one given by the VCE-Lc, due to the data gaps and downward continuation of the
airborne observations (see Fig. 3.3a).

On the other hand, the L-curve method relies heavily on the empirically chosen relative weights, and

it cannot deliver reasonable modeling results if these weights are not chosen accurately. When various

types of observations are combined, the L-curve method delivers an RMS error 75% larger than the

one given by the combined approaches if the relative weights are chosen equally, i.e., wp = 1. These
results answer Q-3: the impact of the regularization parameter on the modeling accuracy is signi cant.



5.4. Regularization

41

Figure 5.4: Combination of different types of observations based on the regularization method Lc-VCE
(adapted from P-I)

When the regularization parameter is not estimated properly, i.e., when the L-curve method or VCE is
applied alone, the gravity model could deliver an RMS error up to two times larger. The drawbacks
of these two methods are overcome by applying the proposed combined approaches. Among the
two combined approaches, the VCE-Lc generally gives better results in terms of both the two criteria.
Furthermore, the performance of the Lc-VCE also depends on the empirically chosen weights, as the
regularization parameter generated by the L-curve method in the rst step will be kept. Thus, the
VCE-Lc approach is then applied throughout this work for determining the regularization parameter.
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6 Results and discussion

This chapter presents the major results of this work, i.e., regional gravity models derived from both
the single-level SRBF approach and the MRR using various types of gravity observations in different
study areas. These regional models are computed by setting up the estimation models (Chap. 5) based
on the methodologies presented in Chap. 4 using gravity data and models as introduced in Chap. 3.
The connection between related sections are shown in Fig. 6.1.

Figure 6.1: Flowchart regarding the procedure for calculating regional gravity models

6.1 "1 cm geoid experiment"

The "1 cm Geoid Experiment" means a milestone in the international effort towards the high-accuracy
geoid determination for the realization of the IHRS, and it provides a basis for the evaluation and

further development of procedures. This experiment is of great interest and importance for three
reasons:

- Colorado is a mountainous area with high elevations (with an average of 2017 m and a maximum
of 4386 m) and rugged topography (see Fig. 3.3b), which makes the gravity eld modeling
challenging. If a 1 cm accuracy is obtained in this study area, even higher accuracies can be
expected in other study areas by the applied modeling procedure, since the accuracy of the
geoid determination decreases when the topographic heights increase (Foroughi et al., 2019).
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- The NGS provides not only high-resolution terrestrial and airborne gravity observations (see
Sect. 3.3), but also a set of GNSS/leveling data at 223 GSVS17 benchmarks (red line in Fig. 3.3a)
with a mean distance of 1.6 km along the U.S. Highway 160. Thus, the accuracy of the modeling
results can be evaluated.

- With altogether fourteen participated groups from thirteen countries involved in this experiment
with different methodologies, the comparison of the results highlights the disparities of each
method.

Each group calculates the height anomaly, the geoid height, and the geopotential values at the GSVS17
benchmarks and for the whole target area (black rectangle in Fig. 3.3a), respectively, without the
knowledge of the GNSS/leveling data. The involved computation methods include the Stokes’ integral
(Claessens and Filmer, 2020; Wang et al., 2020), the LSC (Willberg et al., 2020; Grigoriadis et al., 2021),
the least-squares modi cation of Stokes’ formula (Jiang et al., 2020; Varga et al., 2021), and the SRBFs
(P-11), which well-represent the state-of-art methodologies in regional (quasi-) geoid modeling. Beside
the methodologies, discrepancies exist in processing strategies regarding

- the ltering and downward continuation of the airborne data,

- the combination of terrestrial and airborne observations,

the handling of terrain effects,
- the choice of the GGMs.

The detailed comparison of the height anomaly and the geoid height results delivered by each
participating group is presented in Wang et al. (2021), and the comparison of geopotential values is
given in S/AEnchez et al. (2021). Among the fourteen contributions, eleven groups followed Molodensky’s
theory, i.e., calculated the height anomaly directly, and converted it to geoid height by including

a geoid-quasigeoid separation term (see Sect. 2.3); three groups calculated the geoid height rst
following Stokes’ theory. As our geoid height result is obtained from the height anomaly by adding the
geoid-quasigeoid separation term given by Heiskanen and Moritz (1967), i.e., the Egs. (2.26) and (2.27),
which includes an approximation, it is expected to be less accurate than the height anomaly result.
Consequently, the evaluation in P-II and this section focuses only on the height anomaly results.

As the only group implementing the method of SRBFs, we documented the computation procedure
step by step in P-II, where the research question Q-4 is answered in detail. Due to the high elevation
and rugged terrain in this study area, not only a GGM but also topography models (see Sect. 3.5)
are included in the RCR procedure. The remaining part is then modeled by the combination of the
terrestrial and the airborne observations, and the estimation model is set up following Eq. (5.7). The
relative weight between the two data types and the regularization parameter are determined by the
VCE-Lc approach proposed in P-l1. An innovation of P-Il is the combination of two different types of
SRBFs for the terrestrial and the airborne data, respectively. To be more speci c, the Shannon function
is used for the terrestrial data and the CuP function is applied to the airborne data as a low-pass
Iter for reducing the high-frequency noise. Although the idea of using different SRBFs for different
observations was proven in theory to be possible by the Theorem presented in Sect. 4.1, it is applied to
real data for the rsttime, in P-II.

An internal validation, i.e., the statistical analysis of the residuals is presented in P-II, and the Figs. 6.2a
and 6.2b (cf. Fig. 7 in P-Il') show the residuals of the terrestrial and the airborne data, respectively.
These residuals give STD values of 2.13 mGal and 1.25 mGal for the terrestrial and the airborne data,
which indicate that the estimation model ts the airborne data better than the terrestrial data. This

is explainable as the terrestrial observations were gathered during a large time span with varying
quality, and the GRAV-D airborne measurements were collected in recent years (see Sect. 3.3). The
largest residuals in Fig. 6.2 are located in high-elevation areas, and a correlation with the terrain
map (Fig. 3.3b) can be seen. This indicates that a further improvement in the quasi-geoid model
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Figure 6.2: Residuals of (a) the terrestrial gravity data, and (b) the airborne gravity data from the
least-squares estimation

could be achieved by applying a more accurate topography model that might be available in the near
future. The SRBF-based modeling results are evaluated w.r.t. the mean results of all contributions
in P-Il, as the GNSS/leveling data have not been available to the participating groups until recently.
Compared to the mean results, the SRBF-based height anomaly values give RMS errors of 1.0 cm
and 1.6 cm along the GSVS17 benchmarks and in the whole study area, respectively, which are the
smallest among all the contributions. This section focuses on the validation of the SRBF-based results
w.r.t. the GNSS/leveling data. Note that the GNSS/leveling data actually contain 222 instead of
223 benchmarks, as the benchmark Nr. 77 was ultimately omitted because of its location on a sharp
switchback in the route (see van Westrum et al., 2021 for more details).

