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Abstract

Accurate and stable terrestrial reference frames (TRF) are the basis for a wide range
of applications of great scientific and socio-economic relevance. These include, e.g.,
navigation or the monitoring of physical processes related to geodynamics and global
change. Reference frames are realizations of theoretical concepts, called reference sys-
tems. The International Terrestrial Reference System (ITRS), for example, is defined
as a three-dimensional Cartesian coordinate system co-rotating with the Earth. Its
realization, given by the positions of particular reference points within this system,
is called International Terrestrial Reference Frame (ITRF). Four geodetic space tech-
niques are used for its computation, i.e., Very Long Baseline Interferometry (VLBI),
Satellite Laser Ranging (SLR), the Global Navigation Satellite Systems (GNSS), and
Doppler Orbitography and Radio Positioning Integrated by Satellite (DORIS), and the
positions of the corresponding observing stations define the reference points. These
positions are not fixed but vary linearly with time within the ITRF and other secular
TRFs, to approximate the long-term tectonic motion.

The solid Earth is continually deformed by, e.g., the gravitational forces of extra-
terrestrial bodies like the sun and the moon, and by the centrifugal forces of the rotation
of the Earth itself. The same forces further induce the permanent redistribution of
air and water mass at the Earth’s surface, and the gravitational potential of this mass
creates additional deformations of the solid Earth. As a consequence, the instantaneous
positions of the reference points on the Earth’s surface are displaced from (but fairly
fluctuating around) their secular TRF positions in a non-linear way. To approximate
the pure linear motions of the reference points as good as possible, the non-linear
effects/displacements must be reduced in the analysis of the observations of the geodetic
space techniques.

One class of non-linear effects that is not conventionally reduced from the observations
yet is non-tidal loading (NTL). It refers to the redistribution of air and water that
cannot be attributed to the tidal forces, and the geophysical models for the description
of surface displacements due to NTL are assumed to not be sufficiently accurate. Ne-
vertheless, various studies indicate the benefits of the reduction of NTL in the analysis of
the geodetic space techniques, and hence also a positive impact on the ITRS realization
is expected.

In this thesis, which is based on four journal articles, we investigate the advantages
of the reduction of NTL in the analysis of observations from VLBI. First, we take a
look at NTL data sets provided by distinct institutions and computed from different
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Abstract

geophysical models. We aim to capture their properties and mutual agreement, and we
examine their suitability for the application in both VLBI analysis and the computation
of secular TRFs. Second, we revisit the mathematical model for the estimation of
geodetic target parameters from the VLBI observations, such as station positions and
the Earth orientation parameters (EOP). We explore the theoretical impact on the
estimates when the surface displacements induced by NTL are applied at different
levels of the model, which represent a rigorous and an approximate reduction.

After these preparatory steps, we actually reduce NTL in the analysis of about 40
years of VLBI observations. The last two articles are devoted to the different types of
solutions, i.e., single-session and secular TRF solutions. The first type represents the
separate estimation of target parameters from distinct VLBI sessions, which provides
a (non-linear) time series of station positions, for example. The second type creates
a VLBIl-only TRF, which contains long-term linear station positions. It involves the
combination of all the session-wise observations. The EOP can be estimated in both
solutions, and the single-session solutions usually provide additional target (e.g., tro-
pospheric) and auxiliary (e.g., clock) parameters.

We show that the reduction of NTL decreases the variability of the estimated positions
and hence the residuals w.r.t. the long-term linear motions of the VLBI stations, es-
pecially in the single-session solutions. Since the secular TRFs take advantage of long
observation time spans to filter out non-linear behaviour, mainly the positions and ve-
locities of stations with only short observation histories (i.e., a few years) benefit from
the reduction of NTL. In particular the hydrological component of the NTL contains a
strong seasonal signal, and the reduction of the total NTL also lessens the amplitudes
of the corresponding residual signals in the estimated station heights. The latter are
highly correlated with tropospheric and clock parameters, and hence the aliasing be-
tween these parameters is mitigated as well. In most cases, the approximate application
of the surface displacements provides results very close to those of the rigorous applica-
tion. However, since the former includes a deterioration of the temporal resolution in
the displacements, target parameters with enlarged time dependence such as the EOP
rates are more sensitive to the application level. The impact on the EOP is generally
smaller than for the station positions, but the former still profit from the diminished
aliasing due to the latter being reduced by NTL.

In total, we support the reduction of NTL in VLBI analyses, albeit there is a model
uncertainty for the hydrological component. Nevertheless, we observe improvements
with all different data sets that we examine, and we assume that the impact of the
reduction will be even more obvious when further error sources in the VLBI analysis
are mitigated, or when the measurement precision is enhanced by the next generation
VLBI Global Observing System (VGOS).
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Zusammenfassung

Genaue und stabile erdgebundene Referenzrahmen (terrestrial reference frames, TRF)
sind die Grundlage fiir eine breite Palette von Anwendungen von grofler wis-
senschaftlicher und soziookonomischer Bedeutung. Dazu gehoren z.B. die Navigation
oder die Beobachtung von physikalischen Prozessen der Geodynamik oder des glob-
alen (Klima-) Wandels. Ein Referenzrahmen ist die Realisierung eines theoretischen
Konstrukts, genannt Referenzsystem. Das Internationale Terrestrische Referenzsystem
(ITRS) ist z.B. als ein dreidimensionales, kartesisches Koordinatensystem definiert, das
mit der Erde rotiert. Seine Realisierung, die durch die Positionen bestimmter Referenz-
punkte innerhalb dieses Systems gegeben ist, wird als Internationaler Terrestrischer
Referenzrahmen (International Terrestrial Reference Frame, ITRF) bezeichnet. Fiir
die Berechnung der Realisierung werden vier geodéatische Raumverfahren verwendet,
namlich die Very Long Baseline Interferometry (VLBI), das Satellite Laser Ranging
(SLR), die Global Navigation Satellite Systems (GNSS) und die Doppler Orbitogra-
phy and Radio Positioning Integrated by Satellite (DORIS), und die Positionen der
zugehorigen Beobachtungsstationen dienen gerade als die Referenzpunkte. Aufgrund
von geodynamischen Prozessen sind diese Positionen jedoch nicht konstant. Im ITRF
und in anderen sédkularen TRFs werden langfristige, tektonische Plattenbewegungen
als lineare Veranderungen der Stationspositionen beschrieben.

Die feste Erde unterliegt standigen Verformungen, z.B. durch die Gravitationskréfte der
Himmelskorper wie Sonne und Mond oder durch die Zentrifugalkréfte der Erdrotation.
Die gleichen Kréfte (unter anderem) bewirken auch eine stindige Umverteilung der
Luft- und Wassermassen auf der Erdoberflache, und das Gravitationspotenzial dieser
Massen bewirkt wiederum zusétzliche Verformungen der Erdkruste. Dies hat zur Folge,
dass die tatséchlichen Positionen der Referenzpunkte auf der Erdoberfliche auf nichtli-
neare Weise von ihren sikularen TRF-Positionen abweichen, auch wenn sie im zeitlichen
Verlauf in guter Ndherung um die lineare Bewegung schwanken. Um die rein linearen
Bewegungen der Referenzpunkte so gut wie moglich zu schitzen, miissen die nicht-
linearen Effekte/Abweichungen bei der Analyse der Beobachtungen der geodéatischen
Raumverfahren reduziert werden.

Eine Klasse von nichtlinearen Effekten, die noch nicht per Konvention aus den Beobach-
tungen reduziert wird, sind die nicht-gezeitenbedingten Auflasteffekte (non-tidal loa-
ding, NTL). NTL bezieht sich auf den Anteil der Umverteilung von Luft- und Wasser-
massen auf der Erdoberflache, der nicht auf die {iblichen Gezeitenkréfte zuriickgefiihrt
werden kann. Die geophysikalischen Modelle zur Berechnung von Verformungen
der Erdkruste aufgrund von NTL werden bislang zwar nicht als hinreichend genau



Zusammenfassung

angesehen. Dennoch lassen die Ergebnisse diverser Studien darauf schlieflen, dass
das Reduzieren von NTL bei der Analyse der geodétischen Raumverfahren zu einer
Verbesserung der geschétzten Zielparameter fiihrt. Daher kann auch eine positive
Auswirkung auf die ITRS-Realisierungen erwartet werden.

In dieser Dissertation untersuchen wir die potenziellen Vorteile der Reduktion von
NTL bei der Analyse von VLBI-Beobachtungen. Die Arbeit basiert im Wesentlichen
auf vier Zeitschriftenartikeln, die unterschiedliche Aspekte behandeln. Als Erstes
betrachten wir mehrere NTL-Datensatze, die von verschiedenen Institutionen zur
Verfiigung gestellt und mit unterschiedlichen geophysikalischen Modellen erzeugt wur-
den. Wir vergleichen ihre Eigenschaften und priifen sie im Hinblick auf ihre Eignung
fiir die Anwendung sowohl in der VLBI-Analyse als auch fiir die Berechnung eines
sakularen TRF. Im zweiten Artikel rekapitulieren wir das mathematische Modell fir die
Schétzung geodétischer Zielparameter aus den VLBI-Beobachtungen, wie z.B. Stations-
positionen und Erdorientierungsparameter (EOP). Wir untersuchen die theoretischen
Auswirkungen auf die geschatzten Parameter, wenn die durch das NTL induzierten
Ortsverschiebungen auf verschiedenen Ebenen des Modells angebracht werden. Dabei
reprasentiert eine Ebene die saubere Reduktion, die andere eine approximative Reduk-
tion.

Nach diesen vorbereitenden Schritten reduzieren wir das NTL schliellich bei der Ana-
lyse von VLBI-Beobachtungen iiber ca. 40 Jahre. Die letzten beiden Artikel befassen
sich mit unterschiedlichen Arten von Losungen, ndmlich der Einzelsession- und der
TRF-Losung. Beim ersten Losungstyp werden die geodatischen Zielparameter aus den
einzelnen VLBI-Beobachtungskampagnen, den sogenannten Sessions, bestimmt, wobei
diese nicht direkt untereinander in Beziehung stehen. Das Resultat sind nichtlineare
Zeitreihen von Stationspositionen, d.h. eine Position pro Station und Session. Die
zweite Losungsart erstellt einen sdkularen VLBI-Referenzrahmen, der lineare Station-
spositionen erzeugt. Dabei werden die Beobachtungen aller Sessions kombiniert. Die
EOP koénnen in beiden Losungen geschatzt werden, und die Einzelsession-Losungen
liefern in der Regel zusétzliche Ziel- (z.B. Troposphérenparameter) und Hilfsparameter
(z.B. Uhrenparameter).

Wir zeigen, dass das Reduzieren des NTL die Streuung der geschitzten Positionen und
damit auch die Residuen in Bezug auf die linearen Bewegungen der VLBI-Stationen
verringert. Dies gilt vor allem fiir die Einzelsession-Losungen. Durch die Betrachtung
langer Beobachtungszeitraume glatten die sakularen TRFs die nichtlinearen Bewegun-
gen, so dass vor allem die Positionen und Geschwindigkeiten von Stationen mit kurzen
Beobachtungszeitraumen (d.h. wenige Jahre) von der Reduktion des NTL profitieren.
Weil insbesondere die hydrologische Komponente des NTL ein starkes, saisonales Signal
enthalt, bewirkt die Reduktion aller NTL-Komponenten eine deutliche Verringerung
der Amplituden der jahrlichen Restsignale in den geschétzten Stationshéhen. Diese
Hohen sind stark mit den Tropospharen- und Uhrenparametern korreliert, und da-
her profitieren auch Letztere von den verbesserten Stationspositionen, weil sie weniger
nichtberiicksichtigte Effekte auffangen. In den meisten Fillen liefert die approxima-
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tive Reduktion des NTL sehr dhnliche Ergebnisse zur sauberen Reduktion. Allerdings
beinhaltet die approximative Reduktion eine Verschlechterung der zeitlichen Auflésung
der durch das NTL induzierten Ortsverschiebungen, welche im mathematischen Mo-
dell angebracht werden. Daher reagieren die Zielparameter mit einer signifikanten
Abhéangigkeit von der zeitlichen Auflosung, wie z.B. die EOP-Raten, starker auf die
gewahlte Modellebene fiir die Reduktion. Die Auswirkungen auf die EOP sind im All-
gemeinen geringer als bei den Stationspositionen, aber auch Erstere profitieren wieder
von den verbesserten Schatzungen fiir Letztere.

Insgesamt beflirworten wir die Reduktion des NTL in der VLBI-Analyse. Zwar gibt es
eine gewisse Modellunsicherheit fiir die hydrologische Komponente, aber wir haben
mit allen untersuchten Datensétzen &hnliche Verbesserungen fiir die Zielparameter
beobachtet. Wir erwarten, dass die Auswirkungen der Reduktion des NTL noch
deutlicher werden, wenn weitere Fehlerquellen in der VLBI-Analyse beseitigt oder
abgemildert worden sind, oder die Messgenauigkeit durch die niachste Generation von
VLBI-Beobachtungen (das VLBI Global Observing System, VGOS) gestiegen ist.

vii
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1 Introduction

1.1 Background and motivation

The description/monitoring of geophysical processes in the Earth system and of the
motion of the Earth in space relies on accurate and stable reference frames. The same
holds for navigation both on Earth and in space. The corresponding International Ter-
restrial Reference System (ITRS; Petit and Luzum, 2010) and International Celestial
Reference System (ICRS; Arias et al., 1995) are realized by four geodetic space tech-
niques. These are Very Long Baseline Interferometry (VLBI), Satellite Laser Ranging
(SLR), the Global Navigation Satellite Systems (GNSS), and Doppler Orbitography
and Radio Positioning Integrated by Satellite (DORIS).

