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A B S T R AC T

The Measurement– and Model–based Structural Analysis (MeMoS) project was

initiated in 2013 with the aim to detect and localise damage to structures based

on an integrated analysis of spatially and temporally distributed hybrid meas-

urements. Therefore, a physical model of the structure is directly embedded

as a functional model in the least squares adjustment, ensuring a rigorous and

direct solution of the system parameters solely based on the measurements.

This enables a damages analysis based on the estimated system parameters us-

ing well established geodetic deformation analysis methods. However, besides

a detailed understanding of the applied sensors, a profound knowledge of the

functional model is indispensable for a correct and successful data evaluation.

This thesis, therefore, provides new and in-depth insights into the characterist-

ics of an integrated analysis using an embedded physical model and addresses

the resulting challenges of a damage analysis via MeMoS using static meas-

urements, such as, displacements, inclination or strain. Based on a detailed

discussion on the approximation of univariate functions by polynomials from

a geodetic point of view, the structural behaviour is not approximated by

FEM as usual, but by a spectral method using Chebyshev polynomials. This

ensures, in principle, that the functional model is always correct and com-

plete, so that there are no systematic falsifications of the estimated system

parameters due to approximation errors of the structural behaviour. The

characteristics of the resulting inverse problem are discussed in detail and

it is shown how the measurement noise affects the estimation of the system

parameters and consequently the detection and localisation of damage. In

addition, the impact of damage on the static measurements will be addressed,

which provides insights into the extent to which damage can be reconstructed

from measurements at all. Consequently, known statistical tests were adap-

ted for the problem at hand and transferred to continuous functions, so that

they can be effectively used for a damage analysis via MeMoS. Furthermore,

new approaches for the localisation of damage have been developed, which

are based on a data-driven regularisation of the least squares solution. The

capabilities and limitations of a damage analysis via MeMoS are demonstrated

by numerical and experimental studies on a four-point bending test.
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Z U S A M M E N FA S S U N G

Das Measurement– and Model–based Structural Analysis (MeMoS) Projekt

wurde 2013 mit dem Ziel initiiert, Schäden an Bauwerken auf Grundlage einer

integrierten Analyse räumlich und zeitlich verteilter hybrider Messungen zu

detektieren und zu lokalisieren. Zu diesem Zweck wird ein physikalisches Mod-

ell der zu untersuchenden Struktur direkt als funktionales Modell in eine Aus-

gleichung nach der Methode der kleinsten Quadrate eingebettet, wodurch eine

strenge und direkte Lösung der Systemparameter allein auf der Grundlage der

Messwerte gewährleistet wird. Dies ermöglicht eine Schädigungsanalyse an-

hand der geschätzten Systemparameter unter Verwendung etablierter geodät-

ischer Methoden zur Deformationsanalyse. Für eine korrekte und erfolgreiche

Datenauswertung ist jedoch neben einem detaillierten Verständnis der einge-

setzten Sensoren auch eine fundierte Kenntnis des funktionalen Modells der

Ausgleichung unabdingbar.

Diese Arbeit gibt daher neue und vertiefte Einblicke in die Charakteristiken

einer integrierten Analyse unter Verwendung eines eingebetteten physikalis-

chen Modells und adressiert die sich daraus ergebenden Herausforderungen

einer Schadensanalyse mittels MeMoS unter Verwendung statischer Messun-

gen, wie z.B. Verschiebungen, Neigungen oder Dehnungen. Ausgehend von

einer ausführlichen Darlegung der Approximation univariater Funktionen

durch Polynome aus geodätischer Sicht, wird das Strukturverhalten nicht wie

üblich durch FEM, sondern durch eine Spektralmethode mit Tschebyscheff-

Polynomen approximiert. Damit ist prinzipiell sichergestellt, dass das funk-

tionale Modell immer korrekt und vollständig ist, so dass es keine system-

atischen Verfälschungen der geschätzten Systemparameter durch Approxima-

tionsfehler des Strukturverhaltens gibt. Die Eigenschaften des resultierenden

inversen Problems werden ausführlich diskutiert und es wird gezeigt, wie sich

das Messrauschen auf die Schätzung der Systemparameter und folglich auf

die Detektion und Lokalisierung von Schäden auswirkt. Darüber hinaus wird

der Einfluss von Schäden auf die statischen Messungen behandelt, was Auf-

schluss darüber gibt, inwieweit Schäden überhaupt aus Messungen rekonstru-

iert werden können. Folglich wurden bekannte statistische Tests für die vorlie-

gende Problemstellung angepasst und auf kontinuierlichen Funktionen über-

tragen, so dass sie effektiv für eine Schädigungsanalyse mittels MeMoS gen-

utzt werden können. Darüber hinaus wurden neue Ansätze zur Lokalisierung

von Schäden entwickelt, die auf einer datengetriebenen Regularisierung der

Kleinste-Quadrate-Lösung basieren. Die Einsatzmöglichkeiten und Grenzen

einer Schädigungsanalyse mit MeMoS werden anhand von numerischen und

experimentellen Untersuchungen an einem Vier-Punkt-Biegeversuch demon-

striert.
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Figure 9-9 Logarithmic plot of the standard deviation σE of the

derived elastic modulus E(x) for displacement (blue),

inclination (red) and strain (yellow) measurements de-

pending on the number of measurements and for me-

dium sensor precision . . . . . . . . . . . . . . . . . . . . 168

Figure 9-10 Derived E(x) using 100 displacement measurements of

high precision for 7 different polynomial degrees pe for

the unknown solution Eζ ∗(x). . . . . . . . . . . . . . . . 169

Figure 9-11 Derived E(x) using 100 inclination measurements of

high precision for 7 different polynomial degrees pe for

the unknown solution Eζ ∗(x). . . . . . . . . . . . . . . . 169

Figure 9-12 Derived E(x) using 100 strain measurements of high

precision for 7 different polynomial degrees pe for the

unknown solution Eζ ∗(x). . . . . . . . . . . . . . . . . . 170

Figure 9-13 Small impact of the constraints. Non-continuous

(blue) and C2 continuous (red) interpolating polyno-

mial for E(x) based in the same 15 displacement meas-

urements of high precision. . . . . . . . . . . . . . . . . 171

Figure 9-14 Large impact of the constraints. Non-continuous

(blue) and C2 continuous (red) interpolating polyno-

mial for E(x) based on the same 15 displacement meas-

urements of high precision. . . . . . . . . . . . . . . . . 171

Figure 9-15 Difference ∆u(x) between the resulting bending line

u(x) from the non-continuous and C2 continuous in-

terpolating polynomial for E(x) from Figure 9-14. The

roots of ∆u(x) are indicated by red dots. . . . . . . . . . 171

Figure 9-16 Relationship between damage caused by a cut or ma-

terial deterioration. . . . . . . . . . . . . . . . . . . . . . 173

Figure 9-17 Elastic modulus E(x) representing a huge cut with a

width of 20 cm and a depth of 7.2 cm in blue and its

approximation in red. . . . . . . . . . . . . . . . . . . . . 173

Figure 9-18 Displacements u(x) without damage for E(x) = 70 GPa
in blue and with damage for ED(x) given by (9-2) in red

(left). Difference ∆u(x) between displacements with

and without damage (right). . . . . . . . . . . . . . . . . 174



List of Figures xv

Figure 9-19 Inclination α(x) without damage for E(x) = 70 GPa in

blue and with damage for ED(x) given by (9-2) in red

(left). Difference ∆α(x) between inclination with and

without damage (right). . . . . . . . . . . . . . . . . . . 174

Figure 9-20 Strain ε(x) without damage for E(x) = 70 GPa in blue

and with damage for ED(x) given by (9-2) in red (left).

Difference ∆ε(x) between strain with and without dam-

age (right). . . . . . . . . . . . . . . . . . . . . . . . . . . 174

Figure 9-21 Different damages of similar magnitude. . . . . . . . . . 175

Figure 9-22 Differences ∆u(x) between displacements for damage

ED(x) and for damages EDi (x). . . . . . . . . . . . . . . 175

Figure 9-23 Differences ∆α(x) between inclinations resulting for

damage ED(x) from (9-2) and for damages EDi (x) from

(9-3). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 176

Figure 9-24 Maximum absolute difference ∆umax(xD) between dis-

placements with and without damage as a function

of the damage position xD ∈ [0, l] in red. Differ-

ence ∆u(x) from Figure 9-18 (right) in blue and for

xD = [0.5, 1, 1.5, 2, 2.5, 3, 3.5] in grey. . . . . . . . . . . . . 176

Figure 9-25 Maximum absolute difference ∆αmax(xD) between in-

clinations with and without damage as a function

of the damage position xD ∈ [0, l] in red. Differ-

ence ∆α(x) from Figure 9-19 (right) in blue and for

xD = [0.5, 1, 1.5, 2, 2.5, 3, 3.5] in grey. . . . . . . . . . . . . 177

Figure 9-26 Maximum absolute difference ∆εmax(xD) between

strain with and without damage as a function of the

damage position xD ∈ [0, l] with negative signs in red.

Difference ∆ε(x) from Figure 9-20 (right) in blue and

for xD = [0.5, 1, 1.5, 2, 2.5, 3, 3.5] in grey. . . . . . . . . . . 178

Figure 9-27 Impact of the magnitude of damage hD on the max-

imum absolute difference for strain ∆εmax(hD) in

blue and for displacements ∆umax(hD) and inclination

∆αmax(hD) in red. . . . . . . . . . . . . . . . . . . . . . . 179

Figure 10-1 Two solutions for E(x) (solid line) and their corres-

ponding 3σ error bounds (dashed line) determined by

their standard deviation sE(x). . . . . . . . . . . . . . . 184

Figure 10-2 Local Indicator in blue for the two solutions depicted in

Figure 10-1 according to Equation (10-17). The critical

value tcritical = ±3.5 in red. . . . . . . . . . . . . . . . . . 184

Figure 10-3 Weighting function W(x) to reduce the oscillations at

the bearings. . . . . . . . . . . . . . . . . . . . . . . . . . 186

Figure 10-4 Derived E(x) from the estimated E∗(x) for polynomial

degree pe = 6 using the 30 displacement measurements

of high precision listed in Table B-1 in blue. The true

damage ED(x) given by (9-2) in red. The red dots are

the extrema of E(x). . . . . . . . . . . . . . . . . . . . . 186

Figure 10-5 29 smoothed solutions for E(x) for different intensities

wGS using the 30 displacement measurements of high

precision listed in Table B-1. The red dots are the

extrema of E(x). . . . . . . . . . . . . . . . . . . . . . . . 187

Figure 10-6 Resulting surface Esurf(x, wGS) from the smoothed

solutions E(x) illustrated in Figure 10-5. . . . . . . . . . 188



xvi List of Figures

Figure 10-7 Resulting reduced surface ∆Esurf(x, wGS). The black

lines are the roots of ∂∆Esurf(x,wGS)
∂x and hence repres-

enting the extrema from Figure 10-4 (red dots). . . . . 188

Figure 10-8 Weighting function WLS(x) for the Local Smoother to

remove the extrema 3 and 4 (top). Locally smoothed

solution E(x) for polynomial degree pe = 6 using the 30
displacement measurements of high precision listed in

Table B-1 in blue (bottom). The true damage ED(x)

given by (9-2) in red. The red dots are the extrema of

E(x). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189

Figure 10-9 Resulting reduced surface ∆Esurf(x, wGS). The black

lines are the roots of ∂∆Esurf(x,wGS)
∂x and hence represent-

ing the extrema from Figure 10-8 (bottom) (red dots). 189

Figure 10-10 Resulting weighting function WLS(x) for local smooth-

ing in the last iteration step of the Damage Sniffer (DS)

(top). Final locally smoothed solution E(x) for poly-

nomial degree pe = 15 using the 30 displacement meas-

urements of high precision listed in Table B-1 in blue

(bottom). The true damage ED(x) given by (9-2) in

red. The red dots are the extrema of E(x). . . . . . . . 190

Figure 10-11 Resulting weighting function WDM(x) for local smooth-

ing in the last iteration step of the Damage Modeller

(top). Final locally smoothed solution E(x) for polyno-

mial degree pe = 200 using the 30 displacement meas-

urements of high precision listed in Table B-1 in blue

(bottom). The true damage ED(x) given by (9-2) in red.192

Figure 10-12 Results of the numerical studies for damage detection

using displacement measurements. . . . . . . . . . . . . 193

Figure 10-13 Results of the numerical studies for damage detection

using inclination measurements. . . . . . . . . . . . . . . 194

Figure 10-14 Results of the numerical studies for damage detection

using strain measurements. . . . . . . . . . . . . . . . . 194

Figure 10-15 Results of the numerical studies for damage localisa-

tion using Local Indicator (LI) for displacement meas-

urements. . . . . . . . . . . . . . . . . . . . . . . . . . . . 195

Figure 10-16 Histogram of the 500 MCS for localising a damage at

xD = 2.6 m and magnitude hD = 40 GPa using the LI.

The red dot indicates the true position of the damage. 196

Figure 10-17 Histogram of the 500 MCS for localising a damage at

xD = 2.3 m and magnitude hD = 40 GPa using the LI.