Validation with the GNSS/leveling data

Compared to the GNSS/leveling data, the SRBF-based height anomaly result gives an STD of 2.64 cm,
which is among the ve models of the best agreement (Wang et al., 2021). This comparison con rms
that the modeling result delivered by the SRBFs is comparable to those obtained by other methods,
and also answers the research questionQ-6. The differences between the SRBF-based height anomaly
result and the GNSS/leveling data are plotted in Fig. 6.3 (red line), and the statistics are listed in
Table 6.1 It is worth mentioning that a bias of 88 cm between the models and the GNSS/leveling
data has been removed (Wang et al., 2021), which is due to the difference between the adaptedWy
value used in this experiment and that of the North American Vertical Datum of 1988 (NAVD88). As a
reference, the differences between the mean result of all contributions and the GNSS/leveling data are
also plotted (cyan line in Fig. 6.3). The mean result is close to the SRBF-based solution, giving an STD
of 2.55 cm.

In Fig. 6.3, there is a noticeable sudden increase of almost 10 cm after benchmark Nr. 160 (vertical line
in Fig. 6.3) in both the SRBF-based result and the mean result in comparison to the GNSS/leveling
data, and such behavior is observed in all the fourteen contributions (see Wang et al., 2021 for more
details). The fourteen groups performed the computation independently with different methods and
procedures. Thus, it is unlikely that this increase comes from computation errors. Although this slope
seems to be correlated with the peak in the ellipsoidal height (black line in Fig. 6.3), there is no such
behavior at the rst peak of height (around Nr. 86) where the elevation raises from 2200 mto 3300 m
in about 60 km distance. Wang et al. (2021) pointed out that the exact reason for such a behavior is
unknown yet, but it could be caused by errors in the GSVS17 validation data or in the gravity data.
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Figure 6.3: Differences between the GSVS17 validation data and the SRBF-based height anomaly result
(red line) as well as the mean result (cyan line). The ellipsoidal height (black line) of the
GSVS17 benchmarks and the benchmark Nr. 160 (vertical line) are plotted for interpretation
reasons

Table 6.1: Comparison between the GNSS/leveling data and the height anomaly results, unit [cm]

Min Max Mean STD

SRBF -3.44 7.69 0.85 2.64
222 benchmarks

Mean of all contributions -2.92 7.82 0.33 2.55

SRBF -3.44 | 3.64 -0.43 1.37

160 benchmarks
Mean of all contributions -2.92 1.79 -1.06 0.82

In either case, it makes sense to exclude the benchmarks after Nr. 160 in the validation for a fair
comparison. The statistics of the comparison at the rst 160 benchmarks are also listed in Table 6.1.
The STD values of the SRBF-based result and the mean result are 1.37 cm and 0.82 cm, respectively.
van Westrum et al. (2021) estimated the accuracy of the GNSS/leveling data to be around 1.3 cm,
and thus, the accuracies of both the mean result and the SRBF-based result are generally within the
uncertainty of the GNSS/leveling data. Providing validation data with sub-cm accuracy to verify the

1 cm geoid accuracy could be as challenging as calculating the 1 cm geoid itself (Wang et al., 2021).
Nevertheless, the results obtained in this experiment indicate that the 1 cm (quasi-) geoid is achievable
even in areas with rugged terrain.

Contribution of the regional gravity measurements

To assess how much the quasi-geoid model bene ts from the regional terrestrial and airborne grav-
ity data, i.e., to answer the research question Q-5, four solutions are computed and compared,
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namely the terrestrial and airborne combined solution, the terrestrial-only, the airborne-only, and the
models-only solution, i.e., only the GGM (XGMZ2016 up to degree 719) and the topography models
(dV_ELL_Earth2014 from degree 720 to 2159 and ERTM2160 from degree 2160 to 80, 00Q are used
without any regional observations. The terrestrial-only and the airborne-only solutions are computed
in the same manner as the combined solution, i.e., the same GGM and topographic models as for
the combined solution are used in the RCR procedure, and the remaining part is then modeled by
the terrestrial or airborne data individually. In  P-Il, each solution is validated by the mean result of
the other thirteen contributions along the GSVS17 benchmarks. Compared to the mean result, the
models-only solution gives the worst result, with an RMS error of 4.04 cm; it is improved to 1.76 cm
by adding the terrestrial data, and further improved to 1.08 cm by including the airborne data. The
detailed comparison is presented and discussed in Sect. 5.2 ofP-Il. Here these four solutions are
validated by the GNSS/leveling data, and the differences between each solution and the GNSS/leveling
data are plotted in Fig. 6.4. The corresponding statistics are listed in Table 6.2. In this validation, the
models-only solution (grey line in Fig. 6.4) still shows the worst performance, delivering the largest
variation compared to the GNSS/leveling data (zero value line), with an STD of 4.39 cm (3.85 cm at
the rst 160 benchmarks). As explained in P-Il, the topography models cannot represent the true
high-frequency gravity signal accurately despite their high resolution, as they assume the topographic
masses to have constant density, which is not the case in reality.

Figure 6.4: Differences between the GSVS17 validation data and the combined solution (red line), the
terrestrial-only solution (green line), the airborne-only solution (blue line), as well as the
models-only solution (grey line)

The statistics listed in Table 6.2 indicate that the airborne-only solution, with an STD of 2.84 cm, is
better than the terrestrial-only solution, which gives an STD of 3.47 cm. However, Fig. 6.4 shows that
the airborne-only solution (blue line in Fig. 6.4) actually has larger oscillations than the terrestrial-only
solution (green line in Fig. 6.4), compared to the GNSS/leveling data. The reason for the smaller STD
value in the airborne-only solution is that it shows a smaller slope after benchmark Nr. 160. This further
indicates that the benchmarks after Nr. 160 should be excluded from the validation data to guarantee
a fair comparison. At the rst 160 benchmarks, the obtained STD values are 3.85 cm, 1.88 cm 1.68 cm,
and 1.37 cm for the models-only, airborne-only, terrestrial-only, and combined solution, respectively.
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Table 6.2: Comparison between the GNSS/leveling data and the different solutions, unit [cm]

Min Max Mean STD
Combined -3.44 7.69 0.85 2.64
Terrestrial-only -3.58 11.89 1.13 3.47
222 benchmarks
Airborne-only -3.31 8.39 1.78 2.84
Models-only -8.38 11.08 1.44 4.39
Combined -3.44 3.64 -0.43 1.37
Terrestrial-only -3.58 4.60 -0.57 1.68
160 benchmarks
Airborne-only -3.31 6.29 0.52 1.88
Models-only -8.38 7.67 0.62 3.85

The possible reasons for the terrestrial-only solution to be better than the airborne-only solution are
explained in P-1l, which include (1) the terrestrial data have a larger coverage, and (2) the downward
continuation of the airborne data, i.e., the airborne measurements are collected at an average altitude
of 6 km to model the gravity eld on the Earth surface, and thus, the modeling results are expected to
be less accurate than using the surface gravity data.