Earth-fixed reference systems, which represent theoretical concepts only, are realized
by terrestrial reference frames (TRF). The particular realization of the ITRS is called
International Terrestrial Reference Frame (ITRF). Conceptually, the latter consists of
positions and linear motions of reference points, which belong to the observing stations
of the four techniques and are fixed to the Earth’s crust. For long time scales, this linear
parameterization is reasonable and mainly reflects the motion of the tectonic plates.
But, the instantaneous station positions reveal significant non-linear variations. These
are caused by short-term deformations of the Earth, or are only apparent variations due
to insufficient modelling of technique-specific biases. Many geophysical and technique-
specific reasons for the instantaneous deviations from the long-term linear motions
are known and can be reduced in the calculations. The corresponding recommended
models can be found in the latest 2010 Conventions (Petit and Luzum, 2010) of the
International Earth Rotation and Reference Systems Service (IERS).

The solid but approximately elastic Earth is deformed by external gravitational forces
(e.g., exerted by the sun and the moon), by centrifugal forces due to its own rotation,
or by the loading through fluid mass (i.e., water and air) on its surface. Loading, if
driven by tidal forces, is further called tidal loading. There are conventional models
for tidal loading, which are used to compute surface (or site) displacements that are
added to the a priori positions of the observing stations in the theoretical functions for
the geodetic measurements. In this way, the estimated positions are said to be reduced
by tidal loading.

In contrast to the tidal loading, the models for the remaining non-tidal loading (NTL)
are not sufficiently accurate according to the IERS Conventions 2010. As a consequence,
it is recommended to not reduce station positions by NTL in the context of official
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IERS analyses, but to let the residuals w.r.t. the estimated linear positions contain
the NTL signals. On the other hand, the community is encouraged to investigate the
effect of NTL, and there are various studies for the distinct geodetic space techniques
which promote the reduction of NTL (e.g., Williams and Penna, 2011; Eriksson and
MacMillan, 2014; Roggenbuck et al., 2015; Ménnel et al., 2019).

Depending on the underlying fluid, the NTL is separated into non-tidal atmospheric,
non-tidal oceanic, and hydrological loading. The three parts have different proportions
w.r.t. the total NTL in different regions of the world. For example, the displacements
due to the atmospheric component are large at mid-latitudes and on the continents,
while those induced by the hydrological part are generally larger in tropical regions
(e.g., Schuh et al., 2003). The oceanic component is most relevant near the oceans,
of course. While it appears reasonable to combine all parts, the corresponding models
must be assembled with care to ensure the conservation of mass. The International
VLBI Service for Geodesy and Astrometry (IVS; Nothnagel et al., 2017), however, asks
its members to reduce the non-tidal atmospheric loading only, and the services for the
other techniques do not request any NTL reductions at all.

Finally, the site displacements induced by NTL can be applied at distinct levels in the
analysis of geodetic measurements. The most rigorous way is to reduce the NTL in the
theoretical model for each observation (e.g., Eriksson and MacMillan, 2014). This is
called the observation level, in which the temporal resolution of the available displace-
ment series is preserved. An alternative is to reduce the subsequent (in the parameter
estimation procedure) normal equation system by average displacements per station
(Seitz et al., 2022). This approximation is called application at the normal equation
level. At last, the solution level refers to the case in which the site displacements are
directly subtracted from the estimated station positions (e.g., Collilieux et al., 2009).

With this thesis, we want to contribute to the research on NTL and take a step to-
wards the conventional reduction of this geophysical effect. Though we focus on VLBI,
some of our findings are also valid for the other geodetic space techniques. We cover
a broad range of the research spectrum by examining i) two types of VLBI solutions
(single-session and secular TRF solutions), ii) distinct NTL components (atmospheric,
oceanic, and hydrological), iii) different application levels (mainly the observation and
the normal equation level), and iv) almost the full range of geodetic parameters esti-
mated by VLBI (antenna positions, Earth orientation parameters, tropospheric delays,
and clock corrections). Next to actual results based on about 40 years of VLBI obser-
vations, we also investigate the Gauss-Markov model (e.g., Koch, 1999), which we use
for the parameter estimation, and derive the theoretical impact of the application of
site displacements.



1.2 Research goals

1.2 Research goals

Given the aforementioned motivation, the following key questions are addressed in this
thesis:

Q-1 What is the relation between the three NTL components, and how well do par-
ticular geophysical models agree per component?

Q-2 Which properties of NTL data (e.g. temporal resolution, trends, consistency) are
most relevant for the distinct applications?

Q-3 What is the relevance of the application level for each of the solution types?

Q-4 Which geodetic parameters benefit from the reduction of NTL, i.e., by which
NTL components should VLBI measurements conventionally be reduced?

These questions are answered in four journal articles, of which three have been published
and one has been submitted for publication. The articles are included by summaries in
dedicated subsections of the main body of this thesis, and listed in their entirety (except
for the second article, due to copyright reasons) together with further information in
the Appendix.

1.3 Thesis outline

As mentioned before, this thesis is based on the following journal articles:

P-1 Glomsda M., Blofifeld M., Seitz M., Angermann D., and Seitz F. (2022): Com-
parison of non-tidal loading data for application in a secular terrestrial
reference frame, FEarth, Planets and Space, Vol. 74 (1), doi:10.1186/s40623-
022-01634-1

P-2 Glomsda M., Blofifeld M., Seitz M., and Seitz F. (2021): Correcting for site
displacements at different levels of the Gauss-Markov model - a case
study for geodetic VLBI, Advances in Space Research, Vol. 68 (4), pp. 1645-
1662, doi:10.1016/j.asr.2021.04.006

P-3 Glomsda M., Bloffeld M., Seitz M., and Seitz F. (2020): Benefits of non-tidal
loading applied at distinct levels in VLBI analysis, Journal of Geodesy,
Vol. 94 (90), doi:10.1007/s00190-020-01418-z

P-4 Glomsda M., Seitz M., Bloifeld M., and Seitz F. (submitted): Effects of non-
tidal loading applied in VLBI-only terrestrial reference frames, submit-
ted to Journal of Geodesy.

In P-1, we examine the characteristics of NTL data in the most thorough way, and
we are not yet focusing on VLBI. These data are then applied in the analysis of VLBI
observations in all the other articles, even though the data providers are partly in-
terchanged. Furthermore, P-1 identifies those properties of the NTL data which are
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relevant for the computation of a secular TRF, which is performed in P-4. The theo-
retical implications of the application of NTL data in VLBI analysis with the common
Gauss-Markov model are studied in P-2. These lay the foundation for the geodetic in-
vestigations with various NTL data and the long history of VLBI measurements in P-3
and P-4. Each one of the latter two is dedicated to a different type of solution for the
positions of VLBI antennas: P-3 covers single-session solutions, where a time-series of
more or less uncorrelated positions is estimated per antenna, while P-4 examines TRF
solutions, in which linear positions are estimated across the full set of VLBI sessions.
In both articles, we also take a look at the accompanying geodetic parameters for the
respective solution type.

NTL data, i.e., the time series of site displacements, can be applied at various levels of
the Gauss-Markov model, and this thesis contains a focus on the differences between
these levels. In particular, P-2 investigates the solution, the observation, and the nor-
mal equation level theoretically, and the displacements are considered in real geodetic
analyses at the latter two levels in both P-3 and P-4.

NTL data is supplied by various research groups on the basis of different geophy-
sical models, and their properties and results may deviate, of course. For this rea-
son, we compare two data sets in each P-1 and P-3. In P-1, we consider i) the
operational NTL data by the Earth System Modelling group of the Deutsches Geo-
ForschungsZentrum (ESMGFZ, http://esmdata.gfz-potsdam.de:8080), and ii) the NTL
data prepared for the ITRS 2020 realizations by the Global Geophysical Fluid Center
(GGFC, http://loading.u-strasbg.fr/ITRF2020). The data by ESMGFZ is applied in
both P-2 and P-3, while the data by GGFC is applied in P-4. The second provider
in P-3 is the International Mass Loading Service (IMLS, http://massloading.net/ ).

The interrelations of the four articles and the key research questions are depicted in
Figure 1.1. Basically, the first two articles are assigned to a foundation part, while the
last two articles form the geodetic application part. Both application articles rely on
both foundation articles to a certain extent. P-3 and P-4 have an overlap w.r.t. the
underlying VLBI observations, but the analysis models (including the NTL data) are
partly different.

The thesis is organized as follows. In Chapter 2, we introduce the different reference
systems which are relevant for VLBI (i.e., the terrestrial reference system for the an-
tenna positions, and the celestial reference system for the radio source positions), as
well as the parameters that allow for transformations between them. The correspond-
ing geodetic parameters are examined in P-2, P-3, and P-4. The computation of NTL
data, i.e., the displacements of the reference points in the terrestrial frame, is explained
in Chapter 3, in which P-1 is a subsection. Chapter 4 contains a summary of the VLBI
technique, including both practical and theoretical considerations, as well as P-2 as a
subsection. Finally, in Chapter 5, the geodetic results of the application of NTL data
at the distinct levels in VLBI analyses are presented. It consists of three sections: P-3,
P-4, and a discussion on the magnitude of the impact of the reduction of NTL in VLBI.
The thesis ends with the conclusions and an outlook in Chapter 6.



1.3 Thesis outline

Foundation Geodetic application

P-1: Comparison of non-
tidal loading data for
application in a secular
terrestrial reference frame
[Q-1,Q-2]

I NTL data P-3: ‘Benefits of nonjtiQaI
loading applied at distinct
levels in VLBI analysis
[@-1, Q-3, Q-4]

P-2: Correcting for site
displacements at different
levels of the Gauss-Markov

only terrestrial reference
model - a case study for -
I theoretical background HEINES

P-4: Effects of non-tidal
loading applied in VLBI-

geodetic VLBI

o [@-3,Q-4]

Figure 1.1: The connections between the four articles of this thesis. Blue boxes refer to the
background articles, while the red boxes refer to the application articles. The ar-
rows indicate the type of information exchanged between them. The key questions,
which are addressed by each article, are also provided in square brackets.






2 Reference systems

Basically all geodetic applications depend on accurate and stable reference frames.
In fact, the computation of these frames, which are realizations of the corresponding
reference systems, is one of the most important tasks in geodesy. In this chapter, we
will introduce the terrestrial reference system, the celestial reference system, and the
parameters that allow for a transformation of positions from one system into the other.
The VLBI technique contributes to all of these entities, and the investigations of this
thesis are closely related to them. An extensive treatment of the reference systems can
be found in the 2010 Conventions of the IERS. Our summary here is largely based on
this document.

2.1 Terrestrial Reference System

A terrestrial reference system (TRS) is fixed to the Earth’s crust, i.e., it is co-rotating
with the Earth. In principle, it is a right-handed, three-dimensional Cartesian coor-
dinate system, defined by an origin and three orthogonal axis vectors, which all have
the same scale. Points within such a TRS are hence given by three-dimensional po-
sition vectors p(t) = [x(t),y(t),2(t)], and the dependence on the epoch t is due to
contingent deformations of the Earth. For two different TRSs (subscripts 1 and 2), the
transformation of a position from one system into the other is given by

p2(t) = 012(t) + Ai2(t) Ri2(t) p1(t), (2.1)

where 012 is the translation vector between the origins, Ao a scale factor, and Rio
a rotation matrix. This conversion is called similarity transformation, and the corre-
sponding translation, scale, and rotation parameters are also time-dependent (usually
linearly, i.e., they are represented by an offset and a rate).

The ITRS has been defined and adopted by the International Association of Geodesy
(IAG) Resolution of 1991, and the International Union of Geodesy and Geophysics
(IUGG) Resolution 2 of 2007, respectively (IERS Conventions 2010). Its origin is
close to the geocenter, which is the center of mass (CM) of the whole Earth including
the oceans and the atmosphere. Its time coordinate, which is relevant for the scale
determination, is the Temps Coordonnées Géocentric (TCG). Apart from that, the scale
is close to the SI (Systéme International d’unités) meter. The z-axis of the Cartesian
coordinate system is close to the axis of Earth rotation, so the x-y-plane is close to its
equator. The x-axis is pointing towards the Greenwich meridian. See Figure 2.1 for an
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Figure 2.1: Sketch of the ITRS.

illustration of the ITRS. The time evolution of the orientation is such that there are
no net rotations over the whole Earth w.r.t. the horizontal tectonic motions, and the
orientation agrees with that defined by the Bureau International de I’'Heure (BIH) for
epoch 1984.0 [year.dec].