The red dot indicates the true position of the damage. 196

Figure 10-18 Results of the numerical studies for damage localisa-

tion using LI for strain measurements. . . . . . . . . . . 197

Figure 10-19 Results of the numerical studies for damage localisa-

tion using LI for strain measurements. . . . . . . . . . . 197



List of Figures xvii

Figure 10-20 A four/six-point bending test apparatus for an alu-

minium beam specimen (Wu 2020, Figure 5.30). The

photogrammetric calibration field on the wall with

more than 1000 white markers was used to calibrate

the camera and to determine the position of the black

markers on the beam. More markers have been placed

on the right side of the beam where the damage is loc-

ated than on the other side. Due to limited resources

at the institute only a rather less professional setup

could be realised. . . . . . . . . . . . . . . . . . . . . . . 198

Figure 10-21 Solution E(x) for polynomial degree pe = 3 using the

4 sets of displacement measurements u0 – u3 listed in

Table C-1. . . . . . . . . . . . . . . . . . . . . . . . . . . 202

Figure 10-22 Resulting correction function C(x) from the model cal-

ibration. . . . . . . . . . . . . . . . . . . . . . . . . . . . 203

Figure 10-23 Residuals v and standardised residuals NV after model

calibration for the observations u0 – u3. . . . . . . . . . 203

Figure 10-24 Residuals v and standardised residuals NV of the

Integrated Analysis (IA) with pe = 0 for some sets of

observations from experiment exp4mm. . . . . . . . . . 206

Figure 10-25 Residuals v and standardised residuals NV of the In-

tegrated Analysis (IA) with pe = 0 for the sets of ob-

servations from experiments exp3L and exp3L2. . . . . 207

Figure 10-26 Residuals v and standardised residuals NV of the In-

tegrated Analysis (IA) with pe = 0 for some sets of

observations from experiments exp Y, exp K and exp Z.208

Figure 10-27 Solution E(x) for the Parameter Sifter (PS) with pe = 4
and displacements u22 (blue), u25 (red) and u28 (yel-

low). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 209

Figure 10-28 Residuals v and standardised residuals NV of the Para-

meter Sifter (PS) with pe = 4 for some sets of observa-

tions from experiments exp Y, exp K and exp Z. . . . 209

Figure 10-29 Solutions E(x) of the IA with pe = 3 for displacements

u6 – u11 of exp4mm. . . . . . . . . . . . . . . . . . . . . 210

Figure 10-30 Results t(x) of the LI for the solutions E(x) of exp4mm

from Figure 10-29. The critical value tcritical = ±3.5 in

red. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 211

Figure 10-31 Solutions E(x) of the IA with pe = 3 for displacements

u12 – u17 of exp8mm – exp3L. . . . . . . . . . . . . . . 211

Figure 10-32 Results t(x) of the LI for the solutions E(x) of exp8mm

– exp3L from Figure 10-31. The critical value tcritical =

±3.5 in red. . . . . . . . . . . . . . . . . . . . . . . . . . . 211

Figure 10-33 Solutions E(x) of the IA with pe = 3 for displacements

u18 – u24 of exp3L2 and exp Y. . . . . . . . . . . . . . . 212

Figure 10-34 Results t(x) of the LI for the solutions E(x) of exp3L2

and exp Y from Figure 10-33. The critical value

tcritical = ±3.5 in red. . . . . . . . . . . . . . . . . . . . . 212

Figure 10-35 Solutions E(x) of the IA with pe = 4 for displacements

u25 – u31 of exp K and exp Z. . . . . . . . . . . . . . . 212

Figure 10-36 Results t(x) of the LI for the solutions E(x) of exp K

and exp Z from Figure 10-35. The critical value

tcritical = ±3.5 in red. . . . . . . . . . . . . . . . . . . . . 213



xviii List of Figures

Figure 10-37 Reduced surface ∆Esurf(x, wGS) of the first iteration of

the DS for the measurements u9. . . . . . . . . . . . . . 214

Figure 10-38 Reduced surface ∆Esurf(x, wGS) of the last iteration of

the DS for the measurements u9. . . . . . . . . . . . . . 214

Figure 10-39 Solutions E(x) of the DS for wGS = 0 using the measure-

ments u9 for the first iteration in blue and for the last

iteration in red. Solution E(x) of the Damage Model-

ler (DM) in yellow. . . . . . . . . . . . . . . . . . . . . . 215

Figure 10-40 Reduced surface ∆Esurf(x, wGS) of the first iteration of

the DS for the measurements u10. . . . . . . . . . . . . . 216

Figure 10-41 Reduced surface ∆Esurf(x, wGS) of the last iteration of

the DS for the measurements u10. . . . . . . . . . . . . . 216

Figure 10-42 Solutions E(x) of the DS for wGS = 0 using the meas-

urements u10 for the first iteration in blue and for the

last iteration in red. Solution E(x) of the DM in yellow. 217

Figure 10-43 Reduced surface ∆Esurf(x, wGS) of the first iteration of

the DS for the measurements u11. . . . . . . . . . . . . . 218

Figure 10-44 Reduced surface ∆Esurf(x, wGS) of the last iteration of

the DS for the measurements u11. . . . . . . . . . . . . . 218

Figure 10-45 Solutions E(x) of the DS for wGS = 0 using the meas-

urements u11 for the first iteration in blue and for the

last iteration in red. Solution E(x) of the DM in yellow. 219



L I S T O F TA B L E S

Table 3-1 Angle αi,j in [gon] between the first 11 monomial basis

functions. Due to symmetry only the upper triangular

part is presented. . . . . . . . . . . . . . . . . . . . . . . 39

Table 3-2 Coordinates for all nodes ν and the nodes for all three

elements ζ. . . . . . . . . . . . . . . . . . . . . . . . . . . 40

Table 3-3 Comparison of derived coefficients based on the solu-

tion for the y−coordinates of the nodes in (3-60) and

the solution from an elementwise continuous approx-

imation in the monomial basis in (3-24). Deviations

are due to rounding errors. . . . . . . . . . . . . . . . . . 56

Table 3-4 Angle αi,j in [gon] between the four Hermite basis vec-

tors (3-99). Due to symmetry only the upper triangu-

lar part is presented. . . . . . . . . . . . . . . . . . . . . 63

Table 4-1 All pn + 1 permutations of i and j under the condition

i + j ≤ p for polynomial degree p = 2 and resulting

basis functions φk = xiyj. . . . . . . . . . . . . . . . . . . 86

Table 4-2 Coordinates for all nodes ν and the corner nodes for

all four element ζ as illustrated in Figure 4-8. . . . . . 91

Table 4-3 Tables for the coordinates of the auxiliary nodes as

illustrated in Figure 4-10 (left). . . . . . . . . . . . . . 96

Table 4-4 Tables for the nodes, edges and elements as illustrated

in Figure 4-12. . . . . . . . . . . . . . . . . . . . . . . . 98

Table 4-5 All pn + 1 permutations of i and j under the condition

i + j ≤ p for polynomial degree p = 2 and resulting

basis functions φk = Ti(x)Tj(y). . . . . . . . . . . . . . . 110

Table 4-6 Coordinates for the corner nodes of the element ζ in

Figure 4-26. The labelling is in accordance to Figure

4-25 (left). . . . . . . . . . . . . . . . . . . . . . . . . . . 115

Table 5-1 Coefficients cj. . . . . . . . . . . . . . . . . . . . . . . . . 134

Table 7-1 Coordinates for all nodes ν and the nodes for all three

elements ζ. . . . . . . . . . . . . . . . . . . . . . . . . . . 143

Table 9-1 Specification of the four-point bending set-up and

beam specimen for the numerical studies. . . . . . . . . 159

Table 9-2 Used sensor precisions for the numerical studies based

on the maximum absolute value for the true solutions

depicted in Figure 9-1. . . . . . . . . . . . . . . . . . . 160

Table 9-3 24 equidistant displacement measurements of high pre-

cision. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160

Table 9-4 Resulting coefficients e of the unknown solution based

on the 24 displacement measurements of high precision

listed in Table 9-3 for four different adjustments. Dif-

ferences in the values to the 1. solution are shown in

red. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161

Table 9-5 Mean standard deviation σE for the estimated elastic

modulus E(x) in [GPa] of the best position according

to Figure 9-3 – Figure 9-5 for each type of observation

and different sensor precisions σLtype
. . . . . . . . . . . 164

xix



xx List of Tables

Table 9-6 Mean standard deviation σE for the elastic modulus

E(x) for each type of observation and different sensor

precisions σLtype
. Numbers in red are only rough values,

as σE can be extremely large for some MCS. . . . . . . . 167

Table 9-7 Summary of the studies on the impact of damage on

displacements, inclinations and strains. . . . . . . . . . 179

Table 10-1 Specification of the four-point bending test setup and

beam specimen for the experimental studies. . . . . . . 198

Table 10-2 Measurement data designation and corresponding

weights for each measurement set ui according to

(Wu 2020, Table 5.5). The sets with the designation

exp correspond to the bending tests with undamaged

beam. Sets in red are referring to a six-point bending

test and are not considered in this thesis. . . . . . . . . 201

Table 10-3 Result of the damage detection. Correct decisions of

the Global Identifier (GI) in green and wrong in red. . . 205

Table 10-4 Resulting dominance Dj of the Damage Sniffer for the

measurements u9. . . . . . . . . . . . . . . . . . . . . . . 214

Table 10-5 Resulting dominance Dj of the Damage Sniffer for the

measurements u10. . . . . . . . . . . . . . . . . . . . . . . 216

Table 10-6 Resulting dominance Dj of the Damage Sniffer for the

measurements u11. . . . . . . . . . . . . . . . . . . . . . . 218

Table 10-7 Result of the damage localisation using the DS and DM. 220

Table 10-8 Result of the damage detection and localisation with

MeMoS. Correct damage detection of the Global Iden-

tifier (GI) in green and wrong in red. Since the Dam-

age Modeller (DM) always provides a damage position,

even if there is no damage, the results for the experi-

ments exp are always marked red. . . . . . . . . . . . . 222

Table A-1 Specification of the four-point bending set-up and

beam specimen for the numerical studies. . . . . . . . . 243

Table A-2 Coordinates for all nodes ν and the nodes for all three

elements ζ for specification of the four-point bending

test set-up in Table A-1. . . . . . . . . . . . . . . . . . . 243

Table A-3 24 equidistant displacement measurements of high pre-

cision. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 243

Table A-4 Mapped position ti of the 24 equidistant displacement

measurements of high precision from Table A-3. . . . . 244

Table B-1 30 equidistant displacement measurements of high pre-

cision for damage according to (9-2). . . . . . . . . . . . 253

Table C-1 31 displacements of the bending test exp with undam-

aged beam. Measurements in red are detected as out-

liers. The set of displacements u4 and u5 are excluded

since both refer to a six-point bending test, which is

not considered in this thesis. . . . . . . . . . . . . . . . . 255

Table C-2 31 displacements of the bending test exp4mm with

damaged beam. Measurements in red are detected as

outliers. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 256

Table C-3 31 displacements of the bending tests exp8mm and

exp10mm with damaged beam. Sets u12 – u15 are refer-

ring to exp8mm and u16 to exp10mm. Measurements

in red are detected as outliers. . . . . . . . . . . . . . . . 257



List of Tables xxi

Table C-4 31 displacements of the bending tests exp3L and

exp3L2 with damaged beam. Set u17 refers to exp3L

and u18– u20 to exp3L2. Measurements in red are de-

tected as outliers. . . . . . . . . . . . . . . . . . . . . . . 258

Table C-5 31 displacements of the bending tests exp Y and exp K

with damaged beam. Sets u21– u24 are referring to

exp Y and u25 to exp K. Due to the large damage, no

outliers could be detected reliably. . . . . . . . . . . . . 259

Table C-6 31 displacements of the bending test exp Z with dam-

aged beam. Due to the large damage, no outliers could

be detected reliably. . . . . . . . . . . . . . . . . . . . . . 260



L I S T O F P RO G R A M M E S

Programme 3-1 Code for polynomial approximation in the monomial

basis. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

Programme 3-2 Code for elementwise non continuous polynomial ap-

proximation in the monomial basis. . . . . . . . . . . . . 42

Programme 3-3 Code for an elementwise continuous polynomial ap-

proximation in the monomial basis. . . . . . . . . . . . . 47

Programme 3-4 Code for an elementwise continuous polynomial ap-

proximation in the derived alternative basis (3-40). . . 56

Programme 3-5 Code for an elementwise cubic polynomial approxima-

tion in the Hermite basis. . . . . . . . . . . . . . . . . . 69

Programme 3-6 Code for polynomial approximation in the Chebyshev

basis. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

Programme 3-7 Code for an approximation in the Fourier basis. . . . . 79

Programme 4-1 Code for an approximation in the monomial basis for

bivariate functions. . . . . . . . . . . . . . . . . . . . . . 90

Programme 4-2 Code for 2D polynomial approximation in the Cheby-

shev basis. . . . . . . . . . . . . . . . . . . . . . . . . . . 112

Programme 4-3 Code for an approximation in the monomial basis for

two-dimensional functions on arbitrary convex elements.119

Programme 5-1 Code for polynomial approximation of boundary value

problems (BVPs) in the monomial basis. . . . . . . . . . 128

Programme 5-2 Code for a polynomial approximation of BVPs in the

Chebyshev basis. . . . . . . . . . . . . . . . . . . . . . . 132

Programme 9-1 Pseudo code for Monte Carlo Simulation. . . . . . . . . 162

Programme 10-1 Pseudo code for the Parameter Sifter (PS). . . . . . . . 182

Programme 10-2 Pseudo code for the Damage Sniffer (DS). . . . . . . . . 191

Programme 10-3 Pseudo code for the Damage Modeller (DM). . . . . . . 192

Programme 10-4 Pseudo code for model calibration. . . . . . . . . . . . . 202

xxii



AC RO N Y M S

BAM Bundesanstalt für Materialforschung und -prüfung
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I N T RO D U C T I O N

The determination of the movement and deformation of an object is one of the

main task in engineering geodesy, as stated in the foreword of (Heunecke et al.

2013, p. VI). For this purpose, numerous approaches have been developed in

geodesy during the last decades, whereby the focus is essentially based on an

evaluation of measurements using statistical methods. Such a data analysis

in terms of precision and reliability by means of adjustment calculation is an

integral part of engineering geodesy and one of its core competencies in general,

see e.g. (Kuhlmann et al. 2014). For a correct and successful data evaluation,

a detailed understanding of the applied sensors and also a profound knowledge

of the mathematical relationships are playing a decisive role. Besides natural

objects such as hillsides or glaciers, the main focus of a deformation analysis

lies typically on structures such as tunnels, dams or bridges. The latter in

particular has been the subject of numerous studies and scientific work for

many years, especially in civil engineering, see e.g. (Koo et al. 2013), (Meng

et al. 2004), (Lienhart et al. 2017) or (Omidalizarandi et al. 2020). Due

to ageing structures and increasing traffic loads innovative approaches for a

reliable damage assessment and predictions regarding the remaining service

life of bridges are required.