For the terrestrial-only solution, its differences w.r.t. the GNSS/leveling data are highly correlated to
the variations of the topography (black line in Fig. 6.4) at the GSVS17 benchmarks. This phenomenon
is also reported in P-1l, where the comparison is made with the mean results of the other thirteen
groups. To be more speci ¢, when the ellipsoidal heights are constant (between around benchmark
Nr. 110 to Nr. 180), the terrestrial-only solution is almost identical to the combined solution. However,
when there are big changes in the ellipsoidal heights (e.g. between around benchmark Nr. 40 to
Nr. 90 as well as after benchmark Nr. 180), larger differences between the terrestrial-only solution and
the validation data are observed. Including the airborne data seems to improve the terrestrial-only
solution the most in rugged regions. This is reasonable due to the varying gravity in such regions, and
thus, denser gravity observations are necessary to achieve a higher modeling accuracy.

The improvement in the combined solution is 18% compared to using terrestrial data only and 27%
compared to using airborne data only, and it reaches 64% compared to using no regional gravity
observations. Such signi cant improvements indicate the importance of high-resolution regional
gravity data. It is clear from both Table 6.2 and Fig. 6.4 that the combined solution (red line in Fig. 6.4)
bene ts from both the terrestrial and the airborne data. Moreover, an interesting observation in ~ Fig. 6.4
is that the combined solution always coincides with the solution (terrestrial-only or airborne-only)
which shows less variation to the GNSS/leveling data. To be more speci c, from benchmark Nr. 1
to Nr. 36 and from Nr. 116 to Nr. 180, the terrestrial-only solution shows smaller differences than
the airborne-only solution w.r.t. the GNSS/leveling data, and the combined solution is close to the
terrestrial-only solution at these parts. In contrast, from Nr. 37 to Nr. 100 and from Nr. 181 to Nr. 210,
the combined solution coincides to the airborne-only solution, as it is better than the terrestrial-only
solution. This indicates that the two types of gravity data are combined in a proper way.

Figure 6.5 shows the comparison between the combined solution and the models-only solution
(Fig. 6.59, the terrestrial-only solution (Fig. 6.5b), as well as the airborne-only solution (Fig. 6.5c), in
the whole study area. Signi cant differences are observed between the combined solution and the
models-only solution, especially at locations with high elevation. A correlation between Fig. 6.5a
and the terrain map (Fig. 3.3b) can be seen. In the eastern part of the study area, which is more at
than the western and central part, smaller differences appear between the combined solution and the
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Figure 6.5: The differences between the combined solution and (a) the models-only solution, (b) the
terrestrial-only solution, as well as (c) the airborne-only solution, in the whole study area

models-only solution. This comparison shows the necessity and importance of including regional
gravity observations despite the high resolution of the used GGM and topography models, especially
in high-elevation areas with rugged topography. The comparison between the combined solution and
the terrestrial-only solution reveals the contribution of the airborne data to the quasi-geoid model.
Larger differences in Fig. 6.5b show up in rugged region (central part of the study area), which
coincides with the conclusion drawn from the validation w.r.t. the GNSS/leveling data. This gives
some hints about where to place new airborne measurements in mountainous study areas. According
to the ndings in this study, airborne observations should be performed in rugged terrain in addition

to the local terrestrial data. In the comparison between the combined solution and the airborne-only
solution (Fig. 6.5c), differences mainly occur in areas without the airborne data coverage (see Fig. 3.3a),
which is reasonable. In the area with airborne observations, the airborne-only solution is closer to
the combined-solution than the terrestrial-only solution. This can be explained by the fact that the
estimation model ts the airborne data better than the terrestrial data (see Fig. 6.2), since the airborne
observations have been collected in recent years and are expected to have a higher quality than the
terrestrial observations. Nevertheless, additional contribution of the terrestrial data is still observed,
especially in high-elevation regions.

Performance of the GGMs

To answer the questions raised in Sect. 3.4, i.e., to compare the GGMs with the regional quasi-geoid
model, the performance of different high-resolution GGMs, namely EGM2008, EIGEN-6C4, GECO,
and XGM2019, is also validated in comparison to the GNSS/leveling data. Each GGM is truncated to

degree 2159, and the topography model ERTM2160 is added to count for the very high frequency parts
from degree 2160 to  80,000. The differences between the GNSS/leveling data and the quasi-geoid
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Figure 6.6: Differences between the GNSS/leveling data and the four GGMs (in combination with
ERTM2160) at the GSVS17 benchmarks

Table 6.3:Comparison between the GNSS/leveling data and the GGMs (in combination with
ERTM2160) at the rst 160 benchmarks, unit [cm]

Min Max Mean STD

EGM2008 -6.08 3.83 -1.92 2.32
EIGEN-6C4 -2.82 3.86 0.80 1.39
GECO -4.93 4.63 0.65 2.66
XGM2019 -8.02 7.97 0.48 3.80

calculated directly by the four GGMs in combination with ERTM2160 are shown in Fig. 6.6, and the
statistics at the rst 160 benchmarks are listed in Table 6.3. As shown in Fig. 6.6, the four tested GGMs
differ signi cantly in comparison to the GNSS/leveling data, giving STD values ranging from 1.39 cm
(EIGEN-6C4) to 3.80 cm (XGM2019). EGM2008, EIGEN-6C4, and GECO show the same pattern in the
variation to the GNSS/leveling data, since the latter two models are developed based on EGM2008.
However, EGM2008 gives a much larger mean value (-1.92 cm) at the rst 160 benchmarks compared
to the other three models, which could be due to the absence of GOCE data in the development of
this model (see Sect. 3.4). Although EIGEN-6C4 and GECO are both based on EGM2008, EIGEN-6C4
delivers the smallest STD, thanks to the contribution of GOCE, GRACE, and SLR data to the long-
wavelength component as well as the usage of a high-resolution gravity anomaly grid ( 20 20 see
Sect. 3.4 for more details). XGM2019 shows a pretty different pattern than the other three models,
and it gives the largest STD. This could be explained by the low resolution of the terrestrial gravity
anomaly data set (15° 159 used in the model determination of XGM2019 (S/&£nchez et al., 2021). In
contrary, much denser gravity anomaly grids are employed by EGM2008 ( 5° 59, GECO &° 59, and
EIGEN-6C4 (2° 29. Furthermore, in XGM2019 the gravity information above d/o 719 is derived from
the topography model Earth2014, which assumes the topographic masses to have constant density.
Thus, it is less accurate than using a high-resolution gravity anomaly grid formed by real gravity
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observations, which contain signals of density mass changes. Nevertheless, it is worth clarifying that
the performance of the GGMs depends on the testing region, and the validation here is not intended
to rank the different GGMs but to compare the GGMs with the regional (quasi-) geoid model.

The comparison results show that it is not reliable to use only the GGMs in combination with
topography models for (quasi-) geoid determination. The signi cantly varying performance of the
GGMs implies that they are not suf cient for engineering purposes or geophysical investigation (Wu

et al., 2017a), especially in mountainous areas. The standard deviations delivered by three of the test
GGMs are much larger than the one given by the regional model, which demonstrates the necessity
and importance of regional gravity eld re nement with local gravity measurements. Thus, the GGMs
cannot replace the regional (quasi-) geoid models, and high-resolution regional gravity eld modeling

is preferred for the determination of the IHRF coordinates, except for regions without or with very
few surface gravity data (SAnchez et al., 2021).