The IERS is in charge of publishing the ITRF. ITRF88, which was based on geodetic
observations made until the end of 1988, was the first such realization. The current
computation strategy was basically introduced with ITRF2005 (Altamimi et al., 2007):
for each of the four geodetic space techniques VLBI, SLR, GNSS, and DORIS, a sin-
gle time series of positions of the corresponding observing station is provided. These
time series are published by the IERS Technique Centers (TC), i.e., the IVS, the In-
ternational Laser Ranging Service (ILRS; Pavlis et al., 2021), the International GNSS
Service (IGS; Johnston et al., 2017), and the International DORIS Service (IDS; Willis
et al., 2010), and are themselves combinations of the time series created from the TCs’
Analysis Centers (AC). From each of the four sets of time series, first an intra-technique
TRF solution is computed, and then the time series are combined to create an inter-
technique TRF solution.

The ITRF solutions consist of regularized, i.e., linear positions pg for each observing
station. Such solutions are also called secular TRFs. In particular, station offsets pg
at a suitable reference epoch tg and station velocities p are estimated, so that

Pr(t) = po+(t—to)p (2.2)

for all other epochs ¢. While the regularized positions basically reflect long-term mo-
tions due to the Earth’s plate tectonics, the instantaneous station positions are obtained
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by adding corrections Ap; referring to other, short-term geophysical effects (compare
Chapter 3):

p(t) = pr(t) + X Api(t). (23)

Furthermore, the ITRF must realize the geodetic datum, which again comprises the
origin, the orientation, and the scale, as well as their time derivatives. Nowadays, the
origin is realized by SLR, since this satellite technique is most sensitive to the CM. The
orientation is usually defined by requiring no net rotation of a stable station subset
w.r.t. their positions at a particular epoch in the previous ITRF. Finally, the scale has
lately been set equal to a combination of the SLR and VLBI scales (e.g., Altamimi et
al., 2016).

At the time of writing, the most recent ITRF2020 had just been pub-
lished by the Institut national de linformation géographique et forestiere (IGN,
https://itrf.ign.fr/en/solutions/ITRF2020) in France. IGN, as well as NASA’s
Jet Propulsion Laboratory (JPL) in the USA, and the Deutsches Geoditisches
Forschungsinstitut der Technischen Universitdt Miinchen (DGFI-TUM) in Germany
represent the three IERS ITRS Combination Centers (CC). The existence of multiple
ITRS realizations ensures that the results can be validated against each other, and
that contingent biases can be detected. IGN and DGFI-TUM, whose ITRS realiza-
tion is called DTRF, basically follow the linearized approach in Eq. (2.2), but with
different combination and reduction strategies (e.g., Altamimi et al., 2016; Seitz et al.,
2022). The JPL, on the other hand, whose ITRS realization is called JTRF, creates
an epoch reference frame consisting of times series of station positions (Abbondanza et
al., 2017). In general, there are new ITRS realizations every 3-6 years, which take into
account the latest geophysical and technique-specific models and the extended amount
of observation data by the existing or newly established stations.

2.2 Celestial Reference System

A celestial reference system (CRS) is not attached to the Earth but designed to describe
the rotation and motion of the latter in space. A historical, dynamical definition of a
CRS, realized by the Fifth Fundamental Catalogue of stars (FK5; Fricke et al., 1988),
for example, is depicted in Figure 2.2. Like the ITRS, it is a Cartesian coordinate system
with three orthogonal axes, but this time the origin is supposed to be close to the solar
system barycenter (SSB). The x-y-plane shall contain the mean Earth equator as of
J2000.0 (2000-01-01, noon), and the x-axis shall point towards the dynamical equinox
at the same epoch (e.g., Arias et al., 1995).

In 1991, the International Astronomical Union (IAU) recommended to replace this
dynamical definition by a kinematic one in Resolution A4 (IERS Conventions 2010).
While keeping the SSB as the origin, the axes should now be fixed by the positions of
extra-galactic radio sources (mostly quasars, compare Figure 2.2 again). Due to their
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Figure 2.2: Sketch of celestial reference systems: the dynamical CRS is based on the mean
equinox as of J2000.0, while the kinematic one is based on quasi-fix quasar posi-
tions.

huge distances from the Earth, the sources’ positions are given in terms of unit vectors
(directions), and they are supposed to have no detectable proper motions. Hence, the
corresponding CRS is quasi-inertial and independent from any epoch. However, for
continuity, the initial axes of this new International Celestial Reference System (ICRS;
Arias et al., 1995) are aligned to the conventional axes at J2000.0 of the previous
systems, which were based on optical rather than radio frequencies.

Quasars are quasi-stellar radio sources with a supermassive black hole at their center
(e.g., Schmidt, 1963; McNally, 1964; Longair, 1967). The latter is attracting matter (a
process called accretion), which leads to the formation of an accretion disk. Heating due
to friction makes the disk emit electro-magnetic radiation, and if the disk has a strong
magnetic field, two jets consisting of accelerated matter appear in the two perpendicular
directions of the disk. The radiation is utilized by VLBI, and hence (only) this geodetic
space technique is capable of the determination of the quasar positions in the ICRS.

As with the terrestrial system, the realization of a CRS is called celestial reference frame
(CRF), and the realization of the ICRS is the International Celestial Reference Frame
(ICRF). The ICRF is basically generated as follows: once the radio source positions
have been estimated from VLBI, they are aligned with the ICRS by a rotation of a
set of very stable sources (the so-called defining sources) onto their positions in the
previous realization (Ma et al., 1998; Fey et al., 2015; Charlot et al., 2020). In Table
2.1, the three available versions of the ICRF are summarized. An overview about the
past and current developments has recently been published by de Witt et al. (2022).

10
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Table 2.1: History and properties of the ICRF.

| ICRF1|  ICRF2 | ICRF3 (X)
valid from 1998-01-01 | 2010-01-01 | 2019-01-01
number of sources 608 3,414 4,536
number of defining sources 212 295 303
median right ascension uncertainty [mas] 0.35 0.40 0.13
median declination uncertainty [mas] 0.40 0.74 0.22
noise floor [mas] 0.25 0.04 0.03
axes stability [mas] 0.02 0.01 0.01
epoch n/a n/a 2015.0

With each new ICRF, the number of included radio sources increased, and the formal
errors have improved as a result of the larger amount of observations. The latest
realization, ICRF3, is the first frame with positions for different observation frequencies.
While Table 2.1 refers to measurements in X-band with radio frequencies at about 8
GHz (compare Section 4.2.2), ICRF3 also contains positions for the K- (about 24 GHz)
and Ka-bands (about 32 GHz). The reason is, that the radio sources are not point-like
but reveal time- and frequency-dependent structure, which influences the estimated
VLBI positions (compare Section 4.3.4). Furthermore, ICRF3 has a reference epoch
again. With the current VLBI precision and observation history, it is possible to detect
Galactic aberration (Kovalevsky, 2003), which creates apparent proper motions of the
radio sources (compare Section 4.3.4 again) and has been accounted for in ICRF3.

The ICRS is a Barycentric Celestial Reference System (BCRS), but there are also
Geocentric Celestial Reference Systems (GCRS). As the name suggests, the origin of
the corresponding Cartesian coordinate system is the geocenter, and the orientation
of the axes is such that there is no rotation w.r.t. the BCRS (e.g., IERS Conventions
2010). Usually, coordinates in the GCRS are not provided as vectors [z, 7, Z], but as
pairs of right ascension « and declination ¢, which correspond to the longitude (or
azimuth angle) and 90° minus the polar distance of the ITRS, respectively. A radial
distance, on the other hand, does not exist for the GCRS, because the celestial objects
are just assumed to be projections on the celestial sphere. Figure 2.3 shows the X-band
radio source positions of the ICRF3 in the GCRS. As the reader might have noticed, the
formal errors in Table 2.1 are also given for the geocentric coordinates. Right ascension
is conventionally provided in hour angles, while declination is given in degrees. From
the figure, we recognize that the distribution of estimated radio source positions in the
Southern hemisphere is less dense than in the North. The reason is the smaller number
of VLBI antennas in the South (compare Figure 4.4 in Section 4.4), and this situation
also creates generally larger formal position errors for this part of the sky.

11
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Figure 2.3: The right ascensions (x-axis) and declinations (y-axis) of the ICRF3 X-band source
positions in the GCRS. The solid red line marks the ecliptic plane, while the dashed
red line represents the Galactic plane.

2.3 Earth orientation parameters

Positions in the ITRS can be transformed into positions in the GCRS (and vice versa)
by a series of rotations. The latter depend on the instantaneous orientation of the
ITRS in the quasi-inertial celestial system, and the variables of the rotation matrices
are called Earth orientation parameters (EOP). While there are different models and
sets of EOP, we restrict ourselves to the parameters that have been applied in this thesis.
They refer to the TAU 2000/2006 resolutions as summarized in the IERS Conventions
2010.

To relate the rotation axes of the ITRS and the GCRS at some epoch ¢, an intermediate
rotation axis corresponding to the Celestial Intermediate Pole (CIP) is introduced. The
CIP is close to the instantaneous rotation axis of the Earth, which varies w.r.t. both
the ITRS and the GCRS. The position of the CIP in the ITRS is represented by the
so-called polar motion, while the position of the CIP in the GCRS is described by
effects called precession and nutation. The transformation between ITRS and GCRS is
hence separated into a terrestrial and a celestial part, and the classification is provided
in the IERS Conventions 2010: all motions of the CIP with absolute frequencies less
than 0.5 cycles per sidereal day (cpsd) in the GCRS are assigned to the celestial part,
and the others are assigned to the terrestrial part. (Since the ITRS rotates once per
sidereal day in the GCRS, the interval [-0.5,0.5] cpsd in the GCRS corresponds to
[-1.5,-0.5] cpsd in the ITRS. The latter is called retrograde diurnal band.)

12
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2.3.1 Polar motion

The position of the instantaneous rotation axis of the Earth w.r.t. its crust varies with
time. One reason is the asymmetric distribution of mass in the Earth system, which
makes the rotation axis differ from the polar principal axis of inertia. As a result,
the instantaneous rotation axis revolves on a cone around the Earth’s axis of angular
momentum with a period of about 435 days (Chandler wobble; e.g., Moritz and Mueller,
1987). Another effect is the seasonal redistribution of (air and water) mass, which adds
an annual signal to the circular motion of the rotation axis. The center of this motion,
called mean pole, is not fixed, either, because there are long-term mass redistributions,
mainly caused by the glacial isostatic adjustment (GIA; e.g., Steffen and Wu, 2011).
The current distance between the mean pole and the conventional pole of the ITRS is
about 12 m, and the diameter of the (quasi) circular motion is about 18 m.

The location of the CIP w.r.t. the conventional pole of the ITRS is given by the para-
meters z,(t) and y,(t). They represent the deviations on a plane tangential to the
Earth at the conventional pole in the x-axis direction (the Greenwich meridian) and in
the negative y-axis direction (90° West), respectively. The position of the instantaneous
pole in the ITRS would hence be [x,(t), —y,(t), 2(t)], but we are interested in counter-
clockwise rotations R around the x- and y-axis of the ITRS (compare Figure 2.4),
ie.,

R (yp(1)),  Ry(2p(1))- (2.4)

The Earth-fixed Cartesian coordinate system defined by the CIP is called Terrestrial
Intermediate Reference System (TIRS), but we still need to specify the correspon-
ding orientation of the x-axis. The TAU 2000 Resolution B1.8 recommends to use the
kinematically non-rotating origin, which is then called Terrestrial Intermediate Origin
(TIO). The rotation around the z-axis to establish the TIO in the TIRS is performed
with the so-called TIO locator

t

S0 = 5 [ (i) - ()] du (25)

to

and tg = J2000.0, so that the final transformation of coordinates in the I'TRS to coor-
dinates in the TIRS is given by the matrix

W () = R(=s (1)) Ry(zy(t)) Ru(yp(t))- (2.6)

2.3.2 Precession and nutation

The instantaneous rotation axis of the Earth also varies w.r.t. the z-axis of the GCRS.
Due to the rotation itself, the Earth is flattened at the poles. Furthermore, the equator
is tilted w.r.t. the plane of the Earth’s orbit around the sun, i.e., the ecliptic. The
tilt amounts to about 23.4°, and the same angle exists between the Earth rotation
axis and the normal vector of the ecliptic plane. A gravitational torque created by the

13
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Figure 2.4: Rotation from the conventional ITRS pole to the CIP due to polar motion.

sun pulls the equatorial towards the ecliptic plane, while the centrifugal force of Earth
rotation counteracts. As a consequence, the instantaneous rotation axis revolves on a
cone around the normal vector of the ecliptic plane (see Figure 2.5), and this motion
is called precession (e.g., Capitaine et al., 2003). The angle of this cone remains at
about 23.4°, and the period of the circular motion is about 25,800 years. After half of
this time, the stellar constellations visible from the Earth will have switched between
summer and winter, since the rotation axis points into the opposite direction. The
leap year rule ensures that, e.g., August will remain a summer month in the Northern
hemisphere.