One technology that has established itself in recent decades for the assessment Together with Condition
Monitoring, which essentially
relates to machines, the Structural
Health Monitoring is summarised
under the generic term Technical
Diagnostics (Czichos 2013).

of the integrity of structures is the Structural Health Monitoring (SHM), see

(Boller et al. 2009), (Farrar and Worden 2013) or (Karbhari and An-

sari 2011). The SHM covers the entire process from the characterisation of

the structure, the selection of a suitable sensor technology and up to the stat-

istical evaluation of the measurements, see (Daum 2013, p. 414 ff). Since in

general “sensors cannot measure damage” (Worden et al. 2007, Axiom IVa),

two main approaches are used in a SHM to extract information about dam-

age from the measurements, namely the inverse–problem or model–based ap-

proach and the data–based approach (Farrar and Worden 2013, p. 9). The

data–based approach is built on “intelligent feature extraction” and machine

learning algorithms in order “to convert sensor data into damage information”,

see (Worden et al. 2007, Axiom IVa/b). A functional model does not have

to be explicitly defined, but is rather estimated on the basis of training data

and optimisation routines. In contrast, the model–based approach is built on a For detailed information about
finite element method (FEM) in
general please refer to standard
literature such as (Bathe 2014),
(Šolin 2006) or (Zienkiewicz et al.
2013).

physical model of the structure under investigation, which is usually defined by

a set of partial differential equations (PDEs) with boundary conditions and is

often represented by a finite element model, see (Farrar and Worden 2013,

p. 9). In general, this modelling must be very accurate, because even small

deviations can sometimes have a large impact on the structural response. This

requires not only the expert knowledge of different engineering sciences, but

usually also an update of the model by measurements carried out on the real

structure, see e.g. the standard literature on model update (Friswell and

Mottershead 2011). The resulting model is also referred to as a structural

model and is considered to represent the normal condition of the structure un-

der investigation. The damage analysis is then based on deviations between

the model and measurements from future monitoring epochs. Apart from this,

there are also modal models which also belong to the model–based approach,

although “the modal model does not contain specific information about the

3
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structural connectivity or the geometric distribution of mass, structural damp-

ing and stiffness” (Chen and Ni 2018, Chapter 4.6). In this approach, the

structural analysis is based on the dynamic behaviour of the structure rep-

resented by the modal parameters, i.e. eigenfrequencies, mode shapes and

damping. One strategy that refers to modal models is the ambient vibration

monitoring, see (Wenzel and Pichler 2005).

system identification

In general, the process to create a model from measured input and output

data of a system is referred to as system identification. According to (Ljung

1998, p. 163), the entire process can be divided into the four steps:

� Measurement of the input and output data of a system.

� Choosing a set of candidate models.

� Estimation of the parameters of the model.

� Validation of the model.

“The single most important step in the identification process is to decide upon

a model structure, i.e., a set of candidate models. In practice typically a whole

lot of them are tried out and the process of identification really becomes

the process of evaluating and choosing between the resulting models in these

different structures” (Ljung 1998, p. 164). Generally, a distinction is made

in the model structure between black box, grey box and white box models, for

which the relationship according to (Heunecke et al. 2013, p. 81) is shown

in Figure I.1.

Figure I.1: Model structures
according to (Heunecke et al.
2013, p. 81).

System
identification

with
physical model

without
physical model

parametric
identification

non–parametric
identification

white box black boxgrey box

If the modelling of the system is based on a purely mathematical formula-

tion without taking into account the physical relationship between input and

output, then it is referred to as a black box model. In this case, the model

parameters can only be interpreted mathematically and the process is referred

to as non-parametric identification. In contrast, a white box model takes the

physical relationship between input and output into account, and the model

parameters can be interpreted physically. The process is referred to as para-

metric identification. Finally, grey box models are, as the name already implies,

a mixture of both and are based on a semi-physical modelling, see (Ljung

1998, p. 165).
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The classification of the system identification in the overall context of struc-

tural problems according to (Natke 1992, p. 3) is shown in Figure I.2.

Structural
problem

forward problem

given
system parameters
input

wanted
output

inverse problem

design problem

given
input
output

wanted
system design

input problem

given
system parameters
output

wanted
input

identification
problem

given
input
output

wanted
system parameters

Figure I.2: Classification of
the system identification ac-
cording to (Natke 1992, p.
3).

Basically, structural problems can be divided into two main classes, namely

the forward and the inverse problem. Whereas for forward problems with

given input and system parameters the output can be calculated directly, this

is typically not the case for inverse problems, as usually an infinite number of

solutions exist. Especially for identification problems, therefore, in most cases

only optimal sets of system parameters are determined by using optimisa-

tion routines and under consideration of additional information and/or search

space constraints. However, for such problems there is usually no guarantee

to find the best solution, which also corresponds to reality. In general, it

can only be checked whether the determined system is reasonable and ideally

provides the correct output for all input data of interest.

deformation models for monitoring measurements

Engineering surveying is involved in all phases of the life cycle of a structure,

from design/planning through construction and maintenance to reconstruc-

tion/demolition, see (Borrmann et al. 2015, p. 4). However, the monitoring

measurements during the maintenance and operational phase have always

been of particular interest in engineering geodesy. The focus thereby lies on a

statistical analysis with regard to deformation affecting the stability and func-

tionality of the structure under investigation. Depending on the problem/task,

different models can be used for the deformation analysis of monitoring meas-

urements, which can be classified according to (Heunecke et al. 2013, p. 77)

as shown in Figure I.3.
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Figure I.3: Deformation
models for monitoring
measurements according to
(Heunecke et al. 2013, p. 77).

Deformation models

Acting forces
are modelled?

yesno

descriptive
models

Time is modelled?

yesno

congruence
model

kinematic
model

cause-response
models

Time is modelled?

yesno

static
model

dynamic
model

Basically, the deformation models are classified in two steps. Firstly, whether

the external forces acting on the structure are modelled or not and, in addition,

if a movement of the structure over time is taken into account. Compared to

cause–response models, the influence of external forces is not modelled for

descriptive models and, consequently, deformation due to changes in these

forces cannot be distinguished from actual deformation. Furthermore, if the

movement of the structure as a function of time is not taken into account, the

deformation analysis is based on a so-called congruence model. The congruence

model is, therefore, the simplest modelling case and also the classical approach

in engineering geodesy for the deformation analysis of structures. In this case,

the deformation analysis is usually based on a purely geometric comparison

of discrete points representing the structure under investigation. In contrast,

dynamic models usually represent the real behaviour of structures in the best

way, however, they are also often highly complex.

the measurement– and model–based structural analysis

Initiated by a project in cooperation with the Bundesanstalt für Materi-

alforschung und -prüfung (BAM) and the Institut für angewandte Forschung

im Bauwesen e.V (IaFB) on the detection of structural damage by an analysis

of the Lagrange multipliers of adjustment calculation, the Measurement– and

Model–based Structural Analysis (MeMoS) project was launched in 2013.

The functional model to adjust displacements and strain measurements for

the Lagrange multiplier analysis was based on a mechanical model and al-

lowed to detect damage, but rather based on a geometric comparison than on

a deeper analysis of the model itself, see (Brandes et al. 2012). In addition, it

was not possible at this stage to localise any damage with this first approach.

These drawbacks and motivated by the work of (Lienhart 2007) this was

to be changed with MeMoS. It was the unanimous opinion of all initiators

at this time that MeMoS must be built on a model–based approach, or more

precisely on a structural model. Because, the core of this approach shall beThis expression has been adapted
from the Integrated Analysis

Method proposed by Lienhart
(2007) and now describes the

basic process for the least squares
adjustment of measurements using
a structural model within MeMoS.

based on an all-embracing Integrated Analysis (IA) of spatially and tempor-

ally distributed hybrid measurements, observed e.g. by total stations, GNNS,

terrestrial laser scanning (TLS), photogrammetry, radar interferometry, fibre

optic sensors (FOS), strain gauges, accelerometers or inclination sensors. The
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aim of this IA is to ensure a rigorous and direct solution for the system para-

meters solely based on the measurements using the method of least squares.

Consequently, a physical model of the structure must be embedded directly

as a functional model in the least squares adjustment. The damage analysis

is then based on these system parameters using well established geodetic de-

formation analysis methods, while the deformation model, thus, corresponds

to a cause-response model.

The sheer number of publications in the field of civil engineering on damage

assessment based on modal parameters demonstrates that such approaches are A general overview of the health
monitoring of structures e.g.
using modal parameters as well as
their successful application in
many examples can be found in
standard literature such as
(Karbhari and Ansari 2011),
(Chen and Ni 2018), (Farrar and
Worden 2013) or (Wenzel 2009).

of great importance and that they can be used in a wide range of applications,

while even some of these approaches are available to the user as a software

package for several years now, see e.g. ARTeMIS Modal by Structural

Vibration Solutions A/S (2021). Thus, they can already be used directly

for practical applications.

However, apart from basic studies in the analysis of vibration measurements

using accelerometers or TLS, see (Neitzel et al. 2011) and (Neitzel et al.

2012), and the frequency analysis via the method of least squares, see (Weis-

brich and Neitzel 2014), it was soon decided to focus first on static meas-

urements such as displacements, inclinations and strains. This was necessary

to keep the functional model for the IA as simple as possible and, therefore,

to gain a better understanding of the inverse problem.

In contrast to the structural analysis using modal parameters, approaches

based on structural models and static measurements are much less present

in the literature. Although all these approaches are usually rely on an FEM,

however, they roughly follow 3 different strategies for the structural analysis:

1. A geometrical comparison between model and measurements, see

(Boljen 1983) or (Ma 2019).

2. A determination of the system parameters using mainly black box FE

programmes and an additional optimisation routine, see (Lienhart

2007), (Eichhorn 2005) or (Künzel 2016).

3. An estimation of the system parameters, where both the model and

the measurements are contributing to the objective function of the least

squares adjustment, see (Tesky 1988) or (Stephan 2016).

In principle, the last strategy corresponds most closely to the actual require-

ment for the IA, but with the drawback that the estimation of the system

parameters is not solely based on the measurements. Due to the formulation

of the objective function for estimating the system parameters according to

the method of least squares, both the model and the measurements have an

impact on the solution. The structural model is not directly integrated as

a functional model in the least squares adjustment. Therefore, a modified

approach is developed for MeMoS.

In collaboration with my colleague Cheng-Chieh Wu from the BAM, we de-

veloped a preliminary version of the IA for a parametric identification, that

allows a rigorous and direct solution for the system parameters solely based

on the measurements, directly embedding a structural model represented by

an FEM into the least squares adjustment, see e.g. (Neitzel et al. 2014) or

(Wu et al. 2016). Furthermore, a substitute model for geometrical complex

structures was derived, to drastically reduce the number of elements while

keeping the behaviour of the model almost the same, see (Wu et al. 2017).



8

Introducing a material parameter for each element enabled the localisation of

damages within the structure based on statistical tests, which was to some

extent successfully applied in two experimental tests, see (Wu 2020, Chapter

5). However, non-modelled residual stresses probably falsified the analysis

and thus the localisation of small damages.

Introducing a material parameter for each element using the concept of ob-

served unknowns, see (Wu 2020, Chapter 5.2), already had some disadvant-

ages. Apart from a very large resulting equation system, prior knowledge

about the material parameters must first be determined and the correspond-

ing weights for the adjustment carefully chosen. The damage localisation is,

therefore, not only based on the measurements, but also on the prior inform-

ation about the material parameters. In addition, for many elements, i.e. for

a high spatial resolution of the damage localisation, the least squares solution

in practice no longer converges and the local material parameters can take

numerical values up to ±∞ without changing the value of the objective func-

tion even in the last decimal place. In these cases, a solution can only be

obtained by introducing high weights for the material parameters, which of

course counteracts the localisation of damage.

After all, it remained unclear which part of the solution was due to the meas-

urement noise and which was due to the functional model of the adjustment,

i.e. the approximation of the structural behaviour by FEM. As already men-

tioned, a profound knowledge of the mathematical relationships, i.e. the func-

tional model of the least squares adjustment, are playing a decisive role for

a successful damage analysis, which was unfortunately not the case for this

former approach and is the actual motivation for this thesis.

the main objective of this thesis

Several aspects are of great importance for a successful damage analysis with

MeMoS. The most important one is certainly, that “it is very difficult to build

an accurate model of a structure from first physical principles. Information

or insight will be lacking in many areas, for example, and the exact nature

of bonds, joints and so on can be difficult to specify. Another issue is that

material properties may not be known with great accuracy” (Farrar and

Worden 2013, p. 9). Consequently, modelling errors are usually present,For such problems, therefore, the
expert knowledge of various

engineering sciences is usually
required and cannot be addressed

within the scope of this thesis.

which in general significantly affect the damage analysis, especially for complex

structures.

Furthermore, the physical model is usually defined by a set of PDEs with

boundary conditions, for which the analytical solution is usually not known

and can only be approximated, e.g. by means of FEM. Depending on the

chosen approach, therefore, approximation errors are also present, which in

the worst case also have a large impact on the damage analysis.

In addition to the error influences affecting the accuracy of measurements, the

actual challenge of a damage analysis by means of MeMoS can be described,

as shown in Figure I.4.
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Figure I.4: Problems in model-
ling and measuring reality.

According to Figure I.4, the actual problem can be divided into two parts,

namely in modelling and measuring reality. As already mentioned, the model-

ling and approximation errors are the two main error influences in the part of

modelling reality, which mainly falsified the damage localisation in (Wu 2020,

Chapter 5). On the part of measuring reality, two further important error In addition, outliers or gross
errors also occur, but they are not
considered further in this case, as
their influence often corresponds
to damage itself. Therefore, it
must be ensured that no outliers
in the measurements are present.

influences are present affecting the accuracy of the measurements, namely the

systematic and random errors, which basically cannot be avoided. In general,

systematic errors have a similar influence as modelling errors and in the best

case, their influence can be reduced by e.g. calibration of the sensors, a suit-

able measurement configuration or by mathematical compensation. At least

it should be ensured that the influence of systematic errors is significantly

smaller than the random errors, otherwise the damage analysis will be falsi-

fied. In the optimal case, a damage analysis would be based on an error-free

model as well as on measurements that are only affected by random errors.

Apart from the discussed problems in modelling and measuring reality, there

is another issue for a damage analysis based on a physical model and measure-

ments. In general, the model has a different reference frame than the meas- Even worse, because usually each
sensor has its own reference frame.urements. Thus, each part has its own coordinate system and for a damage

analysis, both have to be transferred into a common reference frame, which

can usually only be done on the basis of additional measurements. If this

transformation is not performed accurately, it will in turn falsify the damage

analysis. However, it always has an influence.

Before a damage analysis can be carried out at all, the challenge is to eliminate

all error influences as far as possible, except for the unavoidable random errors,

and to transform the model and the measurements into a common reference
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frame. Only then is it ensured that a damage analysis using MeMoS has any

significance at all. In this context, the following two main research topics are

addressed in all detail in this thesis.

About the characteristics of basis functions on the approximation

of functions

Especially for the least squares adjustment of observations of different phys-

ical quantities based on a complex functional relationship, undesired effects

between the measurements and the model can easily be missed, which can dis-

tort the result and consequently make a successful damage analysis impossible.

Therefore, the behaviour of the functional model must be clearly understood.

For this purpose, the characteristics of different sets of basis functions for the

approximation must be considered, since the functional model is based on an

approximation of the unknown analytical solution of PDEs. Within the scope

of this research topic, the following questions will also be addressed:

� What are the advantages and disadvantages of different approximation

approaches, i.e. different sets of basis functions?

� Can it be ensured that the best approximation is always available?

� What about the numerical stability of the different approaches?

� How can approximations be transformed between different sets of basis

functions?