Table 6.4:Comparison between the GNSS/leveling data and the regional quasi-geoid model calculated

using different GGMs, truncated at different SH degrees, as background model (at the rst
160 benchmarks), unit [cm]

2159 1079 719 359

Mean STD Mean STD Mean STD Mean STD

EGM2008 -2.13 1.40 -2.24 1.31 -2.29 1.33 -2.54 1.42

EIGEN-6C4 -0.25 1.19 -0.54 1.21 -0.88 1.29 -1.83 1.48

GECO -0.01 151 -0.31 1.45 -0.69 1.39 -1.74 1.53

XGM2019 -0.54 1.37 -0.55 1.37 -0.55 1.35 -1.65 1.53

Figure 6.7: Differences between the GNSS/leveling data and the regional quasi-geoid model calculated
using the four GGMs (truncated at degree 719) as background model

These four GGMs are also tested as background model within the RCR procedure for regional quasi-
geoid modeling, i.e., in replacement of XGM2016. Each reference model is truncated to degree values
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2159, 1079, 719, and 359, respectively, and the parts above the truncation degree are covered by the
topography models (dV_ELL_Earth2014 and ERTM2160). The statistics (at the rst 160 benchmarks)
of the differences between the GNSS/leveling data and the regional quasi-geoid model based on
each GGM are listed in Table 6.4. The regional models based on the different GGMs deliver similar
results in terms of STD, with discrepancies less than 2 mm between each other. Among the four
truncation degree values, 1079 and 719 generally give better results, i.e., smaller STD values. However,
the differences between the four truncation degrees are also less than 2 mm in terms of STD. As an
example, the differences between the GNSS/leveling data and the regional quasi-geoid model based
on the four GGMs with truncation degree 719 are shown in Fig. 6.7. Despite the large discrepancies
between the four GGMs (Fig. 6.6), they are able to provide almost identical result after regional
quasi-geoid modeling. These results further show the reliability of the SRBF-based regional (quasi-)
geoid determination method, as it is able to deliver stable modeling results regardless the choice of
the GGMs. However, in Fig. 6.7 an offset (large mean value) is again observed in the solution based on
EGM2008 at the rst 160 benchmarks, and it disappears after the benchmark 160. The exact reason for
such behavior of EGM2008 still requires further investigation.

6.2 Spectral combination via MRR

The gravity models calculated by the spectral combination via MRR are presented and discussed in
P-I1ll , and this section summarizes the key ndings. The developed approach, i.e., the MRR based
on the pyramid algorithm is rstly tested using simulated data and then applied to real gravity
observations in different study areas, as shown in the Figs. 6.8a and 6.8b, respectively. The results
obtained from the MRR are directly compared with those delivered by the single-level SRBF approach
in order to highlight the bene ts of the MRR based on the pyramid algorithm.

(@) (b)

Figure 6.8: The study areas and the distributions of gravity data in (a) the simulated case, including
terrestrial (yellow dots), airborne (orange dots), altimetry (green dots), GOCE (grey dots),
and GRACE (blue dots) data, and (b) the real case, including terrestrial (yellow dots),
shipborne (red dots), airborne (orange dots), and altimetry (green dots) data

In the simulated case, ve types of gravity data are involved, namely terrestrial, airborne, and altimetry
data, as well as satellite gravimetry data from GOCE and GRACE. These data are simulated from
GECO, with the position of the observations (except the altimetry data) provided by the IAG-ICCT
JWG 0.3, running from 2011 to 2015. The position of the altimetry data is obtained from the real
ground track of Envisat (Extended Mission, see Sect. 3.2). All observations are simulated in the sense
of disturbing gravity eld quantities, i.e., rst order radial derivatives of the disturbing potential for
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Figure 6.9: The estimated scaling coef cients at level | = 11(rstrow), and levels i = 10,9, 8, 7(second
to fth row). From the second to the fth row, the left column represents the coef cients
diji+ 1 computed directly from the pyramid algorithm, and the right column represents the
updated coef cients d; after including the gravity data involved at this level. The black
rectangle inside each plot shows the observation area TWq

the terrestrial and airborne data, geoid height for the altimetry data, second order radial derivatives
of the disturbing potential for GOCE, and disturbing potential differences between the two satellites
for GRACE. White noise with standard deviations of 0.01 mGal, 1 mGal, and 0.03 m is added to
the terrestrial, airborne, and altimetry data; colored noise with standard deviations of 10 mE and
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8 10 4 m?%s?is added to the satellite data of GOCE and GRACE, respectively. The observation
area Wy is located between 39 and 45 latitude and between 10 and 20 longitude (Fig. 6.8a).
Following the pyramid algorithm shown in Fig. 4.3, only the terrestrial data, which cover almost half

of the study area, are used at the highest resolution level | = 11, according to the spatial resolution
of the data. The coef cient vector d;; and its covariance matrix Sq,, are estimated according to the
Egs. (5.8)and (5.9) and transformed to d;g4 and Sdmj11 of level i = 10 by low-pass Itering according
to the Eqgs. (4.15) and (4.16). They are then updated by including the airborne data at level 10, and the
updated coef cient vector djg as well as Sq,, are calculated by the Egs. (5.13) and (5.14). Continuing
this process, the altimetry data are added at level i = 9, the GOCE data at level i = 8, and the GRACE

data at level i = i9= 7; the coef cient vector of each resolution level is then estimated. Figure 6.9 (cf.
Fig. 6 in P-Ill') visualizes the updated coef cients (right column) and those obtained directly from
the pyramid algorithm (left column) at each resolution level. From the rst row (level | = 11) to

the last row (level i°= 7), the margin size hco increases from 0.3 to 4.8 following Eqg. (5.2), and
the density of the coef cients decreases gradually, as explained in Sect. 5.1. The top row shows the
scaling coef cients collected in the vector dq; at level | = 11, which are estimated from the terrestrial
observations only. Comparing it with Fig. 6.8a, additional gravity signals are only captured at the
locations with terrestrial data coverage, which is reasonable. The comparison between the left plots
and the right ones shows that the gravity observations at each level insert additional information in
the areas where they are located, and at the same time, the gravity signals captured from the previous
levels are preserved.