The instantaneous rotation axis is further influenced by the periodic constellation of
the celestial bodies w.r.t. the Earth, i.e., by their recurrent gravitational forces. The
corresponding variations of the rotation axis are called nutation and superimpose the
precession (e.g., Mathews et al., 2002). However, the amplitude of the nutation is much
smaller (see Figure 2.5 again), and so are its periods, which range from a few days to
18.6 years (e.g., Moritz and Mueller, 1987).

Similarly to polar motion, there are parameters X (¢) and Y (¢) representing the projec-
tions of the distance vector between the conventional pole and the CIP onto the x- and
y-axis of the GCRS, respectively (e.g., Capitaine, 1990). The two parameters can be
computed quite accurately from models for precession and nutation (IAU 2006/2000,
IERS Conventions 2010), except for an effect called free core nutation (FCN). The
latter is the result of a disparate alignment of the axes of rotation of the Earth’s outer
core and mantle (e.g., Amoruso and Crescentini, 2020). The differences between the
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Figure 2.5: Motion of the Earth rotation axis in the GCRS due to precession and nutation.

true values and the model values,

AX
AY

X(t) - X[AU(t),
Y(t) = Yiau(t), (2.7)

mainly contain the FCN and are called celestial pole offsets. The latter are usually
estimated (from VLBI observations) and then added to the model values to obtain the
rotation matrix

Q(X(1),Y (1)) = Q(Xrav(t) + AX, Yiau(t) + AY) (2.8)

between the pole of the GCRS and the CIP. The new celestial coordinate system defined
by the CIP is called Celestial Intermediate Reference System (CIRS), and again the
orientation of the new x-y-plane is provided by the kinematically non-rotating origin,
now called Celestial Intermediate Origin (CIO). The corresponding CIO locator s(t)
in the GCRS can be approximated by

XY ()
S

s(t) = +94+3808.65¢ - 122.68¢> — ... [uas], (2.9)

with ¢ in days per century since J2000.0 (IERS Conventions 2010). The transformation
from the CIRS to the GCRS is then given by

Q(t) = QT (X (1), Y (1)) Ra(5(1)). (2.10)
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2.3.3 Earth rotation angle

The final step to relate the ITRS and the GCRS is to connect the intermediate terres-
trial and celestial systems, i.e., the TIRS and the CIRS. Both systems have the same
pole (the CIP) and hence the same equator, but the origins of the latter are different.
The angle between the CIO and the TIO is the Earth Rotation Angle (ERA) and,
given its value at epoch ¢, the transformation from the TIRS to the CIRS is simply

performed with the matrix
R(t) = R,(-ERA(t)). (2.11)

The ERA is conventionally related to Universal Time No. 1 (UT1, the actual duration
of Earth rotation), or the difference between UT1 and Coordinated Universal Time
(UTC, atomic time),

AUT1 = UT1 - UTC. (2.12)

The difference exists, e.g., because tidal friction caused by the gravitational forces of the
moon exerted on the oceans decelerates the Earth rotation (MacDonald, 1964; Brosche,
1990). With

t = Julian UT1 date - J2000.0 = Julian UT1 date — 2451545.0,
UT1 UTC + AUT1, (2.13)

the ERA is given by
ERA(t) = 27 (0.7790572732640 + 1.00273781191135448). (2.14)

All these formulas can again be found in the 2010 Conventions of the IERS.

2.3.4 Transformation from ITRS to GCRS
Following Equations (2.6), (2.10), and (2.11), a point p(t) in the ITRS is transformed
into a point p(t) in the GCRS by

p(t) = Q(t) R(t) W (t) p(1), (2.15)

in which care has to be taken w.r.t. to the different time units for the epoch ¢. The
actual EOP in this context are:

e 7, and y,, the terrestrial pole offsets;
e AX and AY, the celestial pole offsets (to be added to Xray and Y7av);
e AUTI, the difference between UT1 and UTC.

These five parameters are either estimated during the analysis of geodetic space ob-
servations, or taken from external providers, e.g., the IERS. The corresponding val-
ues as published in the IERS 14 C04 series (Bizouard et al., 2019) are shown in
Figures 2.6 (terrestrial pole offsets) and 2.7 (AUT1 and celestial pole offsets). In
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Figure 2.6: Polar motion: the position of the CIP w.r.t. the conventional pole of the ITRS.
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Figure 2.7: Top: AUT1. The jumps represent the two latest leap seconds at June 30, 2015,
and December 31, 2016. Since about 2020, Earth rotation is uncommonly dece-
lerating. Middle and bottom: the celestial pole offsets AX and AY', respectively.
The period of FCN is about 430 sidereal days (Amoruso and Crescentini, 2020).
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June 2022, a preliminary version of the new IERS 20 C04 series became available
(https://hpiers.obspm.fr/iers/eop/eopc04-20/), which is related to the ITRF2020.

As we will see in Chapter 4, all five EOP can be obtained from VLBI.
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3.1 Displacements of reference points

In Section 2.1 we described a secular TRF, which contains linear positions pg of refer-
ence points. In Eq. (2.3), the instantaneous positions p(¢) at epoch ¢ are derived as the
sum of pr(t) and some corrections Ap;(t). The latter comprise displacements of the
Earth’s crust caused by geophysical effects, and are separated into recommended and
non-recommended corrections by the IERS Conventions 2010. The displacements that
should conventionally be reduced in the geodetic analyses for the IERS are essentially
related to tidal effects. We will shortly summarize them here before we turn to the
non-tidal effects, which are the subject of our thesis.

The first conventional tidal reduction listed by the IERS refers to the solid Earth
tides. These are deformations of the solid Earth due to changes in the gravitational
potential induced by the sun and most importantly the moon. As a result, the positions
of reference points in the TRF can be displaced by several decimeters. The same
gravitational forces are also responsible for the displacements generated by the ocean
tides. When the ocean water is redistributed by the gravitational attraction, the Earth’s
crust is lifted up or pushed down by the corresponding load. In contrast to the solid
Earth tides, this tidal ocean loading depends on local conditions like coast lines, for
example. It can be computed from models for the tide height (e.g., Egbert and Erofeeva,
2002), and the respective displacements of reference points in the TRF can be as large
as 10 cm.

Just like the ocean water, atmospheric pressure can induce a local loading on the Earth’s
surface. The atmospheric tides with diurnal and semi-diurnal frequency components
are driven by pressure variations due to daily solar heating (e.g., van den Dool et
al., 1997). The corresponding displacements of the crust are similar to those for the
ocean tides, and one way of computation involves numerical weather models (NWM)
providing surface pressure on regional or global grids (e.g., Ray and Ponte, 2003).

Next to changes in the gravitational potential, there are also changes in the centrifugal
potential of Earth rotation that lead to deformations of the solid Earth. The pole tide
is generated by the temporal variation of the rotation axis (e.g., Munk and MacDonald,
1960), i.e., the polar motion as described in Section 2.3.1. It produces displacements
of a few centimeters for the reference points in the TRF. The same alterations in the
centrifugal potential further have an impact on the ocean water distribution, so there
are additional deformations due to the so-called ocean pole tides. The corresponding
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model by Desai (2002) provides radial (horizontal) displacements of usually less than
2 (0.5) cm. The horizontal displacements are generally smaller than the vertical ones
for each deformation listed here.

3.2 Non-tidal loading

In the previous section, we introduced the tidal reductions for obtaining regularized
TRF positions as recommended by the IERS Conventions 2010. If the corresponding
displacements were related to the redistribution of air or water mass, we spoke of
loading effects. Hence, ocean tides, atmospheric tides, and ocean pole tides belong
to the category of tidal loading. The opposite, NTL, refers to deformations of the
solid Earth which are also induced by the redistribution of mass, but the frequency
spectrum of these deformations is much wider than that of the tidal forces. Depending
on the type of mass that represents the loading, we distinguish non-tidal atmospheric,
non-tidal oceanic, and hydrological (i.e., related to land water storage) loading. In
this thesis, we examine the impact of the reduction of NTL in the analysis of VLBI
observations, in particular on the estimated TRF positions and the EOP. But first,
we will explain how the surface/site displacements for (antenna) positions induced by
NTL are computed.

3.2.1 Gravitational potential

Displacements of the Earth’s surface due to NTL are the result of the redistribution
of air and water mass in the Earth system. Hence, we need to examine the involved
gravitational forces. The following introduction is based on the book by Hofmann-
Wellenhof and Moritz (2006).

According to Newton, the gravitational force between two point masses My and M,
with distance [ is given by
My My

F=G=t,

(3.1)

where G = 6.67428 - 10~"! m3kg's72 is the gravitational constant. This actually sym-
metric system is often transformed by setting Ms = 1 for the mass that is assumed to
be attracted, and M = M for the mass that is assumed to be attracting. Then, we get
the following equation for the gravitational force acting on a point with unit mass and

distance [ from M:
M

If we multiply this equation with the distance [, we get the so-called gravitational
potential

v;e% (3.3)
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for a unit mass at a distance [ from the point mass M. Thus, the potential is a property
of the unit mass, i.e., it is a function of the position of the latter. The potential has
several convenient properties. First, the gradient of this scalar function provides the
components of the force vector F' with length F', which is directed from the point mass
M to the unit mass located at Cartesian coordinates [z,y, z]:

= F. (3.4)

oV - [8V ov OV]

a9z’ 9y’ 9z

Second, the potential is linear: if there are IV point masses M;, then the total gravita-
tional potential for the unit mass at distances [; is

M=

V=«

M;
= (3.5)
Lj

=1

Now, the Earth could be described as a continuous system of point masses. In this case,
the finite sum in Eq. (3.5) would become a three-dimensional integral. Furthermore,
with the density p = dm/dv given by the quotient of the total mass dm in a volume dv
of the Earth, one can show that Poisson’s equation (with the Laplacian operator A)
holds for the attracted unit mass:

0? 0?02 ov?: ov? ov?
AV = _— —_— —_— = = _4 G . 3.6
(6302 " Oy? " 8,22) 022 Oy? T 92 e (36)
If the unit mass is located outside the Earth, we have
AV =0, (3.7)

which is Laplace’s equation, and its solutions are called harmonic functions. Hence,
the gravitational potential is a harmonic function for a unit mass located outside the
system of the attracting masses (e.g., the Earth).

3.2.2 Spherical Harmonics

Spherical harmonics are very useful basis functions for describing effects at the Earth’s
surface. Again following the lines of Hofmann-Wellenhof and Moritz (2006), they are
derived from Laplace’s equation (3.7) in spherical coordinates.

Figure 3.1 shows the connection between the spherical coordinates

ro= Va?+y?+22  (radius)
BRV/ERT :
z

(geocentric longitude)

Y = tan polar distance) (3.8)
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Figure 3.1: Spherical coordinates in the Cartesian system, inspired by Hofmann-Wellenhof
and Moritz (2006).

and the Cartesian ones. With the former, Laplace’s (partial differential) equation reads

T28V2 +2r8—v+a—v2 +cot19a—v+;({)—v2

or2 or 092 99  sin?19 02
and it can be solved by using the method of separation of variables. Separating the
radius r first by letting

=0, (3.9)

V(T7197)‘) = fl(r) Y(ﬁv)‘)v (310)
we obtain the following solutions with integers n=0,1,2,... :
Vi = "V (9,)), Vi o= Dy (9,0). (3.11)

These functions V,, are called solid spherical harmonics, while the yet unknown func-
tions Y;, are called (Laplace’s) surface spherical harmonics. The latter are obtained by
separating polar distance and longitude, i.e., by letting

Possible solutions for f3(\) are cos(mA) and sin(mA) with arbitrary constants m,
which are independent from n. The corresponding solutions for fs(1}), however, only
have a physical relevance for m < n both being integers 0,1,2,..., and are equal to
the Legendre functions Py, (cos ¢). Hence, possible solutions for the surface spherical
harmonics are

Yom (9, \) = Poyp(cos 9) cos(mA), Yo (9,X) = Pypn(cos @) sin(m), (3.13)
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3.2 Non-tidal loading

with the aforementioned conditions for m (called order) and n (called degree).

Laplace’s equation (3.9) is a linear differential equation, so the sum of particular solu-
tions is also a solution. Putting everything together, we arrive at the following general
solutions for AV (r,9,\) = 0 with arbitrary constants ¢y, and Spm,:

Vi(r,9,A) = > 1" > [cnm Pam(cos 9) cos(mX)
m=0

n=0
+ Spm Pram(cos 9) sin(mM)],

(3.14)

> p (1) > [enm Pam(cos 9) cos(mA)

n=0 m=0

+ Spm Prm(cos 9) sin(mM)].

Vo(r,0,7)

Every harmonic function inside (outside) a sphere can be represented by some series
Vi (Vo).

The surface spherical harmonics from Eq. (3.13) have advantageous geometrical pro-
perties on a sphere. With the substitution w := cos ¥, we obtain

Pan() = 5o (1) T 2y (3.15)
nm (W) = M pl u dyn+m u :
for the Legendre functions, which leads to Legendre’s polynomials for the order m = 0,

1 da

P,(u) = —(u?®-1)", 1
(u) 2nn! du™ “ ) (3.16)
and the so-called associated Legendre functions for orders m=1,...,n:
Prm(u) = (1-u?)™/? dd— Py (u). (3.17)
um

Then, for m = 0, the surface spherical harmonics are Py(cos), Pi(cos®), Py(cos?) and
so on. They do not depend on the longitude . Furthermore, Legendre’s polynomial
P, (u) has n zeros in [-1,1], which corresponds to n zeros in [0,7] for P,(cos?) as
a function of ¥. As a consequence, each such polynomial changes sign n times for
increasing polar distance from 0 to 7 and separates a sphere into zones (see Figure 3.2,
left).