� What problems generally arise in the transition from the approximation

of univariate to multivariate functions?

� Is there a set of basis functions that always provides an optimal approx-

imation for continuous functions?

� Which set of basis functions provides the best approximation of the

analytical solution of PDEs for structures with simple geometry?

� Which set of basis functions is best suited for the analyses in the second

research topic?

About the impact of random errors on the damage analysis using

MeMoS

This research topic is essentially based on the results of the previous examin-

ations with the actual aim of selecting the best set of basis functions for the

damage analyses with MeMoS, which in this thesis is only based on static meas-

urements, such as displacements, inclinations and strains. In this context, the

following questions need to be answered first:

� What is the impact of measurement noise on the estimated unknown

parameters?

� Are there any systematic effects between the chosen functional model

and the measurements?

� What is the actual nature of the inverse problem?

� Does a numerically stable solution for the unknown parameters exist?



11

With regard to a damage analysis using MeMoS, the following questions must

also be addressed.

� How does damage to the structure affect the measurements?

� To what extent can the effects of damage be measured at all?

� Is a damage analysis based on an IA possible, i.e. based solely on the

measurements using the method of least squares?

� How can the information content of static measurements be optimally

exploited for damage localisation using the method of least squares?

Based on the new insights, the potential of a Measurement– and Model–based

Structural Analysis is finally re-evaluated using the example of the four-point

bending test apparatus from (Wu 2020, Chapter 5.2).

outline of this thesis

Except for this and the last part, the thesis is divided into three main parts

consisting of 9 chapters altogether. A short summary for each of these three

parts is given below.

Fundamentals

The methodological background for the practical guide to the approximation

of functions using the method of least squares in Part ii is given in Chapter

1. Afterwards, Chapter 2 presents the basics of adjustment calculation and

shows how unknown parameters can be estimated from measurements using

the method of least squares. In addition, the precision and reliability of adjust-

ment results are briefly discussed. Both chapters provide the theoretical back-

ground for a Measurement– and Model–based Structural Analysis (MeMoS).

A practical guide to approximation of functions

In Chapter 3 the approximation of univariate functions in the monomial basis

is discussed from a geodetic point of view in detail and then extended to an

elementwise approximation. In addition, a transformation between different

sets of basis functions is shown and how new basis functions with specific

properties can be derived. At the end of this chapter an approximation with

two sets of orthogonal basis functions is presented. These approaches are

then extended to functions of two variables defined on a rectangular domain

in Chapter 4. How bivariate functions in general can be approximated over

any convex domain is outlined at the end of this chapter. Lastly, the approx-

imation of boundary value problems (BVPs) using the method of least squares

is briefly discussed in Chapter 5. Based on the insights gained in this part,

we select an approximation approach which ensures that the approximation

error of the functional model used for MeMoS in Part iii is zero within machine

precision.

Measurement– and Model–based Structural Analysis

The challenges of MeMoS are clarified by the simple example of a statically

bended Euler–Bernoulli beam. For this purpose, the mechanical model of a
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four–point bending test is presented in Chapter 7. Subsequently, a numerical

solution of the unknown function describing the bending line of the beam is

derived. Then, this solution is implemented in Chapter 8 as the functional

model of an Integrated Analysis (IA), which is the core of MeMoS. However, the

derivation of the IA is limited to static measurements such as displacements,

inclinations and/or strains, with the aim to detect and localise damage to

the beam. Although this example is only a simple 1D problem and only

static measurements are considered, there are already serious difficulties for

a reliable damage analysis. Therefore, comprehensive numerical studies are

carried out in Chapter 9 to highlight the actual nature of the inverse problem.

First questions will be clarified, e.g. how the sensor position, the number

of sensors or the measurement noise influence the estimated parameters and

thus the damage analysis. Furthermore, it is shown how damage affects the

static measurements and what can be expected from a damage analysis using

MeMoS. The potential of a damage analysis via MeMoS is finally demonstrated

in Chapter 10 by numerical and experimental studies, whereby some tools

have been developed especially for this purpose.

At the end, the results of this thesis are summarized and evaluated. In addi-

tion, an outlook of MeMoS is given and future extensions and possibilities are

addressed.



Part I

FUNDAMENTALS





1
A P P ROX I M AT I O N T H E O RY

When we speak of an approximation in engineering geodesy, we usually mean

an approximation using the method of least squares (MLS), as it is the most

common method for the analysis of measured quantities. It is widely ac-

knowledged that the first fundamental work on this method was published A comprehensive overview of the
historical development of the MLS,
including detailed summaries of
the important contributions up to
1974, can be found in the series of
articles (Harter 1974a) (Harter
1974b), (Harter 1975a), (Harter
1975b) and (Harter 1975c).

by Legendre (1806), where he mainly “proposed [it] as a convenient method

only”, see (Merriman 1877). Almost at the same time, Adrian (1809) and

Gauß (1809) presented a justification for the MLS based on normal distrib-

uted errors and the estimation of the most probable values for the unknown

parameters. In addition, “Gauss had the temerity to claim that he had been

using the method since 1795, and one of the most famous priority disputes in

the history of science was off and running”, see (Stigler 1981). The circum-

stances and the contributions of all those involved in its development are still

being discussed centuries later, see e.g. (Plackett 1972) or (Sheynin 2014).

Apart from that, the derivation of the MLS shown by Adrian (1809) or Gauß

(1809), is the basic approach in statistical inference to estimate the most prob-

able value for unknown parameters from a given sample of arbitrarily distrib-

uted observations, see e.g. (Gentle 2009, Chapter 1.4) or (Montgomery

and Runger 2011, Chapter 7), and can also be found in standard literature

on adjustment calculation, see e.g. (Ghilani 2018, Chapter 11.2). In addi-

tion, the relevant literature on measurement data analysis in general either

simply refers to the least squares principle, see e.g. (Mikhail and Acker-

mann 1976, p. 104), (Niemeier 2008, p. 132) or (Radhakrishna Rao and

Toutenburg 1999, p. 24) , or also derives it via orthogonal projection, see

(Teunissen 2000, p. 6). The latter is generally also the common approach in The geometric interpretation of
MLS via orthogonal projection is
discussed in the geodetic literatur
also by e.g. (Ádám 1982), (Borre
2006, p. 93 ff), (Dermanis 1976, p.
30 ff), (Mikhail and Ackermann
1976, p. 131 ff) or (Moritz and
Sünkel 1978, pp. 134–148).

approximation theory, which is essentially concerned with the approximation

of functions. Thereby, complicated functions are usually approximated by a

linear combination of simple basis functions, especially by polynomials. How-

ever, interpolation rather than MLS is typically used as it is faster to calculate

in practice. But in order to understand the properties of different sets of basis

functions, the MLS by means of orthogonal projection is well suited and will

be discussed in more detail in this chapter. Therefore, we will only consider an

approximation of functions using the method of least squares, while the basic

structure and content of this chapter is essentially based on (Langtangen

2016a) or (Langtangen 2016b).

1.1 approximation of vectors

To illustrate an approximation of vectors, we consider a three–dimensional

vector L ∈ R3 with standard basis, as shown in Figure 1-1.

15
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Figure 1-1: Approximation of
a 3D vector L in a 2D vector
space V spanned by the basis
vectors φ0 and φ1.

V

(0, 0, 0)

φ0 = (3,−1, 0)

φ1 = (−1, 2, 0)

Φ

v

L = (3, 3, 3)

c0

c1

In addition, we assume that we want to approximate L by another vector Φ,

that lies in a two–dimensional vector space V spanned by the two basis vectors

φ0 and φ1
V = span{φ0,φ1} . (1-1)

Thus, vector Φ can be written as a linear combination of these two basis

vectors

Φ =
1

∑
j=0

cjφj = c0φ0 + c1φ1 , (1-2)

with the two unknown parameters c0 and c1. As L is generally not in V, vector

L is different from Φ and this difference is known as correction or residual and

is denoted by v. Hence, we obtain the following relationship

L + v = Φ , (1-3)

known in adjustment calculation as observation equations. Now the objective

is to determine the unknown parameters in such a way that Φ approximates L
to the best possible extent. Usually the length of vector v is used as a measure

for the best approximation, which is given by its Euclidian or L2 norm

‖v‖2 =
√
〈v, v〉 , (1-4)

with 〈·, ·〉 being the standard scalar product of two vectors. The determination

of the unknown coefficients under the condition that the length of v is minimal

is known as the method of least squares and will be illustrated on the example

presented in Figure 1-1.

1.1.1 Method of least squares

In the following we want to determine the unknown coefficients c0 and c1 from

Figure 1-1 in such a way that the length of v is minimized. The length (1-4)

is minimal, when

Ω(c0, c1) = 〈v, v〉 → min , (1-5)

which is known as objective, target or cost function. Rearranging (1-3) and

inserting into (1-5) yields

Ω(c0, c1) = 〈Φ− L, Φ− L〉 . (1-6)
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With (1-2) and since the scalar product is bilinear, equation (1-6) results in

Ω(c0, c1) = 〈c0φ0 + c1φ1 − L, c0φ0 + c1φ1 − L〉
= 〈c0φ0, c0φ0〉+ 〈c0φ0, c1φ1〉 − 〈c0φ0, L〉

+ 〈c1φ1, c0φ0〉+ 〈c1φ1, c1φ1〉 − 〈c1φ1, L〉
− 〈L, c0φ0〉 − 〈L, c1φ1〉+ 〈L, L〉 . (1-7)

As the constant coefficients c0 and c1 can be extracted from the scalar product,

the objective function (1-7) reads

Ω(c0, c1) = c2
0〈φ0,φ0〉+ c0c1〈φ0,φ1〉 − c0〈φ0, L〉

+ c0c1〈φ1,φ0〉+ c2
1〈φ1,φ1〉 − c1〈φ1, L〉

− c0〈L,φ0〉 − c1〈L,φ1〉+ 〈L, L〉 . (1-8)

Introducing the necessary conditions for a minimum of the objective function Throughout this thesis we only
consider unknown functions as a
linear combination of basis
functions and since 〈v, v〉 ≥ 0, it is
ensured that the objective
function has only one stationary
point, which is a minimum.

(1-8)
1
2

∂Ω(c0, c1)

∂c0
= 0 and

1
2

∂Ω(c0, c1)

∂c1
= 0 (1-9)

and with 〈φ0,φ1〉 = 〈φ1,φ0〉, equations (1-9) results in

1
2

∂Ω(c0, c1)

∂c0
= c0〈φ0,φ0〉+ c1〈φ0,φ1〉 − 〈φ0, L〉 = 0 ,

1
2

∂Ω(c0, c1)

∂c1
= c0〈φ1,φ0〉+ c1〈φ1,φ1〉 − 〈φ1, L〉 = 0 . (1-10)

The resulting system of equations (1-10) are known as normal equations and

can be written in matrix notation as follows

Nx = n〈φ0,φ0〉 〈φ0,φ1〉
〈φ1,φ0〉 〈φ1,φ1〉

c0

c1

 =

〈φ0, L〉
〈φ1, L〉

 . (1-11)

Since the basis vectors φ0 and φ1 are linear independent, the normal matrix

N is invertible and the normal equation system (1-11) can be solved. For the

example depicted in Figure 1-1, the normal equation system (1-11) reads 10 −5

−5 5

c0

c1

 =

6

3

 (1-12)

and the coefficients are c0

c1

 =

1.8

2.4

 . (1-13)

Inserting the coefficients (1-13) into (1-2) yields the least squares approxima-

tion of L

Φ =
1

∑
j=0

cjφj = c0φ0 + c1φ1 = 1.8φ0 + 2.4φ1

= 1.8


3

−1

0

+ 2.4


−1

2

0

 =


5.4

−1.8

0

+


−2.4

4.8

0

 =


3

3

0

 , (1-14)

which is depicted in Figure 1-2.
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Figure 1-2: Least squares
approximation of a 3D vec-
tor L in a 2D vector space V
spanned by the basis vectors
φ0 and φ1.

V

(0, 0, 0)

φ0 = (3,−1, 0)

φ1 = (−1, 2, 0)
Φ = (3, 3, 0)

‖v‖2 = min

L = (3, 3, 3)

c0 = 1.8

c1 = 2.4

·

1.1.2 Orthogonal projection

As can be clearly seen in Figure 1-2, the length of v is minimal if it is or-

thogonal to V. Consequently, we can determine the unknown coefficients c0

and c1 of an least squares approximation of L by demanding that v must be

orthogonal on V. From a geometrical point of view, this is only the case if v
is orthogonal to the basis vectors and therefore the scalar products must be

equal to zero

〈φi, v〉 = 0 for i = 0, 1 . (1-15)

However, this can also be shown in general, as done in (Langtangen 2016b,

p. 10). Therefore, we consider an arbitrary vector u ∈ V. If v is orthogonal to

V, then it is also orthogonal to u. Hence, the scalar product is equal to zero

〈u, v〉 = 0 ∀u ∈ V . (1-16)

As all vectors u can be written as a linear combination of the two basis vectors

u =
1

∑
i=0

uiφi , (1-17)

equation (1-16) results in

〈
1

∑
i=0

uiφi, v〉 = 0 (1-18)

and rearranging yields

1

∑
i=0

ui〈φi, v〉 = 0

u0〈φ0, v〉+ u1〈φ1, v〉 = 0 . (1-19)

Since (1-19) must hold true for all u ∈ V with arbitrary ui, the two scalar

products in (1-19) must be equal zero

〈φ0, v〉 = 0 and 〈φ1, v〉 = 0 , (1-20)

which finally gives the same equations as from the geometric considerations

in (1-15). Rearranging (1-3) and inserting into (1-20) yields

〈φ0, Φ− L〉 = 0

〈φ1, Φ− L〉 = 0 . (1-21)
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Introducing (1-2) into (1-21) yields

〈φ0, c0φ0 + c1φ1 − L〉 = 0

〈φ1, c0φ0 + c1φ1 − L〉 = 0 (1-22)

and results in

c0〈φ0,φ0〉+ c1〈φ0,φ1〉 − 〈φ0, L〉 = 0 ,

c0〈φ1,φ0〉+ c1〈φ1,φ1〉 − 〈φ1, L〉 = 0 , (1-23)

which is the same equation system as already given by (1-10). To derive the

normal equation system of a least squares approximation by demanding that

v must be orthogonal to the basis vectors φj is known as projection.

1.1.3 Least squares approximation of general vectors

The presented least squares approximation of three–dimensional vectors in

Section 1.1 can directly be transferred to vector spaces of any dimensions.