Figure 6.10 (cf. Fig. 7 inP-IIl') visualizes the estimated detail signals G; of the MRR as well as the
gravity signals F; at each leveli. The detail signals (left column in Fig. 6.10) at different levels show
the spectral information contained in the corresponding frequency ranges (see Fig. 4.1). When the
resolution level increases from level i%= 7 (fth row) to level | = 11 (rst row), more and more ne
structures show up. Atlevel | = 11, the detail signal G;; captures gravity information only in the
onshore area where the terrestrial data are located. However, at the border of the terrestrial data,
strong edge effects appear due to the Gibbs phenomenon. At level 10 where only terrestrial and
airborne data are involved, large edge effects are also observed at the border of the data coverage, i.e.,
in the coastal area of the Tyrrhenian Sea. After level 9, the involved observations have full coverage
over the observation area Wy (Fig. 6.8a), and no edge effects are visible within fW,. The edge
effects in G11 and Gyg will further contaminate the nal gravity model, as shown in Fig. 6.11b. To
address this issue, a strategy is developed in P-1ll to reduce the edge effects in the calculated detail
signals G;. Besides the observation areaWg and the investigation area W, for the whole study area
(seeSect. 5.}, we also de ne Wp, and W, for each resolution level i when calculating the detail
signals. fWo, depends on the data coverage of the observation groups involved at this level i, and
W, is adapted to TW;, = W, \ TW,. The detail signals G; of level i are then calculated within W,,.
As an example, fWo,, is de ned as the onshore areas in Fig. 6.8a since only terrestrial observations
are involved at level 11. Consequently, W, is adapted to the onshore areas within the investigation
area fW,. The new detail signals of level 11 and 10 after adapting W, are presented in Fig. 6.10 (mid
column), and the edge effects are signi cantly reduced. Figure 6.10 (right column) shows the gravity
signal (in terms of disturbing potential) Fjo= H+ i'27Gi of each level, with the gravity signal f = Fg
in the bottom panel of the right column being the long wavelength component modeled from GECO.

Figures 6.11a and 6.11b (cf. Fig. 8 inP-Ill ) show the differences between the validation data and
the gravity model in terms of disturbing potential calculated from the MRR based on the pyramid
algorithm after and before applying the proposed strategy for reducing the edge effects, respectively.
The corresponding statistics are listed in Table 6.5 (Table 2 in P-111'). Comparing Fig. 6.11a to Fig. 6.11b,
the edge effects at the border (outside the coverage) of the terrestrial data are signi cantly reduced.
The improvement achieved by applying this strategy is 21% in terms of RMS, w.r.t. the validation data.
However, at the border (inside the coverage) of the terrestrial observations, the edge effects remain
the same after adapting W, as also shown in the calculated detail signals at levels 11 and level 10
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Figure 6.10: The detail signal G; of the MRR based on the pyramid algorithm before (left column)
and after (mid column) adapting the investigation area W, as well as the estimated
gravity signal (in terms of disturbing potential) Fo= f+ i':?Gi (right column) from
level 19= 11 (rst row) to level 19= 7 (fth row), with  # (right column, last row) modeled
from GECO

(Fig. 6.10 mid column). Thus, it is planned for future work to develop strategies that further reduce
these edge effects, e.g., implementing a tapering at the border of the high-resolution gravity data.

To demonstrate the bene ts of the spectral combination through MRR, the gravity model based on the
single-level approach is computed, and Fig. 6.11c shows it differences w.r.t. the validation data. In the
single-level model, much larger differences are obtained in offshore than in onshore regions, where
the terrestrial data are available. It indicates that the single-level approach majorly recovers gravity
information from the terrestrial observations, and the contribution of other measurements which

are sensitive to lower spectral bands is not captured suf ciently. In contrast, such terrestrial-data-



56 Chapter 6. Results and discussion

(@) (b)

(c) (d)

Figure 6.11: Differences between the estimated disturbing potential and the validation data, delivered
by (a) the MRR based on the pyramid algorithm, (b) the MRR based on the pyramid
algorithm before applying the developed strategy for reducing edge effects, (c) the single-
level approach, and (d) the MRR without pyramid algorithm

dependent pattern is not visible in the solution of the MRR based on pyramid algorithm (  Fig. 6.113.
The RMS error delivered by the MRR based on the pyramid algorithm is 2.72 m?/s 2, which is 50%
smaller than the value given by the single-level approach. These results answer the research question
Q-8, and demonstrate the necessity and bene ts of the developed MRR approach.

Table 6.5:Evaluation of the MRR and the single-level model with respect to the validation data in
terms of disturbing potential values (unit [m /s ?])

Min Max RMS
MRR based on pyramid algorithm (Fig. 6.11a) -11.63 11.41 2.72
MRR based on pyramid algorithm
-20.98 12.82 3.44
(before adapting W, to reduce edge effects, Fig. 6.11b)
Single-level model (Fig. 6.11c) -38.22 21.64 5.48
MRR without pyramid algorithm (Fig. 6.11d) -27.13 27.64 4.21

Furthermore, to verify the advantages of applying the pyramid algorithm, an additional comparison is
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conducted with the MRR without applying the pyramid algorithm, i.e., the coef cients are estimated
independently at each level using all types of observations. The differences between the validation data
and the calculated model are shown in Fig. 6.11d, and the statistics are listed in Table 6.5. Compared
with the single-level approach, its differences w.r.t. the validation data decrease in offshore regions,
which indicates that the gravity information in lower-resolution observations are better captured.
Consequently, the RMS error delivered by the MRR without pyramid algorithm is 23% smaller than
that of the single-level model. However, the same pattern as the single-level model is observed in
Fig. 6.11d i.e., larger differences show up in the offshore regions comparing to the onshore area. After
applying the pyramid algorithm (Fig. 6.11a), the differences in the offshore area become much smaller,
and an improvement of 35% is obtained in terms of RMS value. These results further contribute to the
answer of the research question Q-8, i.e., show the bene t of applying the pyramid algorithm.

In the case of real data, the developed method is applied to calculate the regional quasi-geoid and
gravity anomaly models in Northern Germany, i.e., between 53.2 and 55.3 latitude and between 5.9
and 14.3 longitude (see Fig. 6.8b). Four types of gravity observations are used, namely terrestrial,
shipborne, airborne, and altimetry data, and a detailed data description can be found in P-Ill . The
computation of the MRR based on the pyramid algorithm is carried out in the same manner as the
simulated case, following Fig. 4.3. The terrestrial observations are used at the highest level | = 12to
calculate the unknown coef cients of this level and to start the pyramid algorithm. The shipborne,
airborne, and altimetry measurements are included at levels 11, 10, and 9, respectively. The number
of grid points at each resolution level as well as the margin sizes hc o and hg | are chosen following
Sect. 5.1. The developed strategy as explained in the simulated case, i.e., adaptindW,, to reduce edge
effects in the calculated detail signals, is applied as well.

@
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Figure 6.12: Differences between the calculated quasi-geoid model and the GNSS/leveling data in
the onshore area, delivered by (a) the MRR based on the pyramid algorithm, and (b) the
single-level approach. Note that the mean values of the differences are removed

The quasi-geoid models calculated by the MRR based on the pyramid algorithm and the single-level
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Figure 6.13: Differences between the calculated gravity anomaly model and the DTU17 in the offshore
area, delivered by (a) the MRR based on the pyramid algorithm, and (b) the single-level
approach

approach are validated using GNSS/leveling data in Northern Germany (Gruber et al., 2011), and
their differences are visualized in Fig. 6.12 (cf. Fig. 11 in P-lll). The MRR based on the pyramid
algorithm delivers smaller differences w.r.t. the GNSS/leveling data, giving an RMS error of 2.23 cm,
as shown in Table 6.6, which is 35% smaller than that of the single-level approach (3.43 cm). The
calculated gravity anomaly models are validated with a DTU 20 29gravity anomaly grid (DTU17,
Andersen and Knudsen, 2019) in the offshore area. Figure 6.13 (cf. Fig. 12 inP-lll') shows the
differences between the computed gravity anomaly models and the DTU17, delivered by the MRR
based on pyramid algorithm ( Fig. 6.139 and the single-level approach (Fig. 6.13b), respectively. The
corresponding statistics are listed in Table 6.6. In the single-level model, much smaller differences
are observed in regions with shipborne data coverage (see Fig. 6.8b), which suggests that it majorly
recovers gravity information from the high-resolution shipborne data, and information from other
measurement types is not captured suf ciently. The MRR based on pyramid algorithm again delivers
smaller differences, and the obtained RMS value decreases by 63% in comparison to the single-level
approach. The improvement achieved by applying the MRR based on the pyramid algorithm is even
larger in the offshore area than in the onshore area, where the high-resolution terrestrial data are
available. These results agree with the conclusion drawn from the simulated study case, and further
answer the research question Q-8.