Likewise, there are n —m zeros in [0, 7] for the associated Legendre functions w.r.t. 9,
and cos(mA) and sin(m\) both have 2m zeros for X in the interval [0, 27]. For, e.g., the
surface spherical harmonic Py, (cos ) cos(mA) with n = m, a sphere is hence separated
into sectors with alternating signs as A moves from 0 to 27 (Figure 3.2, middle), and
for n > m the sphere is finally separated into tesseracts (Figure 3.2, right). With these
basis functions, it becomes clear how the value of a harmonic function V' of any point
(r,9,\) at the Earth’s surface can be generated with appropriate coefficients ¢, Spm
in Eq. (3.14). Actually, any function on the sphere can be expanded into surface
spherical harmonics (Hofmann-Wellenhof and Moritz, 2006).
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3 Loading effects
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Figure 3.2: Left: zonal harmonic (m = 0). Middle: sectorial harmonic (n = m). Right: tesseral
harmonic (else). Inspired by Hofmann-Wellenhof and Moritz (2006).

3.2.3 Displacements in SNREI Earth models

In the following, we assume that the Earth is spherical (S), non-rotating (NR), elastic
(E), and isotropic (I). The latter means that the mechanical properties of the Earth
(or sphere) only depend on the distance from its center and not on its orientation.
Such theoretical constructs are called SNREI Earth models, and the corresponding
assumptions have been appropriate w.r.t. the accuracy of deformation observations so
far (Bos and Scherneck, 2013).

If a unit mass is put onto the surface of an SNREI Earth, the effects of this point load
are axially symmetric (e.g., Farrell, 1972). In particular, they consist of a change in the
gravitational potential V' and a displacement . Among others, the former is comprised
of the potential of the deformation due to the load, V7, and the potential of the unit
mass itself, V5. As outlined in Section 3.2.2, functions on the sphere like V' and & can
be expanded into series of surface spherical harmonics. Due to the missing azimuth
dependence, zonal harmonics are sufficient, and hence the expansion is limited to the
order m = 0. Following Farrell (1972), the vertical and horizontal components of § at
a point with distance r from the center of the Earth and angular distance ¢ from the
load are given by

Su(r,9) = " Un(r) Pa(cos?), (3.18)

n=0

and
50 (r,9) = ZH (r) 2LnlcosV) (C‘W), (3.19)
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3.2 Non-tidal loading

respectively. Likewise, the expansion of the change in gravitational potential reads

V(r9) = 3 Vi(r) Pa(cosd). (3.20)

n=0

The coefficients Uy, H,, and V,, are obtained by solving the equations of motion for
the corresponding Earth model. These equations describe the propagation of seismic
waves inside the Earth, which is mainly characterized by its density profile and the
velocities for P- and S-waves (e.g., Wang et al., 2012). Different parameterizations
for the corresponding differential equations exist, but they are eventually solved by a
numerical integration starting at some initial sphere inside the Earth and ending at
the Earth’s surface (e.g., Na and Baek, 2011; Bos and Scherneck, 2013). Thereby,
appropriate boundary conditions have to be chosen at the core-mantle transition and
the surface.

Usually, the so-called load Love numbers (LLN) k., I, and k, (Munk and MacDonald,

nI n?
1960) are used instead of the coefficients U,, H,, and V,,. They are dimensionless and

defined by (e.g., Farrell, 1972)

hin (1)
g
Un(r)
Hy(r) | = Vau(r)| W) |, (3.21)
Vin(r) 9
| kn(r) |

with ¢ ~ 9.78 ms™2 being the Earth’s mean gravity at its surface (i.e., for r equal to
the Earth’s radius a ~ 6,378 km) and V5, V2, being components of V;,. The original
Love numbers (without superscript) have been introduced by Love (1909) and Shida
(1912) and are related to the deformations caused by the tidal forces of the sun and
the moon rather than surface loading. Nevertheless, both types are functions of the
spherical harmonic degree n and the radius . At the Earth’s surface, it holds (Farrell,
1972)

a
Von(a) = M_i];’ (3.22)
with Mg ~ 5.97-10%* kg being the Earth’s mass, so that
[ ahy(@) ]
Mg
Un(a) ,
H,(a) | = alM_W) : (3.23)
E
Vin(a)
agk,(a)
L Mg

Hence, the equations of motion are actually solved to obtain the LLNs for a particular
Earth model.
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3 Loading effects

Table 3.1: Load Love numbers for r = a and three different Earth models: Gutenberg-Bullen
(Gutenberg, 1945; Bullen, 1950), PREM (Dziewonski and Anderson, 1981), and
IASP91 (Kennett and Engdahl, 1991). I,

., and k, are scaled by n to provide a
homogeneous magnitude.

Gutenberg-Bullen PREM (from IASPI1 (from
degree | (from Farrell, 1972) Jentzsch, 1997) Na and Baek, 2011)
n h, nl,  nk, h, nl,  nk, h, nl,  nk,

- - - - - -1 -0.132 0.0 0.0
-0.290 0.113 0.0 | -0.290 0.113 0.0 | -0.283 0.105 0.0
-1.001  0.059 -0.615 | -1.006 0.457 -0.648 | -1.003 0.049 -0.616
0.223 -0.585 | -1.049 0.212 -0.602 | -1.063 0.216 -0.592
-1.0563 0.247 -0.528 | -1.047 0.235 -0.540 | -1.066 0.243 -0.537
-1.433 0.303 -0.682 | -1.412 0.283 -0.689 | -1.443 0.300 -0.687

100 | -3.058 0.973 -1.461 | -2.937 0.899 -1.454 | -3.176 0.975 -1.486
1000 | -4.906 1.623 -2.431 | -5.850 1.657 -2.833 | -5.578 1.853 -2.725
10000 | -4.956 1.637 -2.469 | -6.177 1.875 -3.056 | -5.636 1.892 -2.770

oo | -5.005 1.673 -2.482 | -6.239 1.893 -3.072 | -5.637 1.892 -2.771

O b W N = O
1
—_
o
ot
[\]

In Table 3.1, subsets of the LLNs for three different SNREI Earth models are listed. The
degrees 0 and 1 are special: for n =0 and a compressible model, there is no horizontal
surface deformation or perturbation in the potential, since the corresponding load is
applied uniformly across the Earth. The load for n = 1, on the other hand, induces a
translation of the center of mass of the solid, i.e., undeformed Earth (CE), which is the
natural origin for describing the deformations according to Farrell (1972). Changing the
origin to the center of mass of the total Earth including the loads (CM), or the center
of figure of the Earth (CF), is equal to a change in the LLNs for n = 1 (e.g., Blewitt,
2003). For example, the degree-1 LLNs in the CM-frame are obtained by subtracting
1 from the respective numbers in the CE frame, which are provided in Table 3.1. The
(CE frame) values for h'n with piecewise cubic interpolation are also shown in the left
panel of Figure 3.3.

Replacing the original coefficients in Eq. (3.18) and (3.19) with the LLNs, we arrive at

a vertical displacement of

5. (9) = MLE ioh;(a) Py (cos®), (3.24)

and a horizontal displacement of

) = 5= 5 (o) 20lc050) (3.25)

at the Earth’s surface, respectively, both caused by a unit point load at angular distance
1. Similar expressions are derived for the perturbation of the gravitational potential,
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3.2 Non-tidal loading
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Figure 3.3: Left: Load Love numbers h;l from Table 3.1 with piecewise cubic interpolation.
Right: the corresponding vertical displacements for the unit point load (1 kg),
i.e., the weighting Green’s functions |d,| in absolute values for distinct angles 9.

but these are not relevant for our thesis. Since VLBI is not directly sensitive to gravi-
tation, it suffices to compute the displacements of the antenna reference points.

Farrell (1972) further stated that LLNs up to a degree n = 10,000 are necessary for
accurate results. In recent NTL products with large spatial resolutions, a maximum
degree of n > 40,000 is even used (e.g., Wang et al., 2012; Dill and Dobslaw, 2013).
However, it is not necessary to solve the equations of motion for all of them, but the
remaining LLNs can be interpolated from a suitable set of computed ones. For some
large degree N, the LLNs are sufficiently close to their limits h'oo and l;o (and k:;o,
compare Wang et al., 2012). As a consequence, the infinite sums in Eqs. (3.24) and
(3.25) can be solved with Kummer’s transformation (Kummer, 1837; Farrell, 1972),

e.g.,

5.(0) = - io[h;(a)—h;o(a)] Palcost) + 51 ih:x,(a) P (cos )
o X / ah,,(a)
7~ 2 [hn(a) - hoo(a)] P,(cos?) + m (3.26)

for the vertical displacement with h.,(a) = h, (a) for n> N.

The functions 8, and d, refer to unit point loads. To obtain the site displacements & due
to a load with an arbitrary mass M at the angular distance 14, this mass is multiplied
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3 Loading effects

with the original displacement functions, e.g.,
6u(0, M) = M 6,(0). (3.27)

If there are point loads with masses dM distributed all over the Earth’s surface at
geocentric locations (Agas, @anr ), and if these masses are small enough such that super-
position holds (compare Bos and Scherneck, 2013), then the vertical displacement b
at a particular location (), @) is given by

5.0 0) = [ 8,9\ 6, haar dans)) dM, (3.28)
Likewise, the corresponding horizontal displacement reads

30(08) = [ 0O b Aans, banr)) M. (3.29)
The displacement functions for the unit load in Eqgs. (3.24) and (3.25) are called weigh-

ting Green’s functions, and the reason for this phrase will be explained in the next
section. Prior to that, we let

QU(S\,Q_S,)\,QZ)) = 5u(19(5‘7¢_)7)‘7¢))’
Gr(A 0, A 0) = n(9(A, 0, A,9)), (3.30)
and the variables 627 and 6777 will represent the vertical and horizontal site dis-

placements that are induced by NTL, respectively. The weighting Green’s functions
Gy, for the vertical displacements are shown in the right panel of Figure 3.3 for distinct
Earth models and angular distances 9. The weights for large angular distances are
dominated by LLNs with low degrees (e.g., Farrell, 1972).

3.2.4 Computation of displacements due to NTL

In the previous section, we derived the formulas for the vertical and horizontal site
displacements induced by masses M. Regarding NTL, these masses correspond to air
or water at the Earth’s surface. These two physical entities are permanently loading
the Earth, so that the surface is always displaced in principle. However, the size of
the displacements is changing with the global redistribution of air and water, which
is usually represented by the change in atmospheric or water related pressures P. By
computing reference pressure values for each site on the surface, an equilibrium state
with zero deformation can be defined for this location. Then, the surface displacements
due to NTL are expressed as the relative deformations w.r.t. the equilibrium state,
which are generated from the deviations AP from the reference pressures. These time
and space dependent deviations are called pressure anomalies. Thus, we need global
pressures P(\, ¢) for the distinct components of NTL: atmospheric pressures, ocean
bottom pressure, hydrological pressure. These are usually derived from NWMs, ocean
tide models, and hydrological models. The reference pressures can be computed from
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3.2 Non-tidal loading

the average model pressures over appropriate time periods, i.e., for each site the refe-
rence pressure is interpolated from the average pressures of the surrounding model grid
points. In particular for the atmospheric pressure, there also exist analytical formulas
for a reference pressure (compare, e.g., Bohm et al., 2008).

In Figure 3.4, the atmospheric pressure anomalies for epoch 1988-02-03 11:00 UTC as
generated from the ERAD reanalysis (Hersbach et al., 2020) of the European Center for
Medium-range Weather Forecasts (ECMWF) are shown. At this epoch, for example,
the atmospheric pressure above Siberia and Mongolia was about 20 hPa lower than
the reference pressure, while is was up to 40 hPa larger than the reference pressure
above Canada and the Arctic ocean. In Figure 3.5, we present the vertical site dis-
placements that are computed from the pressure anomalies in Figure 3.4 by ESMGFZ
(compare Dill and Dobslaw, 2013). Most naturally, they reveal a negative correlation:
if the atmospheric pressure is larger (smaller) than the reference pressure around some
location (), ¢), the surface is pushed down (lifted up). As a consequence, there are
negative displacements in Canada and positive ones in Siberia, which attain absolute
values greater than 10 mm. The site displacements by ESMGFZ have been used in
P-1, P-2 and P-3.