Let us consider an arbitrary vector L ∈ RN to be approximated by Φ, that

lies in a vector space V spanned by p + 1 basis vectors

V = span{φ0,φ1, . . . ,φp} , (1-24)

with N > p + 1 and

Φ =
p

∑
j=0

cjφj = c0φ0 + c1φ1 + . . . + cpφp . (1-25)

According to Section 1.1.1 and 1.1.2 the length of v is minimal when

Ω(c0, c1, . . . , cp) = 〈v, v〉 → min , (1-26)

or, when v is orthogonal to the basis vectors φi with

〈φi, v〉 = 0 for i = 0, 1, . . . , p . (1-27)

Introducing v = Φ− L into (1-27) yields

〈φi, Φ− L〉 = 0 for i = 0, 1, . . . , p (1-28)

and as the scalar product is bilinear equation (1-28) reads

〈φi, Φ〉 = 〈φi, L〉 for i = 0, 1, . . . , p . (1-29)

Inserting (1-25) results in

〈φi,
p

∑
j=0

cjφj〉 = 〈φi, L〉 for i = 0, 1, . . . , p (1-30)

and rearranging yields the p + 1 normal equations

p

∑
j=0

cj〈φi,φj〉 = 〈φi, L〉 for i = 0, 1, . . . , p , (1-31)

or in detail

c0〈φi,φ0〉+ c1〈φi,φ1〉+ . . . + cp〈φi,φp〉 = 〈φi, L〉 (1-32)



20 approximation theory

for i = 0, 1, . . . , p. Writing the normal equation system (1-32) in matrix nota-

tion reads

Nx = n
〈φ0,φ0〉 〈φ0,φ1〉 . . . 〈φ0,φp〉
〈φ1,φ0〉 〈φ1,φ1〉 . . . 〈φ1,φp〉

...
...

. . .
...

〈φp,φ0〉 〈φp,φ1〉 . . . 〈φp,φp〉




c0

c1
...

cp

 =


〈φ0, L〉
〈φ1, L〉

...

〈φp, L〉

 . (1-33)

1.2 approximation of functions

As already shown for vectors, functions can also be approximated by theFor detailed information on the
approximation of functions in

general please refer to standard
literature such as (Burden and

Faires 2011, Chapter 8.2), (Süli
and Mayers 2003, Chapter 9) or

(Trefethen 2013).

method of least squares. For this purpose we consider an arbitrary function

f (x) ∈ L2([a, b]), the Hilbert space of square integrable functions. In addition,

we assume that we want to approximate f (x) by another function Φ(x), that

lies in vector space V spanned by p + 1 basis functions

V = span{φ0(x), φ1(x), . . . , φp(x)} . (1-34)

Thus, function Φ(x) can be written as a linear combination of these basis

functions

Φ(x) =
p

∑
j=0

cj φj(x) = c0φ0(x) + c1φ1(x) + . . . + cpφp(x) , (1-35)

with the unknown parameters cj. Since f (x) is generally not in V, it is different

from Φ(x) and this difference is known as residual function. As for vectors,In the literature, the residual
function is usually denoted by

R(x).
we obtain the following relationship

f (x) + v(x) = Φ(x) . (1-36)

Now the objective is to determine the unknown parameters in such a way that

Φ(x) approximates f (x) to the best possible extent and as for vectors we use

the length of v(x) as a measure for the best approximation, which is given by

the L2 norm

‖v(x)‖2 =
√
〈v, v〉 =

√∫ b

a

(
v(x)

)2 dx , (1-37)

with 〈·, ·〉 being the inner product of two functions, see for example (Bron-

shtein et al. 2007, page 920) and

v(x) = Φ(x)− f (x) =
p

∑
j=0

cj φj(x)− f (x) . (1-38)

1.2.1 Method of least squares

Like before, we want to determine the unknown coefficients cj in such a way

that the length of v(x) is minimized and this is the case when

Ω(c0, c1, . . . , cp) = 〈v, v〉 → min . (1-39)

Inserting (1-38) into (1-39) yields

Ω(c0, c1, . . . , cp) = 〈Φ− f , Φ− f 〉 (1-40)
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and with (1-35) the target function (1-40) reads

Ω(c0, c1, . . . , cp) = 〈
p

∑
i=0

ci φi − f ,
p

∑
j=0

cj φj − f 〉 . (1-41)

Since the inner product is bilinear, equation (1-41) results in

Ω(c0, c1, . . . , cp) =
p

∑
i=0

p

∑
j=0

cicj〈φi, φj〉 − 2
p

∑
k=0

ck〈φk, f 〉+ 〈 f , f 〉 . (1-42)

Introducing the necessary conditions for a minimum of the objective function

(1-42) yields

1
2

∂Ω(c0, c1, . . . , cp)

∂ci
=

p

∑
j=0

cj〈φi, φj〉 − 〈φi, f 〉 = 0 , (1-43)

or rather
p

∑
j=0

cj〈φi, φj〉 = 〈φi, f 〉 , (1-44)

for i = 0, 1, . . . , p. The system of normal equations (1-44) can be written in

matrix notation as follows

Nx = n
〈φ0, φ0〉 〈φ0, φ1〉 . . . 〈φ0, φp〉
〈φ1, φ0〉 〈φ1, φ1〉 . . . 〈φ1, φp〉

...
...

. . .
...

〈φp, φ0〉 〈φp, φ1〉 . . . 〈φp, φp〉




c0

c1
...

cp

 =


〈φ0, f 〉
〈φ1, f 〉

...

〈φp, f 〉

 . (1-45)

For a least squares approximation of f (x) with respect to a certain set of basis

functions φj(x) we only have to calculate the integrals

〈φi, φj〉 =
∫ b

a
φi(x) φj(x) dx

〈φi, f 〉 =
∫ b

a
φi(x) f (x) dx (1-46)

for i, j = 0, 1, . . . , p and to solve (1-45) for the unknown coefficients cj.

1.2.2 Orthogonal projection

As already shown in Section 1.1.2, we can also determine the unknown coef-

ficients cj of a least squares approximation of f (x) by demanding that v(x)

must be orthogonal on V. This is only the case if v(x) is orthogonal to the

basis functions and therefore the inner products must be equal to zero

〈φi, v〉 = 0 , (1-47)

with i = 0, 1, . . . , p. Inserting (1-36) into (1-47) yields

〈φi, Φ− f 〉 = 0 for i = 0, 1, . . . , p , (1-48)

and with (1-35) the system of normal equations reads

〈φi,
p

∑
j=0

cj φj(x)− f 〉 = 0 . (1-49)
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Since the inner product if bilinear, equation (1-49) results in

p

∑
j=0

cj〈φi, φj〉 = 〈φi, f 〉 , (1-50)

for i = 0, 1, . . . , p and is equal to (1-44).

The normal equation system (1-45) forms the basis for all kinds of approxim-

ations of functions or partial differential equations using the method of least

squares. In addition to the norm and/or the vector space in which the residual

function is orthogonally projected, the choice of a suitable basis is essential

for a reasonable approximation. To clarify this issue, a practical guide to the

approximation of functions for different sets of basis functions is given in Part

ii.



2
A D J U S T M E N T C A L C U L AT I O N

In Chapter 1 we already discussed the method of least squares and demon-

strated in general how functions can be approximated. In addition, we will

present the basics of adjustment calculation in the following and show how

unknown parameters can be estimated from measurements using the method

of least squares. For detailed information about adjustment calculation in gen-

eral please refer to standard literature such as (Ghilani 2018), (Mikhail and

Ackermann 1976) or (Teunissen 2000). The notation used here is based

on (Niemeier 2008).

2.1 mathematical model

As described in (Mikhail and Ackermann 1976, p. 5), for example, the

mathematical model of adjustment calculation consists essentially of two parts:

the functional model and stochastic model. While the stochastic model con-

siders the non–deterministic properties of the observations, the functional

model represents the deterministic properties that reflect the geometrical or

physical situation to be investigated. A clear description of both parts is

indispensable for the solution of an adjustment problem.

2.1.1 Functional model

An essential task in adjustment calculation is to formulate a mathematical

relationship that connects the observations l with the unknown parameters x,

which is known as the functional model. In general, this can be any implicit

functional relationship

Φ(l, x) = 0 , (2-1)

with Φ(l, x) being in general a nonlinear, differentiable function. A rigorous

solution of adjustment problems resulting from such implicit functional rela-

tionships can be found in (Lenzmann and Lenzmann 2004) and (Neitzel

2010), for example. At this point, however, we only want to consider the

special case that the observations l can be represented as a function of the

unknown parameters x, which results in the following explicit functional rela-

tionship

l = Φ(x) . (2-2)

2.1.2 Stochastic model

While usually dealing with heterogeneous types of observations measuring

different physical or geometrical quantities, we have to take their different

stochastic properties into account. Usually this is done by specifying variances

and covariances. In case n observations li with i = 1, . . . , n are given, their
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stochastic properties can be combined in the variance–covariance matrix of

the observations Σll, which is defined by

Σll =


σ2

l1 σl1 l2 · · · σl1 ln

σl2 l1 σ2
l2 · · · σl2 ln

...
...

. . .
...

σln l1 σln l2 · · · σ2
ln

 , (2-3)

with the standard deviation σli of the observations li being the positive square

root of the variance σ2
li
. In addition, the correlation coefficient $li lj between

two observations li and lj can be calculated by

$li lj =
σli lj

σli σlj

, (2-4)

with σli lj being the covariance. Choosing an arbitrary theoretical referenceFrom a numerical point of view,
one should always choose an

appropriate value for σ0.
standard deviation σ0 and scaling the variance–covariance matrix (2-3) yields

the cofactor matrix

Qll =
1
σ2

0
Σll . (2-5)

Assuming that Qll is a non-singular matrix, the weight matrix P represents

the stochastic model and reads

P = Q−1
ll . (2-6)

2.2 observation equations

As already mentioned, we only consider a functional model according to Equa-

tion (2-2). Let us suppose that n observations li for i = 1, . . . , n are available

to estimate m unknown parameters xj for j = 1, . . . , m, then the functional

relationship is given by the equation system

l1 = Φ1(x1, . . . , xm) ,

l2 = Φ2(x1, . . . , xm) ,

...

ln = Φn(x1, . . . , xm) . (2-7)

In general, only those cases will be considered in adjustment calculation where

more observations than unknown parameters are given with n > m. Hence,

the equation system (2-7) is usually not fulfilled as the true values for the

observations are in principle not given. Thus, we introduce a residual vi for

each observation li and Equations (2-7) result in

l1 + v1 = Φ1(x1, . . . , xm) ,

l2 + v2 = Φ2(x1, . . . , xm) ,

...

ln + vn = Φn(x1, . . . , xm) , (2-8)

which are known as the observation equations. In addition, we only want

to consider linear adjustment problems, so that the system of observation

equations (2-8) can be written in matrix notation as follows

l + v = Ax , (2-9)
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with the vector of observations

l =
[
l1 l2 . . . ln

]T
, (2-10)

the vector of unknowns

x =
[

x1 x2 . . . xm

]T
(2-11)

and the design matrix A containing the coefficients of the linear model.

2.3 least squares adjustment

In the following we want to determine the vector of unknown parameters x
from the linear observation equations (2-9) in such a way that the sum of

weighted squared residuals is minimum. Hence, the target function reads

Ω(x) = vTPv→ min . (2-12)

Solving (2-9) for v and inserting in (2-12) yields

Ω(x) = (Ax− l)TP(Ax− l) (2-13)

and results after rearranging into

Ω(x) = (xTAT − lT)P(Ax− l) ,

= xTATPAx− lTPAx− xTATPl + lTPl ,

= xTATPAx− 2xTATPl + lTPl . (2-14)

Introducing the necessary conditions for a minimum of the objective function

(2-14)
1
2

∂Ω(x)

∂xT
= 0 (2-15)

results in

ATPAx−ATPl = 0 (2-16)

and yields the normal equation system

ATPAx = ATPl ,

Nx = n , (2-17)

with the normal matrix N = ATPA and the vector of the right hand side

n = ATPl. Solving (2-17) yields the least squares estimate of the unknown

parameters Adjusted quantities are denoted
by “ ˆ ”.

x̂ = N−1n ,

= Qx̂x̂n , (2-18)

with the cofactor matrix of the unknown parameters Qx̂x̂ = N−1. The empir-

ical reference standard deviation s0 can be calculated by

s0 =

√
vTPv
n−m

, (2-19)

with

v = Ax̂− l . (2-20)

The variance–covariance matrix of the unknown parameters is given by

Σx̂x̂ = s2
0 Qx̂x̂ , (2-21)

providing the standard deviations sx̂j of the adjusted unknown parameters x̂j
on the main diagonal of Σx̂x̂.



26 adjustment calculation

2.4 least squares adjustment with constraints

Let us assume that in addition to the observation equations in (2-9), the

following nc linear constraints between the unknown parameters x are given

Cx = 0 , (2-22)

with matrix C containing the coefficients of the linear constraints. The leastThis problem can also be solved
by eliminating unknown

parameters, which is not covered
here.

squares solution of such a problem can be determined by formulating the

Lagrange function

L(x,λ) = vTPv + 2λTCx , (2-23)

with the vector of Langrangian multiplier λ, see (Bronshtein et al. 2007, p.

403). For linear adjustment problems the Lagrange function in (2-23) has only

a saddle point, see e.g. (Bronshtein et al. 2007, p. 862), that can be found

by introducing the necessary conditions

1
2

∂L(x,λ)

∂xT
= 0 ,

1
2

∂L(x,λ)

∂λT
= 0 , (2-24)

which in the end results in the extended normal equation systemATPA CT

C 0

x

λ

 =

ATPl

0

 , (2-25)

or in short N CT

C 0

x

λ

 =

n

0

 . (2-26)

Solving (2-26) yields the least squares estimate of the unknown parametersx̂

λ

 =

N CT

C 0

−1 n

0

 ,

=

Qx̂x̂ Qx̂λ

Qλx̂ Qλλ

n

0

 , (2-27)

under the requirement that the constraints (2-22) must be fulfilled. The em-

pirical reference standard deviation s0 can be calculated by

s0 =

√
vTPv

n−m + nc
(2-28)

and the standard deviations sx̂j of the adjusted unknown parameters x̂j can be

determined from the variance–covariance matrix of the unknowns Σx̂x̂, which

can be calculated according to Section 2.3.