In these two study cases, gravity data from various observation techniques with different spectral and
spatial resolution are combined, and the high-resolution measurements do not have coverage over the
whole study area. In such case, it is especially bene cial to apply the MRR, as the single-level approach
would be biased towards the high-resolution data and is not able to extract the full information from
measurements with medium to low resolution. The improvement by applying the MRR based on the
pyramid algorithm is signi cant in these study cases, with the RMS values decrease by more than
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Table 6.6:Evaluation of the MRR based on the pyramid algorithm and the single-level model w.r.t.
GNSS/leveling data (in terms of quasi-geoid, note that the mean differences are removed) in
the onshore area, and w.r.t. DTUL17 (in terms of gravity anomaly) in the offshore area

w.r.t. GNSS/leveling data w.r.t. the DTU17 grid
(unit [cm]) (unit [mGal])
Min Max RMS Min Max RMS
MRR based on pyramid algorithm -450 | 5.15 2.23 -7.98 8.70 2.67
Single-level -6.48 | 9.36 3.43 -53.24 | 60.46 | 7.22

30% compared to those obtained from the single-level approach, w.r.t. the validation data. However,
when the high-resolution data have almost full coverage, the single-level approach is not expected to
deliver worse results than the MRR. For instance, in the "1 cm geoid experiment", only the terrestrial
and airborne gravity observations are involved with high data quality and almost full coverage, the
single-level quasi-geoid model actually gives slightly smaller STD than the one calculated by the MRR.
This could be due to the fact that less erroneous effects, e.g., edge effects, are included in the synthesis
step in the single-level than in the multi-level. Thus, the choice of applying the single-level SRBF or
the MRR based on the pyramid algorithm depends on each study case, i.e., depends on the involved
data types and distributions. The answer to research question Q-9 is: the MRR based on the pyramid
algorithm should be applied when there are many types of gravity observations with different spectral
resolution, especially in study areas where the high-resolution data do not have full coverage, such as
offshore regions and developing areas with sparse terrestrial data.
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/7 Summary and outlook

7.1 Summary

This thesis focuses on regional gravity eld modeling based on the combination of data from vari-
ous observation techniques, for the realization of physical height systems. Chapter 2 presents the
fundamental theory of gravity and the de nition of different heights and height systems. Chapter 3
introduces various types of gravity observation techniques, as well as the gravity data and models
involved in this work. The method of SRBFs is used, and based on it, a spectral combination is further
implemented through the MRR by means of the pyramid algorithm to consider the spectral sensitivity
of different observation techniques. Chapter 4 explains the methodologies of the SRBFs, the MRR,
and the pyramid algorithm. The estimation models based on both the SRBFs and the MRR are then
set up in Chap. 5, with the model con guration discussed in detail, including the type, bandwidth,
location of the SRBFs, as well as the extension of the data zone. Different types of gravity observations
are combined by the parameter estimation procedure, and the Tikhonov regularization is applied for
solving the ill-posed problem. A new approach is proposed and recommended for the determination
of the regularization parameter, which combines VCE and the L-curve method ( P-l). The modeling
results based on the SRBFsR-II) and the MRR (P-IIl') are discussed in Chap. 6. In the single-level
SRBF approach, the calculated high-resolution regional (quasi-) geoid model in Colorado contributes to
the "1 cm geoid experiment", where it is compared with thirteen independent solutions from different
modeling methods. The comparison shows that the STD of the SRBF-based (quasi-) geoid model is
among the smallest w.r.t. both the mean result of all fourteen contributions and the GNSS/leveling
data. In the MRR case, regional gravity models calculated by the MRR based on the pyramid algorithm
are compared with those obtained from the single-level SRBF approach. The results show that it is
bene cial to apply the MRR based on the pyramid algorithm, especially when the high-resolution
gravity observations do not have full coverage over the study area, as it is able to extract information
from measurements with medium to low resolution better than the single-level approach.

In summary, the research objectives listed in the Introduction are accomplished, and the research
guestions raised in Sect. 1.2 are answered:

Regularization method
Q-1. Is VCE suf cient for determining the regularization parameter?

VCE is not suf cient for the regularization parameter determination when a strong regularization is

required, e.g., when large data gaps exist. In regions without data coverage, the estimation model
relies heavily on the background model. However, as explained in Sect. 5.4, the prior information
is regarded as an additional observation technique in VCE, and thus, is expected to be of random
character. This requirement cannot be ful lled as the background model, which is not stochastic, is
used as the prior information. In such case, the regularization parameter generated by VCE is not
reliable. Results in P-l show that in study areas with large data gaps, the regularization parameter |
generated by VCE is not strong enough, and it could be more than two magnitudes smaller than the
one obtained by the VCE-Lc method. Consequently, the RMS error w.r.t. the validation data delivered
by VCE is almost 100% larger than that given by the proposed VCE-Lc method in such study cases.

Q-2. How to apply a conventional regularization method if various data sets are to be combined?
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When various types of gravity observations with unknown weight factors are to be combined, a
conventional regularization method, e.g., the L-curve method, can be applied in combination with
VCE, such that the relative weights between the data sets are estimated by VCE but the regularization
parameter is determined by the L-curve method. This study further suggests that it is preferred to
apply the VCE rst, and then determine the regularization parameter by the L-curve method based on
the estimated weights. P-I shows that the VCE-Lc method generally delivers smaller RMS errors as
well as higher correlations between the estimated coef cients and the validation data, compared to the
Lc-VCE. Furthermore, as mentioned in Sect. 5.4, the relative weights need to be selected empirically if
the L-curve method is to be applied rst, and wrongly chosen weights could lead to the degradation
of modeling results.

Q-3. How large is the impact of the regularization parameter on the modeling accuracy?

As mentioned in the answer to Q-1, if VCE is applied alone in study cases that require a strong
regularization, the calculated gravity model could deliver an RMS error up to 100% larger, compared
to the one acquired when the regularization parameter is chosen appropriately by the proposed
VCE-Lc method. On the other hand, numerical investigations in P-l show that if the L-curve method
is used solely when different types of observations are combined, the obtained RMS error is 75%
larger than that of the VCE-Lc method. These results demonstrate that the regularization parameter
has a signi cant impact on the modeling accuracy in regional gravity eld re nement. Thus, the
regularization parameter determination plays a crucial role in regional gravity eld modeling.