To compute the displacements, we need to transform the pressure anomalies AP at
all available locations (A, ¢) into point mass anomalies AM and perform a global
convolution with the corresponding weighting Green’s functions as in Egs. (3.28) and
(3.29). The pressure P is equal to a force divided by some area A, and the mass M
times gravity ¢ is the corresponding force:

M PA
=29 o =2 (3.31)

P
A g

The surface of the spherical Earth amounts to 47a?, and when dividing it into chunks
of cos(¢) dAdp with A€ [0,27] and ¢ € [-7/2,7/2], the respective areas are

A = cos(¢) dAdepa® (3.32)

(compare Eq. (5-49) in Moritz and Mueller, 1987). Hence, the formulas for the vertical
and horizontal displacements are given by

T = [ AP(/\,¢)§Gu(X<5,>\,¢) cos(¢) dAde
= f AP(X, ) Gu(X, @, A, ¢) cos(¢p) d\d, (3.33)
2 ~ [ —
NG =[] APOL6) T Gu(h,0,2,0) cos(s) dAdo

f AP(A, ) Gn(h 6, A, &) cos(d) dAdo, (3.34)
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Figure 3.4: Atmospheric pressure anomalies derived from the ERA5 reanalysis data by the

ECMWE. The corresponding epoch is 1988-02-03 11:00 UTC. Courtesy of Kyria-
kos Balidakis, GFZ Potsdam.
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Figure 3.5: Vertical site displacements induced from the ERA5 reanalysis pressure anomalies
as of 1988-02-03 11:00 UTC. The displacements have been generated in the CM-
frame by ESMGFZ. Courtesy of Kyriakos Balidakis, GFZ Potsdam.
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3.2 Non-tidal loading

respectively, where we omitted the aforementioned limits for A and ¢, and

Gu(h BN G) = (;—2 S L (a) Pa(cos (A, 6, X, 6)), (3.35)
n=0

gh(j\a &7)\,(25) = G_Za i Z;L(CL) aPn(COSﬂa(;\’QS’ >\a ¢)) (336)
g n=1

are the weighting Green’s functions for pressures rather than masses (e.g., Petrov and
Boy, 2004), using g = G M /a®. The horizontal displacement can be separated into dis-
placements in East and North directions by introducing sine and cosine terms w.r.t. the
azimuth angles a(\, ¢, \, ¢) towards the loads, respectively (e.g., Wijaya et al., 2013):

00TEG) = [[ AP(A6)Ga(A 61,0 sin(a(X,6,A,9)) cos(6) dXdg,  (3.37)

NTEOG) = [[ AP(L6)Gu(A 80, 0) cos(a(A 6. A,0)) cos(@)dAds.  (3.38)

According to Hofmann-Wellenhof and Moritz (2006), the sine and cosine terms can be
computed by

cos ¢ sin(\ = \)

sind(\, ¢, A\, ¢)’

cos ¢ sin ¢ — sin ¢ cos ¢ cos(\ — )
sind(\, @, A, @) '

sin(a(, @, \, ¢)) (3.39)

cos(a(X, @, \, ¢))

(3.40)

The expressions for the site displacements are convolutions, which resemble the solu-
tions

w(@) = [ f()G.y)dy (3.41)

of a linear differential equation Lw(z) = f(x), where G satisfies
LG(z,y) = 6(z-y) (3.42)

with the Dirac delta function §(-). The latter is different from 0 only for the single
argument 0, so a point load basically equals such a delta function, too. The correspon-
ding functions G are called Green’s functions, and hence the same phrase is used for
the weighting functions G, and Gj above, ”though they are not true Green’s functions
in the strict mathematical sense” (Farrell (1972), p.778).

Practical information about the implementation of the above formulas is given by, e.g.,
Petrov and Boy (2004). For example, since the effect of the atmospheric pressure above
land is different from that above the oceans, land-sea-masks are applied to distinguish
the corresponding numerical algorithms. We also provide a short summary of this issue
in P-3. Since the weighting Green’s functions decay exponentially (compare, e.g., Dill
et al., 2015; or Figure 3.3), the convolution can actually be restricted to the area within
a distance of a few thousand kilometers of the respective location (\,¢). Given the
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corresponding pressure anomalies, the Green’s functions approach can be applied to all
three components of NTL, of course. There are also alternative approaches, like the
empirical model by Rabbel and Zschau (1985), who perform a linear regression between
pressure anomalies and vertical site displacements. Since we are referring to NTL, the
signals from the tidal frequency bands are removed from the final site displacements
for the atmospheric and oceanic components (e.g., Petrov, 2015).

As a final remark, the site displacements due to NTL can be computed in different
frames, that is, w.r.t. different origins. The frame simply depends on the choice of the
degree-1 LLNs (compare Section 3.2.3). If one subtracts the displacements of the CM-
frame from the corresponding displacements of the CF-frame, for example, one obtains
the contribution of NTL to geocenter motion (GM; e.g., Dong et al., 2003), which is
also examined in P-1.

3.2.5 Assessment of different NTL data

As mentioned before, multiple institutions provide NTL data that is generated from
different underlying geophysical models. Several sources for such data are linked at
the website of the GGFC (http://loading.u-strasbg.fr/GGFC/). Another source is the
IMLS, whose data we have used in P-3.

Beforehand, in P-1, we analyse two recent NTL data sets and their applicability in the
realization of the ITRS:

P-1 Glomsda M., Blofifeld M., Seitz M., Angermann D., and Seitz F. (2022): Com-
parison of non-tidal loading data for application in a secular terrestrial
reference frame, Farth, Planets and Space, Vol. 74 (1), doi:10.1186/s40623-
022-01634-1

Summary We take a look at the NTL data of two out of various providers. The
ultimate goal is to find the most suitable data set for the ITRS 2020 realization at
DGFI-TUM, the DTRF2020. As with the previous DTRF2014 (Seitz et al., 2022), the
site displacements induced by NTL shall be applied at the normal equation level.

The first data set is GGFC’s dedicated contribution to the ITRS 2020 realizations. It
contains site displacements for the CM- and the CF-frames, separated into three parts:
i) non-tidal atmospheric loading (NTAL) with inverted barometer hypothesis (IB; e.g.,
Wunsch and Stammer, 1997) for the ocean response, ii) NTAL with a dynamic model
for the ocean response, and iii) hydrological loading (HYDL). The underlying numerical
(weather) models and other properties are given in Table 3.2. The second set is the
operational NTL data by ESMGFZ. In contrast to the aforementioned GGFC data, it
is available on a daily basis and would hence enable a continuous extrapolation of the
DTRF2020. It consists of four types of site displacements in the CM- and CF-frames:
1) NTAL with IB for the ocean response, 2) non-tidal oceanic loading (NTOL), 3)
HYDL, and 4) sea-level loading (SLEL). While ESMGFZ uses SLEL to ensure the
conservation of mass together with the sum of 1), 2), and 3), the GGFC data is mass
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3.2 Non-tidal loading

Table 3.2: Summary of the non-tidal loading data sets compared in P-1 (Table 1 therein).

| GGFC | ESMGFZ
atmospheric model | ECMWEF ERA5 ECMWF ERA-40, ERA-interim,
operational ECMWF
oceanic model ‘ TUGO-m ‘ MPIOM
hydrological model | ECMWF ERA5 | LSDM
mass conservation ‘ included in single components ‘ separated as sea level loading
spatial resolution ‘ selected sites ‘ global 0.5° x 0.5° grid

temporal resolution

1 hour 3 hours (atmosphere, ocean),
24 hours (hydrology, sea level)

data start epoch ‘ 1979/01/01 (ERA5 IB & hydro) ‘ 1976/01/01
1980/01/01 (ERA5 TUGO-m)

update frequency ‘ every few months ‘ daily

frames ‘ CM, CF ‘ CM, CF

displacements ‘ North, East, up ‘ North, East, up

conserving when adding the parts ii) and iii). The details of the ESMGFZ data are
also provided in Table 3.2.

We begin by comparing the different NTL parts of the two providers. Due to the
separation of SLEL by ESMGFZ, it becomes obvious that we can only reasonably
compare the NTAL parts (with IB), as well as the total NTL. We find that NTAL
agrees very well, which can be quite expected since both GGFC and ESMGFZ rely
on the NWMs of the ECMWEF, albeit in different versions. The total NTL, however,
shows significant discrepancies, and this is mainly due to HYDL. On the one hand,
the underlying hydrological models are simply different, but on the other hand the
ESMGFZ data has not been continuously reprocessed over the whole time interval
for the displacement series. Some of the driving factors of HYDL, i.e., precipitation
and evaporation, are taken from the ECMWF models for NTAL, and these have been
subject to model updates and transitions during the processing interval (compare Table
3.2). As a consequence, the displacement series for HYDL and the total NTL by
ESMGFZ contain various intervals with different trends.

The same holds for the GM contributions of the NTL parts. The contributions are given
by the differences between the corresponding site displacements in the CM- and CF-
frame for the same epoch (compare Section 3.2.4). The time series of GM contributions
for ESMGFZ reveal the same changes in trends as the site displacements, while the
contributions for our GGFC data basically show a single trend in all cases.

Next, we compare the displacements series (in the CF-frame) by both providers with the
position residuals of GNSS stations, which have not been reduced by NTL. Although the

33



3 Loading effects

level of agreement can be quite different for GGFC and ESMGFZ at single stations, we
could not draw the general conclusion that either data center provides a more accurate
geophysical representation of NTL - under the assumption that the GNSS residuals
adequately reflect the NTL signal in the first place.

Returning to our original objective, we eventually decided to use the GGFC data for the
DTRF2020. The main reason, given that the geophysical quality of both NTL data sets
is indistinguishable to us, are the variable trends in the ESMGFZ site displacements
and GM contributions. These are not geophysically justified but the result of model
updates, and would hence distort the linear position estimates and geocenter time series
in the realization of a secular TRS. The single trend in the GGFC displacement series,
on the other hand, can easily be removed before their application in the DTRF2020.
The impact of these trends is investigated in P-4.

As was observed in other studies, e.g., Roggenbuck et al. (2015) or P-3, we still see
a significant model uncertainty w.r.t. the hydrological loading and the handling of the
ocean response to NTAL.
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4 Very Long Baseline Interferometry

Since the investigations of this thesis focus on VLBI, we will introduce its functionalities
here. Generally, we are following the explanations of Nothnagel (2022), which is an
extension of Nothnagel (2019). Other exhaustive or compact summaries are provided by
Sovers et al. (1998) and Schuh and Behrend (2012), respectively. Among the geodetic
space techniques, only VLBI is able to determine all EOP and realize the ICRS.

4.1 Measurement technique

VLBI originates from radio astronomy. The objects of interest are extra-galactic radio
sources, mostly quasars, i.e., the same objects as used for the realization of the ICRS
(compare Section 2.2). At the time of VLBI’s invention in the mid 1960s, two single
radio antennas have jointly been operated to increase the virtual diameter of their
dishes to the distance between them, which could be as large as the Earth’s diameter.
By pointing at the same radio source at the same time, the angular resolution of the
image of this source was improved significantly (e.g., Matveenko et al., 1965; Broten et
al., 1967; Moran et al., 1967). A few years later, geodetic and astrometric applications
have been developed (Cohen and Shaffer, 1971; Hinteregger et al., 1972; Ong et al.,
1976), which basically rely on the same setup, but involve a global network of radio
antennas.

In Figure 4.1, we show a schematic description of the VLBI measurements. Again, two
antennas are receiving electro-magnetic radiation from the same extra-galactic source
in the same time interval 1. As this source is extremely far away, the fronts of the
radio waves are assumed to be straight lines, and due to the curvature of the Earth the
same part of the radio signal hits the first antenna Ay at an earlier epoch t; < to than
the second antenna As. In an idealized situation, the wave front, the so-called baseline
B between the two antenna reference points, and the distance vector with length d
travelled by the wave front between t; and ty form a right-angled triangle. With the
assumption that the radio signal moves at the speed of light ¢ in vacuum, we obtain
the time delay

d
T=1y—1 = — (4.1)
c

between the arrival times at the two antennas. With S representing the unit vector in
the direction of the radio source, we further get the geometric relation
B-S

-B-S=ct = 1= , (4.2)
c
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¢ = speed of light

radiation T = time delay

antenna 4,

antenna A4, Earth

Figure 4.1: The basic functionality of the VLBI technique.

i.e., the travel distance vector is the projection of the baseline onto the unit source vector
(whose direction is responsible for the minus sign). From this simplified equation, we
recognize how VLBI connects the ITRS, ICRS, and EOP. The terrestrial positions p;
of the antennas A; (i = 1,2) are defined in the ITRS, but they have to be transformed
into positions P; in the BCRS to compute the inner product of the baseline vector

B=P-P (4.3)

with the source vector S. Namely, the position of the radio source is defined in the
ICRS. An intermediate step is the rotation of the ITRS positions into the GCRS posi-
tions,

with the rotation matrices for the EOP from Section 2.3. Hence, all relevant ITRS,
ICRS, and Earth orientation parameters are involved.

As will be shown in the following, the theoretical model for the VLBI time delay is much
more complicated, and we did not yet explain how the delay can actually be measured.
However, the basic functionality of VLBI is wrapped up by saying that there usually
is not just one pair of antennas within a VLBI experiment, but a whole network of
globally distributed antennas (compare Figure 4.4 in Section 4.4), which observe a
large set of sources all across the sky for mostly a full day (24 h). Only with such a
bulk of heterogeneous observations, the antenna positions, the source positions, and the
EOP can be estimated sufficiently well by comparing the observed with the computed
time delays. These VLBI experiments are called sessions, and the corresponding scans,
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4.2 Observed time delay

which connect observing antennas and observed source at the same reference epoch,
are put together weeks ahead in a special scheduling process. The global VLBI efforts
by various private, scientific, and federal institutions are organized by the IVS, and the
history and statistics of these efforts have recently been summarized by Malkin (2020).