2.5 quality assessment of adjustment results

So far, we have mainly dealt with the estimation of unknown parameters, how-

ever, it is indispensable to assess the quality of the adjustment result. In gen-

eral, conclusions about the quality of adjustment results are based on measures
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referring to precision and reliability. The precision describes the reproducibil-

ity or repeatability of the unknown parameters estimated from measurements

acquired under the same conditions and under the assumption that the func-

tional and stochastic model is appropriate and that measurements are only

affected by random errors. Only if this is the case, it makes sense to provide

measures describing the precision, because otherwise the result can be strongly

falsified by, for example, possible outliers in the observations. Therefore, meas-

ures for the reliability are describing to what extent outliers can be detected,

how large their impact on the estimation of the unknown parameters is and

how well the observations control each other. A common measure describing

the precision is the standard deviation of the unknown parameters sx̂j , which

is derived from the cofactor matrix of the unknowns Qx̂x̂ and has already been

discussed in Section 2.3 or 2.4. In contrast, all measures describing the reliab-

ility are derived from the cofactor matrix of the residuals Qvv, which can be

calculated by

Qvv = Qll −Ql̂l̂ , (2-29)

with the cofactor matrix of the adjusted observations

Ql̂l̂ = AQx̂x̂AT . (2-30)

However, the measures known from literature to describe the internal and

external reliability are not discussed here, further information can be found

e.g. in (Niemeier 2008, Chapter 8.3). In the following we only want to

consider the redundancy numbers (EVs), the global test of the adjustment

calculation and the standardised residuals (NVs) in more detail.

2.5.1 Redundancy numbers

The redundancy number ri can be regarded as a transfer factor indicating the

extent to which an error in an observation li is transferred to its corresponding

residual vi and is given by

ri =
(
QvvP

)
ii . (2-31)

The redundancy number ri can take values between 0 and 1, where ri = 1
means that an error in the observation li is to be found completely in its

residual vi and hence is detectable. While for ri = 0 the error can not be

found in its residual at all and therefore is not detectable. The redundancy

number ri thus indicates how well an observation li is controlled by the others

and can be given in percentage by EVi with German: Einfluss auf die
Verbesserung.

EVi = 100 % ri . (2-32)

In practice, the following rating scale for the evaluation of the redundancy

numbers is used:

0 % ≤ EVi < 1 % observation is not controlled,

1 % ≤ EVi < 10 % observation is poorly controlled,

10 % ≤ EVi < 30 % observation is sufficiently controlled,

30 % ≤ EVi < 70 % observation is well controlled,

70 % ≤ EVi < 100 % observation can be removed

without loss of reliability.
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2.5.2 Global test

After an adjustment, a global test is usually performed first. Assuming that

the functional and stochastic model was chosen appropriately and the obser-

vations are well controlled, this test can indicate if outliers may be present

in the observations. Thereby it is checked whether the empirical reference

standard deviation s0 corresponds to the theoretical reference standard devi-

ation σ0 chosen before the adjustment. This is done by a χ2–test with the null

hypothesis

H0 : E{s2
0} = σ2

0 , (2-33)

while E{·} being the expectation operator. The alternative hypothesis results

in

HA : E{s2
0} > σ2

0 . (2-34)

The test statistic is given by

χ2 = f
s2

0

σ2
0

(2-35)

and the critical value of the χ2–distribution for a degree of freedom f and

error level α is denoted by χ2
f ,α. The null hypothesis H0 will be rejected in

favour of the alternative hypothesis HA if

χ2 > χ2
f ,α . (2-36)

In case the null hypothesis will be rejected and under the aforementioned

assumptions it can be concluded that outliers are present in the observations.

2.5.3 Standardised residuals

If the null hypothesis of the global test must be rejected, we have to check the

observations for outliers and remove them from the adjustment. The following

approach for the localisation of outliers was developed by Baarda (1968) and

is referred to as Data Snooping. The measure for the localisation of outliers

is called standardised residual NVi and is defined byGerman: Normierte Verbesserung.

NVi =
|vi|
σvi

=
|vi|

σ0
√

qvivi

, (2-37)

where qvivi is the cofactor from Qvv for observation li. In practice, the following

rating scale for the evaluation of the standardised residual can be applied:

NVi < 2.5 no outlier identifiable,

2.5 ≤ NVi < 4 outlier is possible,

4 ≤ NVi outlier is very likely.

The outliers must be eliminated iteratively, whereby the observation with the

largest NV is always removed from the adjustment.
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OF FUNCTIONS





S Y N O P S I S

At first we give a general practical introduction to the approximation of uni-

variate functions using different sets of basis functions and discuss the main

advantages as well as the disadvantages. Here, the main focus is on the extent

to which a best approximation can be realised at all and, therefore, the numer- Best in the sense of how close it
fits the function, i.e. L∞ norm
→ min.

ical stability of the different sets is also briefly discussed and compared. One

aim of this work is to obtain a comprehensive understanding of the general

behaviour of approximations, which is fundamental for a successful damage

analysis using MeMoS, since the functional model is based on an approximation

of the unknown analytical solution of the physical model, represented usually

by a set of PDEs. In accordance to Figure I.4, this part also deals with the

approximation error within modelling reality, see Figure S.1.

x

u

x

u

x

u

x

u

x

u

Modelling errors Systematic errors

True
solution

Trueness

Approximation errors Random errors

Approximate
solution

Precision

Computed
Reality

Measured
Reality

M o d e l l i n g M e a s u r i n g

C h a l l e n g e

Figure S.1: Addressed er-
ror source in modelling and
measuring reality within Part
ii. Elements in grey are not
considered

Furthermore, we will also consider the transformation between different sets of

basis functions und briefly discuss the challenges arising for the approximation

of multivariate functions. In addition, a set of basis functions for approxim-

ation is presented, which is apparently best suited for the approximation of

continuous functions and the determination of the optimal degree is solely

based on its coefficients. In practice, it has been shown that this approach

works very well and in general always guarantees that the deviations from the

true function are within machine precision. Consequently, one can assume
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that basically no approximation errors are present any more. Finally, we will

briefly demonstrate how the unknown solution of PDEs can be approximated,

which, therefore, is the basis for the examinations of the second research topic

using MeMoS.



3
A P P ROX I M AT I O N O F F U N C T I O N S I N O N E D I M E N S I O N

Any polynomial can be written in the well known form

Pp(x) =
p

∑
j=0

cj φj(x) =
p

∑
j=0

cj xj = c0 + c1x + c2x2 + · · ·+ cpxp (3-1)

with the linear independent basis functions 1, x, x2, . . ., xp, which are called

monomials. Let us choose a polynomial of 3rd degree to approximate the The choice of a 3rd degree is a
compromise between a “good fit”
and a small equation system as an
example.

following continuous real function

f (x) = sin(3x) (3-2)

on the interval x ∈ [−1, 1]. While choosing monomials xj as basis functions

φj(x), the least squares approximation of (3-2), according to (1-45), yields the

following normal equation system
〈x0, x0〉 〈x1, x0〉 〈x2, x0〉 〈x3, x0〉
〈x0, x1〉 〈x1, x1〉 〈x2, x1〉 〈x3, x1〉
〈x0, x2〉 〈x1, x2〉 〈x2, x2〉 〈x3, x2〉
〈x0, x3〉 〈x1, x3〉 〈x2, x3〉 〈x3, x3〉




c0

c1

c2

c3

 =


〈x0, sin(3x)〉
〈x1, sin(3x)〉
〈x2, sin(3x)〉
〈x3, sin(3x)〉

 . (3-3)

Solving the integrals

〈xi, xj〉 =
∫ 1

−1
xi xj dx =

1
i + j + 1

(
1− (−1)i+j+1

)
with i, j = 0, 1, 2, 3

and

〈xi, sin(3x)〉 =
∫ 1

−1
xi sin(3x) dx with i = 0, 1, 2, 3

yields 
2 0 2/3 0

0 2/3 0 2/5

2/3 0 2/5 0

0 2/5 0 2/7




c0

c1

c2

c3

 =


0.000 000 000 000 000

0.691 354 999 524 712

0.000 000 000 000 000

0.293 171 670 090 401

 . (3-4)

The solution of the normal equation system yields the unknown coefficients
c0

c1

c2

c3

 =


0.000 000 000 000 000

2.633 574 950 607 669

0.000 000 000 000 000

−2.660 904 085 534 336

 (3-5)

for a polynomial approximation of 3rd degree. The resulting approximation

and the residual function are depicted in Figure 3-1.
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34 approximation of functions in one dimension

Figure 3-1: Given function
(3-2) in blue and it’s polyno-
mial approximation P3(x) in
red (left). Residual function
v(x) = sin(3x)− P3(x) (right).
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The polynomial P3(x) approximates (3-2) within roughly ±0.1 and only ex-

ceeds it at the limits of the interval. The residual function for this and all

upcoming examples have been determined by discretising the function using

at least 1 million equispaced points. For the plots, these points have been

reduced in such a way that the main characteristic of the residual function

and especially their extreme values have been preserved.

The computations have been done with the Matlab code in Programme 3-

1. While the integrals in the normal matrix can be easily solved directly,

the integrals for the right hand side have been solved numerically using aIt has been verified that the
results of numerical integration

for the monomial basis are within
machine precision.

global adaptive quadrature. Parts of the Matlab built-in function integral

are based on (Shampine 2008). Furthermore, all entries in the symmetric

normal matrix have been calculated individually, so the performance of the

code is not optimal.

Programme 3-1: Code for
polynomial approximation in
the monomial basis.

1 %Approximation of f(x) on [-1, 1]

2 a=-1; b=1;

3

4 %Polynomial degree

5 p=3;

6

7 %Preallocate matrices

8 N=zeros(p+1); n=zeros(p+1,1);

9

10 %Normal equation system

11 for j=0:p

12 for i=0:p

13 N(j+1,i+1) =1/(i+j+1)*(1-a^(i+j+1));

14 end

15 n(j+1)=integral(@(x) sin(3*x).*x.^j,a,b);

16 end

17

18 %Solution

19 c=N\n;

Depending on the problem it might be already a sufficient approximation or

not. Nevertheless the question might arise, which polynomial degree is needed

to approximate function (3-2) to roughly machine precision, about 15 digits

of relative accuracy?

To answer this question, different polynomials are fitted while increasing theThe interested reader who wants
to refresh his knowledge on

conditioning is referred to
(Trefethen and Bau 1997,

pp. 89-96).

polynomial degree up to 50. For each polynomial degree the maximum abso-

lute difference max | sin(3x)− Pp(x)| and the 2-norm condition number κ of the

normal matrix N was calculated and the results are depicted in Figure 3-2.
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Figure 3-2: Logarithmic plot
for max | sin(3x)− Pp(x)| (left)
and 2-norm condition number
κ(N) (right) for different poly-
nomial degree p. For better
visibility, the discrete points
are usually represented by a
line plot.

As shown in Figure (3-2) (left) the best fitting polynomial is of 15th degree. A Best in terms of
max | sin(3x)− Pp(x)| → min.further increase of the degree results in a worse approximation. A closer look

at the condition number in Figure 3-2 (right) reveals an exponential increase

with growing polynomial degree. From a polynomial of 25th degree onwards,

Matlab also displays a warning that the normal matrix is close to singular

and the result may be inaccurate. According to Trefethen and Bau (1997,

p. 95)

If a problem Ax = b contains an ill-conditioned matrix A, one

must expect to “lose log10 κ(A) digits” in computing the solution,

except under very special circumstances.

The condition number of the normal matrix for fitting a polynomial 15th de- A comprehensive insight into this
very interesting topic about the
accuracy of numerical algorithms
can be found in (Higham 2002).

gree is in this case κ(N) ≈ 5 · 1010, which already corresponds to roughly 10 di-

gits. Fitting polynomials in the monomial basis is in general an ill-conditioned

problem. The determination of the unknown coefficients is inaccurate. The

resulting normal matrix N corresponds to the Hilbert matrix, defined on an

interval [0, 1], which is a well known example of an ill-conditioned matrix.

In order to illustrate the extent of this numerical ill-conditioned problem of

polynomial approximation in the monomial basis, we will consider the follow-

ing function

f (x) = sin(30x2). (3-6)

Also in this case we fitted different polynomials while increasing the polyno-

mial degree up to 200.
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Figure 3-3: Logarithmic plot

of max | sin(30x2)− Pp(x)| for
different polynomial degree.

Figure 3-3 clearly reveals, that an increase of the polynomial degree will not

necessarily improve the approximation itself. It is also not possible to clearly

identify the degree for the best fitting polynomial. In this case a polynomial

of 124th degree leads to the smallest value for max | sin(30x2)− Pp(x)| and is

depicted in Figure 3-4 (left).
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Figure 3-4: Given function
(3-6) in blue and it’s polyno-
mial approximation P124(x)
in red (left). Logarithmic
plot for the coefficients |ci | of
P124(x) (right).
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As one can see from this graph the largest deviations between (3-6) and its

approximation P124(x) are around zero and at the two peaks to the left and

right. Even a polynomial of 1000th or higher degree will not reduce these

deviations significantly.

Figure 3-4 (right) depicts the absolute values of the coefficients for the best

fitting polynomial P124(x). Due to the symmetry of (3-6) the coefficients for

the monomials of odd degree are very small in comparison to the even ones,

which are up to 108. The increase in values with increasing degree and these

very large values are typical for such polynomials of higher degree.

Another property of polynomial approximation in the monomial basis will be

illustrated by the approximations P123(x) and P126(x) of the same function

(3-6) as depicted in Figure 3-4 (left). The difference of these two polynomials

with respect to the best fit P124(x) and the coefficients for all three polynomials

are depicted in Figure 3-5.

Figure 3-5: The difference of
P124(x)− P123(x) in blue and
P124(x)− P126(x) in red (left).
Coefficients ci for P124(x)
in blue, P123(x) in red and
P126(x) in yellow (right).
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Although P123(x) and P124(x) are very similar and only differ by ≈ 5%, their

coefficients deviate significantly from each other in values up to ≈ 107 and

sometimes even change their sign. In addition the approximation P126(x) con-

sists only of two more terms than P124(x) but results in a completely different

set of coefficients as can be seen in Figure 3-5 (right). While P124(x) preserves

at least the main characteristics of the function (3-6), Figure 3-5 (left) reveals

that P126(x) is extremely different from P124(x) and therefore is not coinciding

with function (3-6) depicted in (3-4). One can say that P126(x) is a very bad

approximation of (3-6).

Before one might conclude that polynomial approximation in the monomial

basis might be not suitable for wiggly functions like (3-6), but obviously suit-

able for smooth functions like (3-2), we will consider the following function

f (x) = exp(−100x2). (3-7)
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Following the same procedure as before we find out that a polynomial of 108th

leads to the smallest value for max | exp(−100x2)− Pp(x)|. Function (3-7) and

P108(x) are depicted in Figure 3-6 (left).
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Figure 3-6: Given function
(3-7) in blue and it is polyno-
mial approximation P108(x)
in red (left). Logarithmic
plot for the coefficients |ci | of
P108(x) (right).