High-resolution regional (quasi-) geoid model based on SRBFs
Q-4. How to set up the estimation model using SRBFs?

To set up the estimation model, the settings need to be chosen rst, including the type, the bandwidth,
the location of the SRBFs, as well as the margin size for the extension of the data zone. The bandwidth
of the SRBFs, i.e., the maximum degreenpax Of the series expansion, depends on the spatial resolution
of the gravity observations following Eq. (5.1). The number of the SRBFs as well as the margin size
are then chosen based on the maximum degreenpax of the expansion, following the rules de ned
in Sect. 5.1. Generally, the Shannon function is applied in the analysis to avoid the loss of spectral
information, and an SRBF with smoothing features, such as the Blackman or the CuP function is used
in the synthesis to reduce erroneous effects. However, the SRBFs with smoothing features can also be
used in the analysis as a low-pass Iter to reduce the high-frequency noise in the gravity data. The
validity of combining different types of SRBFs for different types of observations is provenin  P-Il. The
extended Gauss Markov model (Eq. (5.7)) is then set up to estimate the unknown coef cients, with
the relative weights between different observation groups estimated by VCE, and the regularization
parameter determined by the L-curve method, i.e., using the VCE-Lc method proposed in  P-I.

Q-5. How much does each observation group contribute to the nal (quasi-) geoid model?

In the "1 cm geoid experiment”, the regional quasi-geoid model is calculated using terrestrial and
airborne gravity measurements in combination with a GGM and topography models. The nal quasi-
geoid model bene ts from all the data types. Including the topography models is of great importance
in mountainous areas, as it smoothens the input observations, which enables a better least-squares
t. However, the topography models alone do not guarantee an accurate modeling result, despite
their high resolution. Compared to the GNSS/leveling data, the STD value of the height anomaly
result delivered by the combined solution decreases by 18% compared to using terrestrial data only
and 27% compared to using airborne data only, and it reaches 64% compared to using only the GGM
and the topography models. The calculated quasi-geoid model is also compared with those directly
obtained by different high-resolution GGMs, namely EGM2008, EIGEN6C4, GECO, and XGM2019, in
combination of the topography models. This comparison shows that the performance of the GGMs
varies signi cantly, delivering larger STDs compared to the regional model. Thus, regional (quasi-)
geoid modeling based on local gravity observations is preferred for determining the IHRF coordinates,
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compared to using the high-resolution GGMs directly. Furthermore, the SRBF-based regional (quasi-)
geoid models deliver stable results regardless of the choice of the GGMs as background model.

Q-6. Which accuracy can the SRBF-based regional (quasi-) geoid model achieve, and how is its
performance compared to other methods?

Compared with the mean result of all the fourteen contributions in the "1 cm geoid experiment", the
SRBF-based quasi-geoid model delivers RMS errors of 1.0 cm and 1.6 cm at the GSVS17 benchmarks
and in the whole target area, respectively. They are both the smallest among all the solutions calculated
by different regional gravity eld modeling methods. Compared with the GNSS/leveling data, the
STD obtained by the SRBF-based quasi-geoid model is 2.64 cm, which is among the ve results with
the smallest STD values. However, the goal of having a (quasi-) geoid with 1 cm accuracy is not
reached yet. As shown in Fig. 6.3, there is a noticeable sudden increase in the differences between the
height anomaly results and the GNSS/leveling data after benchmark Nr. 160, which could be caused
by errors in the leveling data or in the gravity data. The exact reason for this increase needs further
investigation. Nevertheless, the STD at the rst 160 benchmarks reaches 1.37 cm, which is close to
the 1.3 cm uncertainty of the GNSS/leveling data. These results show the reliability of the SRBFs for
regional (quasi-) geoid modeling, and its performance is comparable with other methods, such as the
Stoke’s formula and the LSC.

Spectral combination via MRR based on pyramid algorithm
Q-7. How can the MRR and the pyramid algorithm be realized in regional gravity eld modeling?

To set up the MRR based on the SRBFs, the frequency domain needs to be discretized into different
resolution levels. From the highest level to the lowest level, the density of the required basis functions
decreases gradually but the margin size increases to reduce edge effects. The exact values for the
number of basis functions and the margin size at each level are chosen following the discussions in
Sect. 5.1. In this work, an MRR scheme is developed based on the pyramid algorithm and sequential
parameter estimation. The different resolution levels are connected by the pyramid algorithm, which
means the estimated coef cients of the highest level are transformed to the lower levels by successive
low-pass ltering. One choice of the low-pass Iter in case of using the Reuter grid is proposed in
P-1ll . The coef cients obtained from the pyramid algorithm are updated by the gravity data included

at each lower resolution level through the parameter estimation. These updated coef cients are then
used in combination with spherical wavelet functions to calculate the corresponding detail signals of
each level, and thus, the nal gravity model is obtained.

Q-8. What and how large is the bene t of applying the MRR based on the pyramid algorithm?

This question is answered in both Sect. 6.2 andP-Ill . The detailed bene ts of applying the MRR
based on the pyramid algorithm are listed in Sect. 4.3. The major advantage is that different types
of observations can be included into the estimation procedure at the spectral level of their highest
sensitivities, which makes it possible to bene t from the individual strength of each data set. It has
been pointed out in the existing literature that the single-level approach might be biased towards the
high-resolution measurements, and the contribution of measurements with medium to low resolution
(e.g., altimetry data, satellite gravimetry data) could be understated, since they are not sensitive at
high spectral degrees. Numerical results based on both simulated and real gravity observations in
this work con rm this suspicion. The single-level gravity models show much larger differences w.r.t.
the validation data in regions without high-resolution gravity data. In the two study cases presented
in P-11l , where the high-resolution terrestrial data do not have full coverage over the study area, the
improvement achieved by the MRR based on the pyramid algorithm is more than 30% in terms of
RMS, compared to the single-level SRBF approach.

Q-9. In which cases the MRR based on the pyramid algorithm should be applied?

In P-lll, different types of gravity observation techniques with varying spectral sensitivities are
involved, including high-resolution terrestrial, airborne, and shipborne data, medium-resolution
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altimetry data, as well as low-resolution satellite gravimetry data. Moreover, the high-resolution data
do not have coverage over the whole study area. In such cases, applying the developed MRR scheme,
i.e., MRR based on the pyramid algorithm and sequential parameter estimation, is especially bene cial.
The MRR models do not show larger differences w.r.t. the validation data in areas without coverage of
high-resolution observations than in areas with coverage, which is the case in the single-level model.
These results demonstrate that the MRR based on the pyramid algorithm is able to capture gravity
information from measurements that are sensitive to different spectral bands. Thus, it should be
applied when gravity observations with varying spectral resolution are used, and especially when the
high-resolution gravity data do not have a large coverage, e.g., in offshore regions and developing
areas with sparse terrestrial data. However, it is worth mentioning that the choice of applying the
single-level SRBF or the MRR based on the pyramid algorithm depends on each study case. As shown
in Sect. 6.2, the MRR does not deliver smaller STD w.r.t. the GNSS/leveling data than the single-level
approach in the "1 cm geoid experiment", where the terrestrial and airborne data cover almost the
whole study area with high density.