As with most geodetic applications, the analysis of VLBI observations is based on
the fit of a theoretical model to the actually observed time delay. In Section 4.4,
the corresponding least-squares minimization technique (see, e.g., Koch, 1999) will be
explained in more detail. Before discussing the delay model in Section 4.3, we will now
focus on the measurement of the time delay.

4.2 Observed time delay

4.2.1 Distinct observables

The radio antennas are basically free to observe in any frequency (band) that is not
blocked by the Earth’s atmosphere. We postpone the exact definition of the radio
signal, and instead we state that a single radio wave with any frequency f [Hz = s7!]
arrives at the second antenna with a phase shift ¢, [rad| compared to its arrival at the
first one. If we interpret this wave as a sinusoid, and the phase (shift) is 0 at the first
antenna, we have

sin(¢y) = sin(2m fr,p) = sin(wsrpn) (4.5)

at the second antenna, where

wy = 2w f [rad/s] (4.6)
is the angular frequency, and
or o5
_ - 4.7
Toh wr 2nf g (47)

is the phase delay. In contrast to the phase shift and the angular frequency, the latter
does not depend on the frequency f, since there is only one time delay for the signal.
However, there is an ambiguity of integer multiples of 27 in the result of Eq. (4.5)
w.r.t. the phase shift, which needs to be resolved to find the actual time delay. With
suitable conditions for two frequencies f; and fa, this can be achieved by letting (e.g.,
Moritz and Mueller, 1987)

¢f 2 ¢f 1
T = ——— 3] 4.8
27 (o /1) [s] (4.8)
Using even more frequencies, this procedure provides the so-called group delay
1 0¢ f
r = —— , 4.9
Tg o af [S] ( )
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which hence equals the partial derivative of the phase (shift) w.r.t. angular frequency.
Finally, the phase delay rate is its derivative w.r.t. time:

@ph 1 @ 1 @¢

o Tat 1 @t 2f @t

[s/s]: (4.10)

4.2.2 Correlation and fringe tting

Due to the VLBI observation geometry (compare Figure 4.1), the maximum absolute
time delay is

% 21ms (4.11)

which would be obtained for, e.g., one antenna located at the North pole and the other
one at the equator of the Earth with radius a. To compute it, the arrival times at
the two antennas must be determined. The rst step is the digitization of the radio
signal. In its simplest form, the 1-bit sampling, the voltage V"te measured by an
antenna at epocht is compared to a threshold valueV*, and an 1 is recorded with
time tag t if V"te AV*, and a 0 otherwise. This procedure can be extended with more
thresholds and corresponding bits, which comes at the expense of a larger amount of
data. Anyways, the recorded and time tagged bit streams represent the digitized radio
signal and are shipped from the VLBI stations to the so-called correlators. These collect
the data from the di erent antennas involved in a session and extract the corresponding
time delays.

The time tags in the bit streams depend on the clocks at the antennas. Although these
are highly stable atomic clocks (mostly microwave ampli cation by stimulated emission
of radiation (MASER) frequency standards; e.g., Oh et al., 2004), the synchronization
with UTC is not equally good among all antennas, and the clocks can also deviate from
their nominal frequency standards. The latter will generate delay rate-like e ects, which
is one reason why the delay rate will be important in the computation of the time delay.
Another reason is the rotation of the Earth: in the non-rotating CRS, the position of
the second antenna changes w.r.t. the position of the rst antenna betweern; and t».
This creates a Doppler e ect in the signal digitization which must be accounted for by
the delay rate (e.g., Moritz and Mueller, 1987).

The group delay is computed from various observation frequencies. Hence, VLBI does
not only consider a single frequency o, but the antennas observe in multiple frequency
channels belonging to distinct frequency bands. The classical, or legacy frequency
bands are the S- and X-bands, with frequencies at about 2 GHz and 8 GHz, respectively
(compare Figure 4.5 in Section 4.5). The actual observations are taken from the X-
band, while the S-band is basically used for determining the in uence of the Earth's
ionosphere on the time delay (compare Section 4.3.5). The number of channels in S- and
X-band is usually 6 and 8, respectively, and the width of the channels is 8 MHz. The
distribution of channels is important for the precision of the VLBI measurements, which

is based on the signal-to-noise ratio (SNR, compare Section 4.2.3). The advantage of
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4.2 Observed time delay

using separate, smaller channels inside a band is the reduced amount of recorded data,
while the total recorded bandwidth still resembles that of the distance between the two
outer channels. This procedure is called bandwidth synthesis (Rogers, 1970).

Before we return to the frequency channels, we will explain the mathematical back-
ground of nding the time delay. It is obtained by maximizing the cross-correlation
function

T
C" . %S Vi't e\ tedt: (4.12)
0
Its discrete version is N
1
C e —Q Vit Vo tje; (4.13)
Nj 1

with the recorded bit streams V;"tj» (i  1,2) of the antennas, which consist ofN

distinct measurements during the integration time interval T. In other words, the
argument is varied until the shifted bit streams agree most. The cross correlation
function (4.12) is very similar to the convolution of Vi and V5,

a

VitVo s Vi© teWtedt FLFVLF VW ; (4.14)

a

where F and F ! are the Fourier transform and its inverse, respectively (e.g., Chris-
tensen and Christensen, 2006). Hence, to equalize the two functions, only the sign of
the argument of V1 needs to be reversed. Since

FV FV; (4.15)

with F representing the complex conjugate of, we nally get
1
C" o WFFT VEFT VL FFT W, (4.16)

for the cross-correlation, in which FFT is the discrete version of the Fourier transform
(Fast Fourier transform; e.g., Christensen and Christensen, 2006). Instead d€” -, the

cross-spectrum with frequency argumentd is usually considered for the correlation of
the time delay. It is de ned as

Cf FFTV, FFTV, FFT NC - ; (4.17)

and can thus be computed in two ways. Either, the FFT is performed rst for both

antenna bit streams and then the results are multiplied (FX correlation), or the cross-
correlation is computed rst and the FFT is performed afterwards (XF correlation).

Nowadays, the FX-correlation is more e cient and widely used (e.g., Deller et al.,
2011).

The cross-spectrum provides amplitudes and phases for di erent frequencies and can
hence directly be related to the observables phase delay (4.7) and group delay (4.9).
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However, this correlation process is conducted not only once, but for various sub-
intervals of the integration period T. The corresponding time series of cross-spectra
enables us to determine a pair of group delay and (phase) delay rate that maximizes
the two-dimensional cross-correlation function which now depends on both frequency
and time. This subsequent process is called fringe tting and delivers the nal values
for the observables (e.g., Cappallo, 2017).

The actual correlation and fringe tting procedures are much more complicated, but
for our purpose of an introduction to VLBI we will only continue by quoting some infor-
mation (e.g., Petrov et al., 2011) on the combination of the aforementioned frequency
channels (bandwidth synthesis). Instead of generating a single-band group delay and
delay rate from a single channel, one can also use the full information from all observed
channels (multi-band) in a frequency band. The rst way is to compute cross-spectra
for the reference frequencies of all distinct channels and then apply the inverse FFT to
these spectra in a multi-band fringe tting afterwards. The alternative is to determine
the single- and multi-band group delays and delay rates jointly in a common process.
Generally speaking, using as much bandwidth as possible increases the precision of
the VLBI observables (compare Section 4.2.3), but the gaps between the frequency
channels also pose some procedural challenges.

Finally, we make a remark on the third observable, the phase delay. While it is more
precise than the group delay, its computation is also more complicated, and many analy-
sis softwares - including the current version of the DGFI Orbit and Geodetic parameter
estimation Software (DOGS) used for this thesis - still stick to the group delay observ-
able. Hence, we will not explain the determination of the phase delay, but the reader
is referred to, e.g., Nothnagel (2022). Nevertheless, the following equation shows how
phase delay, phase delay rate, and group delay are connected by the Taylor-expansion
of the two-dimensional phase function “f;t ¢ from the cross-spectrum (compare Sovers
et al., 1998):

- - @ . @ .
fite fortoe — fortoe t t —fo;toe £ f
0:t0 @t 0:t0 0 @f 0:t0 0
“fo;tge  2f oph t To 2 o f fo (4.18)
“fite 1

t ot — o f fo:
2f0 ph _ph 0 fogr 0

4.2.3 Measurement precision

We still need to identify the signal of the extra-galactic radio sources. Although the
electro-magnetic radiation is basically white noise, we de ne this pure radiation to
be the actual signal, while any other components added along the way through the
Earth's atmosphere and the electronic devices of the antennas are de ned to be the
noise. According to Whitney (1974), the3 SNR is given by

¥4

FD " DD,
2k N1N>

SNR 2 fT; (4.19)
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4.3 Theoretical time delay

where > 0:5;0:7 is a digitizing loss factor, FD the correlated ux density (i.e.,
strength) of the radio source,k Boltzmann's constant, D; and N; the e ective antenna
area and system noise temperature of antenna (i 1;2), respectively, f the total
observed frequency bandwidth, andT the integration time.

The formal errors of the VLBI observables, which are expressed by standard deviations,
can now be related to this SNR (Whitney, 1974). For the phase delay, we have

1
—_— 4.20
P 2f oSNR ( )
For the phase delay rate, it holds
1
: 4.21
~h 2f 0 Trms SNR ( )
with ,
AT
Trims A +Q "t te2 (4.22)
k

being the rms integration time based on the sample epochg and the mean epocht.
Lastly, the standard deviation of the group delay is given by

1
- - . 4.23
o 2 f,ms SNR (4.23)
where ‘
A 1L
frms A CQf fo2 (4.24)

I 1

is the e ective bandwidth based on the L distinct channel frequenciesf, providing the
mean frequencyf .

Most of the components of the SNR are antenna or source dependent, i.eD;, N;,
and FD. To improve the SNR, and consequently the precision of the observables,
one can thus basically increase the (e ective) bandwidth or the integration time. The
latter contradicts the intention to have as many observation as possible during a VLBI
session, so the best choice is to optimize the distribution of the frequency channefs.
Practically, the SNR is determined during fringe tting (e.g., Petrov et al., 2011).

4.3 Theoretical time delay
The relativistic consensus model for the time delay is provided by Eubanks (1991) and

summarized in Chapter 11 of the IERS Conventions 2010. Our following introduction
is also based on Nothnagel (2022).
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4.3.1 Vacuum delay

We start with the geometric relation (compare Section 4.1) in the BCRS, so the time
delay is given in the barycentric coordinate time TCB (Temps Coordonre Barycen-
trique):

PzAT2° P]_AT]_' S

T, T - : (4.25)

The BCRS positions of the antennas are computed from

Pi"Tie Poc ' Tie pi"Tie "i 1;2e; (4.26)

wherePgc is the BCRS position of the geocenter, and the; equal the GCRS positions
of the antennas from Eq. (4.4). They are used to compute the total gravitational delay
component

Tgrav Q Tgrav;k (4-27)
k

of the time delay, which is the sum of the single delay components Tgayv:k (IERS Con-
ventions 2010, Equations 11.1 - 11.7). The latter are induced by all relevant gravitating
bodiesk in the solar system, i.e., the sun, the moon, the Earth, and all planets. The
radio signal is de ected when passing them on its way to the antennas due to General
Relativity, so the new time delay reads

P2AT2' PlAT1° S

T, Tq1 c Tyrav; (4.28)

and is also called vacuum delay.

Eq. (4.28) now needs to be transformed into the GCRS, since the clocks at the antennas
can only measure proper (atomic) terrestrial time. This a ects two components: the
barycentric positions P; of the antennas, and the epochsl; which are still given in
TCB. The time scale of the GCRS is TCG (compare Section 2.1), and it is connected
to the atomic time TT (Terrestrial Time, valid at the geoid) by a constant Lg
6:969290134 10 10, which implies

TT
' 4.29
TCG 7 Lo ( )

for the corresponding time delays. The epoch, the geocentric point of time of the
signal's arrival at the rst antenna, is de ned to be the reference epoch for the time
delay. Regarding the antenna positions, we note that the barycentric positionP, of
the second antenna has changed betweenn and t,, the geocentric point of time of
the signal's arrival at the second antenna, due to the Earth's rotation around the sun.
Likewise, its geocentric positionp,~tye has changed fromp,~t;¢ due to the Earth's ro-
tation around itself. The rst e ect is called annual aberration, the second one is called
daily aberration. To correct for them, we need to know the barycentric velocity W g¢
of the geocenter, and the geocentric velocity , of the second antenna, respectively.
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4.3 Theoretical time delay

The corresponding relativistic modi cation of Eq. (4.28) is a Lorentz transformation,
and the nal formula for the vacuum delay qc is

Sb 1 U WeeS Wee !l Wec bo SWee 7
Tgav ¢ 1 c? 2c2 c? & % 2L

to 11 , (430)

S Wge ! p°
1 Gé: 2
where is the parameterized post-Newtonian parameter (equal to 1 in General Rela-
tivity), U is the gravitational potential at the geocenter without the Earth's mass, and
b is the baseline vector in the GCRS.