The plot of P108(x) clearly reveals the oscillatory behaviour with increasing

frequency at the limits. This is characteristic for a least squares approximation.

On closer inspection this behaviour is also visible in Figure 3-1 and Figure

3-4. For polynomial approximation in the monomial basis this behaviour can

also cause huge deviations at limits or jump discontinuities.

In order to intensify this behaviour we change (3-7) to

f (x) = exp(−1000x2), (3-8)

which amplifies the spike in the function. We found P172(x) as a best fitting

polynomial, which is depicted in Figure 3-7.
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Figure 3-7: Given function
(3-8) in blue and it is polyno-
mial approximation P172(x)
in red (left). Logarithmic
plot for the coefficients |ci | of
P172(x) (right).

In Figure 3-7 (left) it is clearly visible that P172(x) as a best fitting polynomial Best in terms of
max | exp(−1000x2)− Pp(x)| →
min.

is a very bad approximation of (3-8). It is not possible to find a polynomial

approximation in the monomial basis that, at least, preserves the main shape

of the given function (3-8).

In general, we can conclude that polynomial approximation in the monomial

basis is not a good idea, especially for higher degrees. Based on the previous

examples we can identify the following drawbacks:

� Normal matrix N is usually a full matrix. This means that the coeffi-

cients cannot be determined independently of each other. Each time the

polynomial degree will be altered, a new normal equation system needs

to be solved again.

� The condition number of N grows exponentially with increasing polyno-

mial degree. Therefore, it is an ill-conditioned problem and the coeffi-

cients for polynomials of higher degree cannot be determined accurately.
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The coefficients tend to take extremely large values and a small change

in the polynomial degree usually leads to a completely different set of

coefficients.

� Only in some cases it is possible to find a suitable polynomial approxim-

ation for a given function. In most cases the polynomial is inadequate

as an approximation.

But why is it such an ill-conditioned problem?

The reason for this ill-conditioning is due to the chosen basis functions, the

monomials. Figure 3-8 depicts the first 11 monomial basis functions.

Figure 3-8: Basis functions xj

for j = 0, · · · , 10.
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While the first three monomials can easily be distinguished, the monomials

for higher even or odd degree become more and more similar. To get an im-

pression of the impact of this similarity onto an approximation, it is of great

advantage to understand the method of least squares as an orthogonal pro-

jection, as already described in Section 1.2.2. A least squares approximation

of a function is its orthogonal projection into the vector space V spanned by

these monomials

V = span{φj(x)} = span{xj}. (3-9)

The set of basis functions φj(x) are basis vectors in space V. Figure 3-8 illus-

trates that monomials become more and more similar with increasing degree,

as a consequence the basis functions become more and more similar. This

implies, that from a certain polynomial degree onwards, the basis functions

are showing nearly in the same or opposite direction.

To illustrate this problem, we calculate the angle between two basis functions

φi(x) and φj(x). The inner product of two functions reads

〈φi, φj〉 = ‖φi‖2 ‖φj‖2 cos(αi,j), (3-10)

where αi,j is the angle between the two basis functions and ‖ · ‖2 is the

L2([−1, 1]) norm. Rearranging (3-10) and with (1-37) yields

αi,j = arccos

(
〈φi, φj〉(

〈φi, φi〉〈φj, φj〉
)1/2

)
. (3-11)
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The angle αi,j between all 11 basis vectors depicted in Figure 3-8 has been

calculated according to (3-11) and is listed in the following table.

1 x x2 x3 x4 x5 x6 x7 x8 x9 x10

1 0 100 46.5 100 59.0 100 65.6 100 69.7 100 72.6

x 0 100 26.2 100 38.7 100 46.5 100 51.8 100

x2 0 100 18.4 100 29.3 100 36.7 100 42.2

x3 0 100 14.3 100 23.7 100 30.5 100

x4 0 100 11.6 100 19.9 100 26.2

x5 0 100 9.8 100 17.2 100

x6 0 100 8.5 100 15.1

x7 0 100 7.5 100

x8 0 100 6.7

x9 0 100

Table 3-1: Angle αi,j in [gon]
between the first 11 monomial
basis functions. Due to sym-
metry only the upper triangu-
lar part is presented.

As one can see, monomials of even degree are orthogonal to those of odd

degree and vice versa, which was already visible in the normal matrix in (3-4)

while the corresponding entries are zero. Table 3-1 shows, that monomials

of higher even or odd degree are nearly showing in the same direction. The

angle α8,10 between φ8(x) = x8 and φ10(x) = x10 is only 6.7 gon. Furthermore,

the length of the basis vectors xj will decrease with increasing degree j. The

basis vector x10 is already nearly 5 times shorter than x0, which is shown in

Figure 3-9.
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Figure 3-9: The length ‖xj‖2
of the first 11 monomial basis
functions.

While we approximate functions
on x ∈ [−1, 1] the length of the
basis vectors are not playing such
an important role. Yet this will be
dependent on the chosen interval,
while the length ratios between
the monomials can be huge.

Both properties, the angle between the basis vectors and their length ratios,

are illustrating, from a geometrical point of view, the reason why a polynomial

approximation in the monomial basis is an ill-conditioned problem. Figure 3-

10 clarifies this matter.

V

φi(x)

φj(x)

f (x)

ci

cj ·
V

φi(x)

φj(x)

f (x)

ci

cj

·

Figure 3-10: Orthogonal pro-
jection of f (x) into vector
space V spanned by ortho-
gonal basis vectors with
equal length (left) and non-
orthogonal basis vectors with
different lengths (right).

A geometrical interpretation of an orthogonal projection of a function f (x)

into a vector space V spanned by orthogonal basis vectors φi(x) and φj(x)

with equal length is given in Figure 3-10 (left). For an approximation of f (x)
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we need to determine the unknown coefficients ci and cj. Hence, we need

to determine the intersection of two straight lines. While the basis vectors

are orthogonal, these two lines will also intersect orthogonally. For a polyno-

mial approximation of f (x) in the monomial basis, the vectors φi(x) = xi and

φj(x) = xj are usually not orthogonal, as depicted in Figure 3-10 (right). In

most cases they are nearly showing in the same or opposite direction. Fur-

thermore, these basis vectors have different lengths. Once again we need to

determine the intersection of two straight lines, while this time these lines will

intersect in a very acute angle. From a geometrical point of view it is quite

obvious, that the determination of an intersection of two lines is more accurate

for orthogonal than for non-orthogonal basis vectors, like monomials.

Since the approximation in the monomial basis is an ill-conditioned problem,

numerous approaches have been developed for various fields of application in

order to obtain suitable approximations for arbitrary functions. One approach

already arises from Figure 3-10, namely the approximation using orthogonal

basis functions. Another approach frequently used in engineering sciences is

based on an elementwise approximation with polynomials of low degree. Both

approaches will be addressed in more detail in the following sections.

3.1 elementwise approximation in the monomial basis

As it has been already shown in the previous section, polynomial approxima-

tion in the monomial basis leads to numerical problems for even small polyno-

mial degrees. However, the normal matrix for a polynomial of low degree is

well conditioned, so the coefficients can be determined accurately. Thus, one

might conclude that monomials are still suitable for polynomial approxima-

tion and an accurate solution can be still computed with the following strategy.

The whole domain where one wants to approximate any given function can be

divided into several sub domains and each sub domain will be approximated

by a polynomial of low degree. Hence, the accuracy of the approximation can

be increased by introducing more sub domains.

Following the same terminology with the well known finite element method

(FEM) we will also call these sub domains elements and we will call the point

connecting two successive elements a node.

3.1.1 Elementwise non continuous approximation

To illustrate the procedure of an elementwise non continuous approximation

we approximate function (3-2) by dividing the whole domain into N = 3
equispaced elements and each element will be approximated by a straight line.

Before we set-up the normal equation system for each element, it is of great

advantage to introduce a unique identifier for the nodes ν and elements ζ,

which can be stored in the following tables.

Table 3-2: Coordinates for all
nodes ν and the nodes for all
three elements ζ.

ν xν

1 −1

2 −1/3

3 1/3

4 1

and ζ ν1 ν2

1 1 2

2 2 3

3 3 4
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Based on the definition of nodes and elements in Table 3-2 and the two basis

functions of a straight line we can set-up for each element ζ the normal equa-

tion system
ζN ζx = ζn , (3-12)

which reads ζ〈x0, x0〉 ζ〈x1, x0〉
ζ〈x0, x1〉 ζ〈x1, x1〉

ζ c0
ζ c1

 =

ζ〈x0, sin(3x)〉
ζ〈x1, sin(3x)〉

 (3-13)

with ζ = 1, 2, 3. Solving the integrals in (3-13)

ζ〈xi, xj〉 =

ζ xν2∫
ζ xν1

xi xj dx =
1

i + j + 1

((
ζ xν2

)i+j+1
−
(

ζ xν1

)i+j+1
)

and

ζ〈xi, sin(3x)〉 =

ζ xν2∫
ζ xν1

xi sin(3x) dx ,

for i, j = 0, 1 results in the following three normal equation systems 2/3 −4/9

−4/9 26/81

1c0
1c1

 =

−0.510 098 267 489 528

0.312 214 313 213 494

 ,

 2/3 0

0 2/81

2c0
2c1

 =

 0.000 000 000 000 000

0.066 926 373 097 724

 ,

 2/3 4/9

4/9 26/81

3c0
3c1

 =

 0.510 098 267 489 528

0.312 214 313 213 494

 ,

(3-14)

which can be solved individually. The solution of these equation systems yields

the unknown parameters of a straight line for each element1c0
1c1

 =

−1.517 129 759 281 461

−1.127 973 537 070 754

 ,

2c0
2c1

 =

 0.000 000 000 000 000

2.710 518 110 457 811

 ,

3c0
3c1

 =

 1.517 129 759 281 465

−1.127 973 537 070 758

 .

(3-15)

All computations have been done with Programme 3-2.
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Programme 3-2: Code for
elementwise non continuous
polynomial approximation in
the monomial basis.

1 %Approximation of f(x) on [-1, 1]

2 a=-1; b=1;

3

4 %polynomial degree for each element

5 p=1;

6

7 %number of elements

8 num_elements =3;

9

10 %Position of the equispaced nodes

11 nodes=linspace(a,b,num_elements +1);

12

13 %Preallocate matrices

14 N=zeros(p+1); n=zeros(p+1,1); c=zeros(p+1, num_elements);

15

16 for zeta =1: num_elements

17 for i=0:p

18 for j=0:p

19 N(i+1,j+1) =1/(i+j+1)*(nodes(zeta +1)^(i+j+1)-nodes(

zeta)^(i+j+1));

20 end

21 n(i+1)=integral(@(x) sin(3*x).*x.^i,nodes(zeta),nodes(

zeta +1));

22 end

23 c(:,zeta)=N\n;

24 end

The solution of the elementwise approximation of (3-2) and the resulting re-

sidual function are depicted in Figure 3-11.

Figure 3-11: Given function
(3-2) in blue and it’s element-
wise linear approximation in
red (left). Residual function
v(x) = sin(3x)− ∑3

ζ=1
ζ P1(x)

(right).
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Figure 3-11 clearly reveals that the resulting approximation is not continuous,

which is the major drawback of this approach. In case continuity is not re-

quired, one can achieve suitable approximations for even complex functions.At least better approximations as
depicted in Figure 3-4 (left) or

Figure 3-7 (left).
The question might arise, how many elements are needed to approximate (3-2)

within machine precision? Therefore, the number of elements was increased

up to N = 20 000 and we determined the maximum absolute deviation between

(3-2) and each elementwise approximation. Furthermore, each element was ap-

proximated by a polynomial of 1st, 2nd and 3rd degree. The result is depicted

in Figure 3-12.
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Figure 3-12: Logarithmic plot

of max | sin(3x)−∑N
ζ=1

ζ Pp(x)|
for an elementwise linear
(blue), quadratic (red) and
cubic (yellow) polynomial ap-
proximation of function (3-2).

For the presented elementwise approximation computed by Programme 3-2

and based on the results depicted in Figure 3-12, the following conclusions

can be made:

� It is not possible to approximate (3-2) within machine precision.

� In comparison to a linear polynomial approximation (blue curve), using

quadratic (red) or cubic (yellow) polynomials will dramatically reduce

the number of elements, while max |v(x)| is nearly equal. A best approx-

imation of (3-2) can be achieved while using roughly 8000 elements for

a linear, 350 for a quadratic and 50 for a cubic approximation. But this Which is even worse than the
solution using a polynomial of
15th degree from Figure 3-2 (left).

also implies that ≈ 16 000 (linear) resp. ≈ 1050 (quadratic) or ≈ 200
(cubic) parameters are needed in order to approximate (3-2) only within

≈ 10−7.

� A further increase of elements will always lead to a worse approxim-

ation than the presented one. For an elementwise quadratic or cubic

polynomial approximation this is even much worse.

Although the resulting normal matrix ζN of an elementwise linear, quadratic

and cubic polynomial approximation is well conditioned for a small amount

of elements, it will dramatically change with increasing N. To gain a better

understanding of this issue, we will have a closer look at the angles between

the basis vectors and their length ratios for each element. In addition, we also

consider their change, while increasing the number of elements.
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Figure 3-13: Angle ζ α0,1 in
[gon] between the two basis
vectors ζ φ0(x) = 1 and
ζ φ1(x) = x (left) and length
ratio ‖ζ φ0‖2/‖ζ φ1‖2 (right) for
5 elements in blue, 10 in red
and 25 in yellow.

Figure 3-13 (left) shows the angle ζ α0,1 between the two basis vectors ζ φ0(x) = 1
and ζ φ1(x) = x, depending on the location of the element, reaching from

0− 200 gon. In case we want to approximate a function within the first element,

starting at x = −1, the angle between both basis vectors is nearly 200 gon,

no matter if we have 5, 10 or 25 elements. This means that both vectors

are showing nearly in an opposite direction. For elements close to x = 1
it is the other way round, both basis vectors will nearly show in the same
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direction, while the angle between them is nearly 0 gon. Only for an element

with a symmetric interval around x = 0 the angle ζ α0,1 between the two basis

vectors will be exactly 100 gon. In this case, both basis vectors are orthogonal.

However, Figure 3-13 (left) reveals that the length ratio ‖ζ φ0‖2/‖ζ φ1‖2 for this

element in the middle is ≈ 9 : 1, while using 5 elements. This means that
ζ φ0(x) = 1 is roughly nine times longer than ζ φ1(x) = x. While using 25
elements (yellow curve) it is even worse. These effects of a changing angle or

length ratio between basis functions for an element will be amplified, while

using more elements and/or higher polynomial degree.