7.2 Outlook

Based on the results and discussions of this thesis, the following open research questions need to be
investigated in future studies.

Combination of VCE and other regularization methods

In this thesis, VCE is combined with the L-curve method for regularization parameter determination.

It solves the problem that VCE could deliver unreliable regularization results, and the L-curve method
cannot be applied when the relative weights between different types of gravity data are not available.
However, besides the L-curve method, there are other conventional regularization methods, such as the
GCV and the quasi-optimality method (Morozov, 1984; Bouman, 1998), that should be used with the
knowledge of weight matrices. Thus, they can also be combined with VCE, and it would be interesting
to compare the performance of these new "combined approaches" (e.g., VCE-GCV) with the VCE-Lc
method.

Inclusion of the covariance information

In the parameter estimation, i.e., EQ. (5.7), the weight matrix of each observation vector is set to be
the identity matrix, Pp = I, under the assumption that observations within the same group have the
same accuracy and are uncorrelated. Furthermore, the weight matrix of the prior information is also
set to P4 = | assuming that the coef cients are not correlated and have the same accuracy. These
assumptions are commonly used in existing publications, but they are not necessarily the ideal choices.
It is usually dif cult to acquire the realistic full error variance-covariance matrix of the observations,
since information about the real data quality is often not available. If an improper Pp is included, it
might not improve the modeling results, and at the same time increase the computation effort. Thus, it
is reasonable to setP, = |I. However, the weight matrix Py of the prior information could be obtained
from the covariance matrix of the GGM. Although this procedure would be computationally intensive,
more realistic modeling results might be obtained (Willberg et al., 2019). The full covariance matrix
of the GGM can also be included in the MRR based on the pyramid algorithm during the parameter
estimation of the highest resolution level.

Further reduction of edge effects in the MRR based on the pyramid algorithm

In case of the MRR based on pyramid algorithm, larger differences in the calculated gravity model
w.r.t. the validation data show up near the border of the high-resolution observations, due to edge
effects. To address this issue, a strategy is proposed and developed inP-lll and Sect. 6.2, which
adapts the investigation area according to the observations involved at each level when calculating
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the detail signals. The edge effects at the border outside the coverage of the high-resolution data are
signi cantly reduced by applying this procedure. However, those at the border inside the coverage
of the high-resolution data remain. Thus, further work is planned to develop strategies for further
reducing these edge effects, which could lead to an even better performance of the MRR based on the
pyramid algorithm.

Error assessment in the "1 cm geoid experiment"

As reported in Wang et al. (2021), the STD of the height anomaly results delivered by the fourteen
contributions ranges from 1.5 cm to 5.3 cm in comparison to the mean result in the whole target
area, and it ranges from 1.7 cm to 3.6 cm in comparison to the GNSS/leveling data at the GSVS17
benchmarks. Thus, the next step of the "1 cm geoid experiment"” is to study and understand the
possible reasons for the differences between the individual solutions. Actually, the JWG 2.2.1 "Error
assessment of the 1 cm geoid experiment” has been set up for this purpose in the IAG period 2019-2023.
Currently, different contributions have discrepancies not only in the computation method but also in
the data pre-processing. Thus, it is planned within the JWG that the data-driven errors should rst be
removed by using a common database, i.e., a common joint data grid of free-air gravity anomalies, and
then the method-driven errors could be quanti ed. Moreover, the reason for the sudden increase after
the GSVS17 benchmark Nr. 160 (see Fig. 6.3) in the validation between the height anomaly results and
the GNSS/leveling data needs to be investigated within this IWG.

For the SRBF-based quasi-geoid model, there are also a few possibilities for further improving the
model accuracy according to the numerical investigation and discussions in Sect. 6.1 and P-II.

Handing of the topographic effect As shown in Fig. 6.2, the modeling residuals are highly
correlated to the topography, which indicate that improvements in the quasi-geoid model could
be achieved by a more accurate topography modeling. Currently, the applied topography
models (dV_ELL_Earth2014 and ERTM2160) have a spatial resolution of around 250 m. Thus,
higher-resolution topography models that are newly available (e.g., TerraSAR/TanDEM 30 m)
can be considered, and the results should be compared to study the impact of topography
models in regional gravity eld modeling.

Bias/outlier detection in the gravity data Data pre-processing strategies could be further
applied and assessed. A bias detection or an outlier detection could be implemented by a cross-
over adjustment or newly proposed methods (e.g., Li, 2018). Furthermore, the measurement
accuracy might be derived from these pre-processing procedures.

Improvement of stochastic models Further improvement could be obtained by considering
the covariance information of the global quasi-geoid background model, instead of using an
identity matrix in the parameter estimation. In addition, the measurement accuracy derived
from the pre-processing procedures could also be included as the stochastic information.

In summary, signi cant advances have been made in regional gravity eld modeling by numerous
research groups using different methodologies in order to achieve the goal of geoid determination
with 1 cm accuracy. This thesis presents a contribution towards this goal based on the method of
SRBFs; procedures for the combination of data from various observation techniques are developed,
and potential improvements for future work are proposed accordingly.
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RCR Remove-Compute-Restore
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S/nchez, L., “gren, J., Huang, J., Wang, Y., M kinen, J., Pail, R., Barzaghi, R., Vergos, G., Ahigren,
K., and Liu, Q. (2021). Strategy for the realisation of the International height Reference System
(IHRS) . Journal of Geodes95, 33. https://doi.org/10.1007/s00190-021-01481-0

This publication discusses the strategy for the realization of the IHRS, i.e., the implementation of
the IHRF. Three methods for the IHRF physical coordinates determination are evaluated, namely (1)
using high-resolution GGMs, (2) precise regional gravity eld modeling, and (3) local height systems
uni cation. Experimental results show that the second method, i.e., regional gravity eld modeling is
recommended for the determination of potential values, except for regionals without (or with very few)
surface gravity data. Based on the analysis and discussion regarding these three options, a strategy
for the IHRF establishment is de ned, including the data requirement, standards and conventions
for the determination of IHRF physical coordinates (e.g., the zero-degree correction, mass center
convention, and the treatment of the permanent tide), a rst IHRF reference network con guration,
and the usability and sustainability of the IHRF. One highlight of this publication is the evaluation of
the potential values calculated using different regional gravity eld modeling methods by the fourteen
participating groups in the "1 cm geoid experiment". Compared with the mean value, the individual
solutions agree within ~ 0.09 and 0.23 /s 2 in terms of STD.

The contribution of Q. Liu to CP-1 is mainly the calculation of potential values from the different
high-resolution GGMs.
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and procedures applied by different participating groups, and evaluates the delivered (quasi-) geoid
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within this experiment are described. The computation methodologies, as well as the data processing
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(2) the preparation of surface gravity data, and (3) the solution of the Geodetic Boundary Value
Problem (GBVP). The (quasi-) geoid results calculated by each group are evaluated in three aspects:
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