4.3.2 Terrestrial time scales

A remark regarding the terrestrial time delays is necessary. Usingrcg complies with
Resolution 2 (1991) of the IUGG and Resolution B6 (1997) of the IAU. However, the
correlators provide 11, which is also used by the ACs of the IVS. As a consequence,
the corresponding coordinateg; of the antennas do not exactly refer to the GCRS until
they have been scaled by 41 Lge. But, according to the resolutions of the ITRF
Workshop in 2000, this scaling is not applied, so that the VLBI antenna coordinates
(like those of the other geodetic space techniques) actually refer to TT in the ITRS
realizations starting with ITRF2000 (IERS Conventions 2010).

4.3.3 Technical delay components

The vacuum delay in Eq. (4.30) needs further corrections due to various physical and
technical e ects. We start with the latter.

The radio antennas consist of a main re ector (the dish) and one or two sub-re ectors
to direct the radio signals into the feed horn at the focal point (compare Figure 4.2).
From the feed horn, the radiation is lead by cables to the receiver and other technical
devices for amplifying and digitizing the signal. To aim at basically every position
of the celestial sphere, the antenna dishes move around two perpendicular axes, and
their invariant intersection is the reference point for the antenna positions in the ITRS
realizations. Mostly for constructional reasons, many antennas have an axis o set
(AO) between the invariant reference point at the primary axis and the secondary one
(compare Figure 4.2 again). The length of the signal path from the main re ector to
the reference point and the receiver will be relevant for the measured time delay, so
this length must be modelled carefully.

One of the most important factors of signal path variation is the elevation of the
antenna, i.e., the angle between the horizon and the observed radio source. First, the
path length changes with elevation due to the AO (Nothnagel, 2009), so we obtain a
delay component Ao taking into account the corresponding variations at the two
antennas. Second, the elevation is crucial for gravitational deformations of the whole
antenna dish structure, i.e., for path length variations between the main and the sub-
re ector(s), as well as between the sub-re ector(s) and the feed horn (e.g., Sarti et
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Figure 4.2: Sketch of a radio antenna with azimuth-elevation mount and one hyperbolic sub-
re ector (Cassegrain style; a parabolic sub-re ector is called Gregorian), inspired
by Nothnagel (2022).

al., 2011; Nothnagel et al., 2014). Hence, we must apply a respective delay correction
ep (Gipson and Sikstrom, 2018). Third, the elevation plays a role in the thermal
deformations of the antennas, which are mainly driven by the surrounding temperature
and the thermal expansion coe cients of the antenna material, i.e., mostly concrete
and steel (Nothnagel, 2009). We denote the corresponding time delay component by

TD-

Next to these elevation-dependent e ects, there are also delays which are simply crea-
ted by the electric system itself, because the signal has to run through cables and
other technical devices. These delays are approximated by so-called cable- and phase
calibrations (e.g., Moran and Dhawan, 1995) during the VLBI observations and lead
to delay corrections 4. Finally, the clocks at the distinct antennas are not perfectly
synchronized with atomic time (UTC, or Temps Atomique International, TAI, which
only di er by the leap seconds), so a part of the time delay originates from an o set
clo between the antenna clocks.

To summarize, we arrive at an intermediate time delay of

t, 13 vac AO GD TD cal clo- (4.31)

Except for ¢, all correction terms are obtained from (empirical) models taking into
account known antenna properties or measurable parameters such as elevation and
temperature. At the time of writing, models for the gravitational deformation have
only been available for six antennas, however. Hence, gp cannot be computed in
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many cases. The clock o sets, on the other hand, are completely unknown. The corres-
ponding antenna-dependent parameters, which usually consist of the coe cients of i)
guadratic and ii) additional continuous piecewise linear functions, are estimated during
the analysis of the VLBI observations (compare Section 4.4).

4.3.4 Radio source related components

Now, we turn to the physical e ects which in uence the time delay, and we start with
the radio sources. The latter are assumed to have xed positions, so that they can
realize the ICRS as an inertial frame. However, with the current precision and long-
term history of VLBI measurements, we are actually able to observe proper motions
of the radio sources (e.g., Titov et al., 2011). These are related to the acceleration of
the SSB towards the Galactic center, which creates an aberration e ect (Kovalevsky,
2003). Hence, the motions of the radio sources are only apparent, and we have to
correct for this Galactic aberration e ect. The corresponding recommendation of the
IVS Working Group (WG) 8 is to apply an additional delay component

b S

; 4.32
GA S (4.32)

where S is the apparent change in the radio source position based on a secular
aberration drift of 5:8 as/a (MacMillan et al., 2019).

Another issue is source structure. Many sources are not point-like, i.e., there is no
clearly de ned center to which its position can be referred (e.g., Xu et al., 2017; Plavin
et al., 2019). The shape and size of a source can even change with time and observation
frequency. This creates measurement noise and needs to be corrected for (Anderson
and Xu, 2018). However, while some proposals already exist (e.g., Xu et al., 2021),
there is no conventional correction model yet.

4.3.5 Atmospheric delay components

On its way from the radio source to the antennas, the signal has to pass the Earth's
atmosphere, which is separated into a charged (ionosphere) and a neutral part (tropo-
sphere). As already mentioned in Section 4.2.2, the in uence of the dispersive iono-
sphere can be determined by measuring the signal delay in two dierent frequency
bands. For legacy VLBI, these are the S- and the X-band. The impact on the radio
signal depends on the total electron content (TEC) in the ionosphere, which is basically
driven by the radiation of the sun. Hence, the TEC is lower during night- than during
day-time of an antenna. The formulas for the frequency-dependent ionospheric delays
can be found in, e.g., Nothnagel (2022), and the signs are opposite for phase (accele-
ration) and group (retardation) delay. The author also provides the nal ionospheric
delay correction in X-band,

2
fS
2 2
S fX

i0;X s x° f ; (4.33)
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Figure 4.3: Simplied bending and delay of radio signals due to a strati ed neutral atmo-
sphere, inspired by Hofmeister (2016). The outgoing (after the last layer) and
vacuum elevation angles are identical.

where s and x are the measured time delays in S- and X-band with average (across
all channels) frequenciesf s and fx , respectively. These values are computed during
correlation and fringe tting, and are hence available to the ACs.

For the non-dispersive troposphere, the situation is more complicated. By interaction
with dry gases and water vapor, the electro-magnetic radiation is bended and delayed
when passing through the neutral atmosphere, compare Figure 4.3. Measuring the size
of the delay is basically impossible, so it needs to be modelled (e.g., Hofmeister, 2016).
Most accurately, this is done by ray-tracing methods (e.g., Hobiger et al., 2008), where
the stepwise refraction of a radio signal by di erent horizontal and vertical layers of
the atmosphere is approximated by means of NWMs. Since the e ort of ray-tracing
would be too large for each and every geodetic observation, a simpler procedure has
been devised to map the obtained zenith delays to the delays for di erent observation
elevations.

If the time delay component induced by the troposphere for an observation with eleva-
tion is denoted by ¢~ e, itis initially modelled by

o Zy MEy~ Zn MER™ e (4.34)

Here, Z,, and Z; are the delays in zenith direction generated by the wet and hydro-
static components of the neutral atmosphere, respectively. LikewiseMF,, and MFy
are the mapping functions for the wet and hydrostatic components, which transform
the zenith delays to their corresponding values depending on. Mostly, the mapping
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functions are continued fractions depending on sif ¢« and three coe cients a, b, and

¢ (e.g., Marini, 1972; Herring, 1992; Niell, 2000). Thereby,a often depends on the
ray-tracing, i.e., the NWM, while b and c are empirically determined, but also other
combinations are possible (compare Landskron and Beshm, 2017). There are service
centers providing the corresponding coe cients on a daily basis for particular geodetic
sites, e.g., the VMF data server of TU Vienna (ttps://vmf.geo.tuwien.ac.at/ ).

The hydrostatic zenith delay, which is mainly induced by the dry gases in the tro-
posphere, can su ciently accurately be computed a priori if the atmospheric surface
pressure at a site is available (Saastamoinen, 1972; Davis et al., 1985). The wet zenith
delay, however, is unknown and must be estimated during the analysis of the (VLBI)
observations. For each antenna, Z,, is usually parameterized as a piecewise linear
function depending on time, and it is driven by the amount of water particles in the
troposphere.

The time delay in Eq. (4.34) is further re ned by including a horizontal dependence

next to the vertical one. For example, the rotation of the Earth creates a thicker

troposphere at the equator than at the poles, and spatially variable parameters like
temperature and pressure also a ect the size of the delay of the radio signal in the
neutral atmosphere (e.g., Landskron and Behm, 2017). The extended formula for the
tropospheric delay with observation azimuth angle reads

;o Zy MFy,~ Zn MF™ o
GMF,,~ « GNycos  GEsin” - (4.35)
GMFL" » GNpcosS « GEpsin® o ;

in which the wet and hydrostatic mapping functions

1

GMF 4~
wh sin® e«tan” ¢ C,x

(4.36)

by Chen and Herring (1997) have been empirically determined withC,, 0:0007 and
Cn 0:0031, respectively. The so-called gradientsSN and GE in North and East
direction, respectively, are often estimated like the wet zenith delays. Usually, they are
parameterized as piecewise linear functions of time per antenna, too, but with a lower
temporal resolution. Alternatively, single North and East gradients (i.e., without the
separation into wet and hydrostatic parts) can be modelled and estimated. A priori
values for the latter are available from the Data Assimilation O ce of NASA's Goddard
Space Flight Center, for example.

According to the model described by the IERS Conventions 2010, the impact of the
troposphere on the theoretical time delay is twofold. If ; represents the tropo-

spheric delay at antennai, then the actual propagation delay induced by the neutral

atmosphere is

tr tr; 2 tr; 1 (4.37)
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However, there is another term to be added to Eq. (4.31), namely
e - (4.38)

which accounts for the additional aberration (i.e., time for rotation) of antenna A
w.r.t. Az during the propagation delay. The sum of this term and the vacuum delay is
called the geometric time delay geo.

Altogether, we obtain the theoretical time delay

to t1  geo AO GD D cal clo GA io r:  (4.39)

4.4 Parameter estimation

The analysis of geodetic (space) observations is usually based on the Gauss-Markov
model. It de nes a set of parameters to be inserted into the theoretical observation
equations and solves for those parameter values which agree best (in a particular math-
ematical sense) with the actual measurements. In the case of VLBI, these parameters
mostly are

antenna coordinates,
radio source coordinates,
" EOP,

wet zenith delays,
tropospheric gradients,
clock o sets.

Since this technique relies on the baselines between the antennas, i.e., on their relative
positions only, the resulting system of equations is singular w.r.t. to the absolute loca-
tion and orientation of the antenna network. Likewise, the system is singular w.r.t. the
orientation of the radio sources. The corresponding geodetic datum (compare Section
2.1) hence needs to be added in the form of extra model constraints. The scale of the
antenna network, on the other hand, can intrinsically be determined by VLBI.

In Figure 4.4, we show the VLBI network of legacy antennas that we examine irP-4.
As already mentioned in Section 2.2, the global distribution of antennas is unbalanced,
since there are many more of them in the Northern than in the Southern hemisphere.
To obtain the most accurate estimates for the target parameters, a more homogeneous
antenna network is needed, so that the volume of the polyhedron formed by the base-
lines gets close to the volume of the Earth. To make things worse, only about 8{12
antennas usually participate in a VLBI session, i.e., far fewer antennas than those
presented in Figure 4.4.
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4.4 Parameter estimation

Figure 4.4: The legacy VLBI network examined in P-4, including both former and current
antennas. Courtesy of Daniel Scherer, DGFI-TUM.

At DGFI-TUM, we use the software package DOGS for the analysis of VLBI observa-
tions with the Gauss-Markov model. The component DOGS-RI (Radio Interferometry;
Kwak et al., 2017) implements the theoretical delay model and can either directly solve
for the parameters or delegate this task to the component DOGS-CS (Combination &
Solution; Gerstl et al., 2000).

The Gauss-Markov model is described in detail inP-2. The latter focuses on the
impact of the application of site displacements (e.g., due to NTL) at the di erent levels
of the model:

P-2 Glomsda M., Blo feld M., Seitz M., and Seitz F. (2021). Correcting for site
displacements at di erent levels of the Gauss-Markov model - a case
study for geodetic VLBI  , Advances in Space Researchv/ol. 68 (4), pp. 1645-
1662, doi:10.1016/j.asr.2021.04.006

Summary This article is the most theoretical one in our thesis. It recaps the well-
known Gauss-Markov model and explains the changes to the formulas when displace-
ments are added to the station coordinate parameters. We consider three di erent
application levels for the displacements: at the observation level, the displacements are
added in the original observation equations; at the normal equation level, the subse-
guent (unconstrained) normal equation system is modi ed with average displacements;
at the solution level, the average displacements are directly subtracted from the nal
(constrained) coordinate estimates. While we focus on VLBI single-session solutions,
many results are also valid for other geodetic measurements.
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