To illustrate this issue, we determined the 2-norm condition number κ(1N)

always for the normal matrix of the first element for each approximation for

up to N = 1000 elements. This was done for an elementwise linear, quadratic

and cubic approximation and is depicted in Figure 3-14.

Figure 3-14: Logarithmic plot
of 2-norm condition number
κ(1N) for an elementwise lin-
ear (blue), quadratic (red)
and cubic (yellow) polynomial
approximation of function
(3-2) for N elements.
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Figure 3-14 clearly shows, that κ(1N) increases very fast and highly depends

on the number of elements and polynomial degree. The normal matrices of

a cubic polynomial approximation with only 100 elements are nearly singular.

Using quadratic polynomials with roughly 800 elements will also yield nearly

singular normal matrices. This problem is not as serious for an elementwise

linear approximation, but the normal matrices are still far from being numer-

ically well-conditioned.

Although the approximation is non-continuous and is usually not used in en-Just for the sake of completeness.

gineering science and other fields, we will also present the best approximation

for the functions (3-6) and (3-8). Based on previous considerations, we will

use quadratic polynomials, as a compromise between a good approximation

and not too many elements.

Figure 3-15: A best ap-
proximation of function
(3-6) with 470 elements us-
ing quadratic polynomials
(left). Residual function
v(x) = sin(30x2)−∑470

ζ=1
ζ P2(x)

(right).
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Figure 3-15 (left) depicts the best non-continuous approximation of (3-6) with

470 elements using quadratic polynomials, which is quite similar to the original

function (3-6) depicted in Figure 3-4 (left) in blue. The largest deviation

between both functions is in the range of 2 · 10−4 and is much smaller than
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an approximation with one single polynomial of high degree, as depicted in

Figure 3-4 (right). It is also possible to achieve a similarly good approximation

of function (3-8) as can bee seen in Figure 3-16.
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Figure 3-16: An approxim-
ation of function (3-6) with
1000 elements using quad-
ratic polynomials (left).
Residual function v(x) =
exp(−1000x2) − ∑1000

ζ=1
ζ P2(x)

(right).

For the presented approximation in Figure 3-16 (left) we have limited ourselves The computational effort to
determine an optimal number of
elements and polynomial degree
for the best possible
approximation is enormos,
especially in contrast to the
resulting residual function, which
will only be smaller by a factor of
10− 100.

to 1000 elements using quadratic polynomials. The difference between the

original function (3-8) and the chosen approximation is smaller than 10−5, but

only around the peak within the interval x ∈ [−0.1, 0.1]. Outside the peak,

the residual function is zero within machine precision. In a direct comparison

to the approximation P172(x) depicted in Figure 3-7 (left) we can see a big

improvement. While introducing more elements the residual function can be

further reduced, but only to a certain extent. With this approach it is possible

to obtain non continuous approximations, that can preserve at least the shape

of even complex functions. But usually a large number of elements are needed.

3.1.2 Elementwise continuous approximation

As already mentioned in the previous section, the presented approximation is

not continuous. An approximation with N elements will have N − 1 discon-

tinuities located at the inner nodes. Thus, we will focus on the question of

how to remove these discontinuities at the inner nodes in order to obtain an

elementwise approximation which is continuous. While we still use monomials

as basis functions, we can enforce continuity by introducing a constraint at

each inner node, namely −1 −0.5 0 0.5 1

−1

0

1

ζ P1(ζ xν2 ) = ζ+1P1(ζ+1xν1 ). (3-16)

Based on the previous example of approximating (3-2) using 3 elements, we

have to introduce the following two constraints

1c0 + 1c1
1xν2 −

(2c0 + 2c1
2xν1

)
= 0 ,

2c0 + 2c1
2xν2 −

(3c0 + 3c1
3xν1

)
= 0 .

(3-17)

Each constraint depends always on the unknown parameters of two success-

ive elements. These constraints induce a dependency between the unknown

parameters of the elements and the three normal equation systems (3-14) can

not be solved individually any more. In order to solve this issue we combine

the three normal equation systems of the non continuous approach to a single

one as follows 
1N 0 0

0 2N 0

0 0 3N




1x
2x
3x

 =


1n
2n
3n

 , (3-18)
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or in a shorter notation

N x = n , (3-19)

and rewrite the constraints (3-17) in matrix notation

C x = 0 (3-20)

with

C =

1 1xν2 −1 −2xν1 0 0

0 0 1 2xν2 −1 −3xν1

 . (3-21)

Now with (3-19) and (3-20) we obtain an equation system with constraints

between the unknown parameters. As shown in Section 2.4 a solution of such

a problem can be obtained by solving the following extended normal equation

system N CT

C 0

x

λ

 =

n

0

 , (3-22)

which reads in this case

2/3 −4/9 0 0 0 0 1 0

−4/9 26/81 0 0 0 0 −1/3 0

0 0 2/3 0 0 0 −1 1

0 0 0 2/81 0 0 1/3 1/3

0 0 0 0 2/3 4/9 0 −1

0 0 0 0 4/9 26/81 0 −1/3

1 −1/3 −1 1/3 0 0 0 0

0 0 1 1/3 −1 −1/3 0 0





1c0
1c1
2c0
2c1
3c0
3c1

λ1

λ2


=



−0.510 098 267 489 528

0.312 214 313 213 494

0.000 000 000 000 000

0.066 926 373 097 724

0.510 098 267 489 528

0.312 214 313 213 494

0.000 000 000 000 000

0.000 000 000 000 000


.

(3-23)

The solution of the extended normal equation (3-23) system yields the un-

known parameters of a straight line for each element

1c0
1c1
2c0
2c1
3c0
3c1


=



−1.350 786 978 874 439

−0.914 104 247 976 010

0.000 000 000 000 000

3.138 256 688 647 309

1.350 786 978 874 442

−0.914 104 247 976 016


. (3-24)

These results have been obtained with the code listed in Programme 3-3.
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1 %Approximation of f(x) on [-1, 1]

2 a=-1; b=1;

3

4 %polynomial degree for each element

5 p=1;

6

7 %number of elements

8 num_elements =3;

9

10 %Position of the equispaced nodes

11 nodes=linspace(a,b,num_elements +1);

12

13 %Preallocate matrices

14 N=zeros((p+1)*num_elements); n=zeros((p+1)*num_elements ,1);

15 C=zeros(num_elements -1,(p+1)*num_elements);

16

17 %Normal matrix and right hand side

18 for zeta =1: num_elements

19 index=(p+1)*zeta -p;

20 for i=0:p

21 for j=0:p

22 N(index+i,index+j)=1/(i+j+1)*(nodes(zeta +1)^(i+j+1)

-...

23 nodes(zeta)^(i+j+1));

24 end

25 n(index+i)=integral(@(x) sin(3*x).*x.^i,nodes(zeta),

nodes(zeta +1));

26 end

27 end

28

29 %Matrix for the conditions

30 for zeta =2: length(nodes)-1

31 index=(p+1)*(zeta -1)-p;

32 C(zeta -1,index:index +2*(p+1) -1)=...

33 [nodes(zeta).^(0:p) -nodes(zeta).^(0:p)];

34 end

35

36 %Extended normal equation system

37 N_ext=[N C’;C zeros(num_elements -1)]; n_ext =[n; zeros(

num_elements -1,1)];

38 c=N_ext\n_ext;

39

40 %Deleting the Lagrangian multipliers

41 c(end -num_elements +2:end)=[];

Programme 3-3: Code for
an elementwise continuous
polynomial approximation in
the monomial basis.

Function (3-2), the resulting approximation and the residual function are de-

picted in Figure 3-17 and it can clearly be seen that the approximation is

continuous. The straight lines (red) of the elements are connected at the in-

ner nodes 2xν1 = −1/3 and 3xν1 = 1/3 and therefore the residual function in

(3-17) (right) is continuous.
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Figure 3-17: Given func-
tion (3-2) in blue and it’s
continuous approximation
with 3 elements using lin-
ear polynomials in red
(left). Residual function
v(x) = sin(3x)− ∑3

ζ=1
ζ P1(x)

(right).
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Now we can obtain an elementwise continuous approximations of any real-

valued function f (x), but one might wonder what happens if we will increase

the number of elements and polynomial degree. Is it possible to achieve more

accurate approximations than using the non-continuous approximation from

the previous section, or will it be even worse? In the continuous case we have

to solve one large equation system, while in the non-continuous case we have

to solve many small equation systems. In both cases, the normal matrix is

badly conditioned for a larger amount of elements or higher polynomial de-

gree. Based on Figure 3-12 we determine the non-continuous and continuous

approximations of function (3-2) with 350 elements using quadratic polynomi-

als. The resulting residual functions of the two approximations are depicted

in Figure 3-18.

Figure 3-18: Residual function

v(x) = sin(3x)−∑350
ζ=1

ζ P2(x) of
a non-continuous (right) and
continuous (left) approxima-
tion.
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The residual functions of the non-continuous and continuous approximationSince the normal equation system
is ill-conditioned, an exact

symmetrical distribution of the
residual function is usually not

resulting.

of (3-2) are very similar and do not differ significantly. Also if we choose a

different number of elements and/or polynomial degree even for some other

functions, we always obtain very similar results. In most cases the continuous

approximation yields slightly smaller values for the residual function, with the

only advantage that the resulting approximation is continuous. However, the

following figure reveals a small drawback so far.

Figure 3-19: An approxim-
ation of function (3-2) with
3 elements using quadratic
polynomials.
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The approximation of function (3-2) with 3 elements using quadratic polyno-

mials in Figure 3-19 is continuous but reveals a kink (yellow circle) at the

inner nodes x2 = −1/3 and x3 = 1/3. The approximation is continuous but A function f (x) is said to be Cn

continuous if its first n derivatives
dn f (x)

dxn are continuous.
only piecewise smooth. To remove these kinks, we can enforce continuity in

the first and second derivative by introducing the following two additional

constraints for each inner node

ζ P′1(ζ xν2 ) = ζ+1P′1(ζ+1xν1 ),
ζ P′′1 (ζ xν2 ) = ζ+1P′′1 (ζ+1xν1 ),

(3-25)

which implies that the second derivative ζ+1P′′1 must be at least a constant.

Therefore, we will now focus on cubic polynomials and approximate (3-2) with Such an approximation is known
as a cubic spline, with the only
difference that we use monomials
as basis functions. The approach
shown was also presented by
(Ezhov et al. 2018).

3 elements. In this case each normal matrix ζN in (3-18) is larger and refers

to 4 unknown parameters. For the constraints (3-17) and (3-25) we obtain

three matrices enforcing continuity in the functional value

C1 =

1 1xν2
1x2

ν2
1x3

ν2
−1 −2xν1 −2x2

ν1
−2x3

ν1
0 0 0 0

0 0 0 0 1 2xν2
2x2

ν2
2x3

ν2
−1 −3xν1 −3x2

ν1
−3x3

ν1

 ,

(3-26)

in the first derivative

C2 =

0 1 2 1xν2 3 1x2
ν2

0 −1 −2 2xν1 −3 2x2
ν1

0 0 0 0

0 0 0 0 0 1 2 2xν2 3 2x2
ν2

0 −1 −2 3xν1 −3 3x2
ν1

 (3-27)

and in the second derivative

C3 =

0 0 2 6 1xν2 0 0 −2 −6 2xν1 0 0 0 0

0 0 0 0 0 0 2 6 2xν2 0 0 −2 −6 3xν1

 . (3-28)

These three matrices can be combined to

C =


C1

C2

C3

 (3-29)

and will be inserted in (3-22). Extending the code in Programme 3-3 by a We say an approximation is
smooth, if it is C2 continuous.couple of lines for C2 and C3, we obtain the following smooth approximation

without any kinks at the inner nodes.
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Figure 3-20: Given func-
tion (3-2) in blue and it’s
smooth approximation
with 3 elements using cu-
bic polynomials in red
(left). Residual function
v(x) = sin(3x)− ∑3

ζ=1
ζ P3(x)

(right).

Figure 3-20 (left) shows a very smooth and already quite good approximation

of (3-2) while using only 3 elements. The smoothness is also visible in the
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residual function in Figure 3-20 (right) as no kinks are noticeable. While the

computational effort to find the best approximation of (3-2) is huge we only

present a near best fit in Figure 3-21. Based on numerical investigations it is

very likely that the difference to the best approximation is small.

Figure 3-21: A near best
smooth approximation
of (3-2) with 80 elements
using cubic polynomials
(left). Residual function
v(x) = sin(3x)− ∑80

ζ=1
ζ P3(x)

(right).
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Figure 3-21 (right) shows, that the residual function for the near best smooth

approximation of (3-2) is in a range of ≈ 5 · 10−8 and is, in that case, not

really better or worse than an approximation without the constraints (3-25).

The same applies for the near best smooth approximation of function (3-6),

which is depicted in Figure 3-22.

Figure 3-22: A near best
smooth approximation of
(3-6) with 100 elements
using cubic polynomials
(left). Residual function
v(x) = sin(30x2)−∑100

ζ=1
ζ P3(x)

(right).
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The residual function in Figure 3-22 (right) is a bit worse than the one of

a non-continuous approximation in Figure 3-15. The main benefit of such

approximations is, that they are continuous in the 1st and 2nd derivative, so

they are smooth. But this benefit has also a downside while dealing with

monomials as basis functions. The constraints (3-25) are having a big impact

on the solution of the unknown parameters and while we deal with an ill-

posed problem, a small change in the parameters of one element can have a

huge impact on the unknown parameters of neighboured elements. Such a

numerical effect on the solution of the unknown parameters can be seen in

Figure 3-23.

Figure 3-23: A smooth ap-
proximation of (3-6) with 300
elements using cubic polyno-
mials (left). Residual function
v(x) = sin(30x2)−∑300

ζ=1
ζ P3(x)

(right).
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Figure 3-23 (left) shows some strange oscillations around x = 0.7, which are

caused by the solution of the ill-conditioned normal matrix. This effect should

not be confused with Runge’s phenomenon.

For sake of completeness, we also present a near best smooth approximation

of function (3-8), which is depicted in Figure 3-24.
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Figure 3-24: A near best
smooth approximation of
(3-8) with 300 elements us-
ing cubic polynomials (left).
Residual function v(x) =
exp(−1000x2) − ∑300

ζ=1
ζ P3(x)

(right).

While the residual function of the elementwise non-continuous approximation

in Figure 3-16 is zero within machine precision off site the peak, the smooth

approximation also shows large deviations in these areas as illustrated in Fig- Like a butterfly effect - a small
error in one element, can disturbe
the whole approximation.

ure 3-24 (right). Once again, these deviations are caused by the constraints

and the ill-conditioned normal matrix.

At the end of this section we can conclude that polynomial approximation

in the monomial basis is still an ill-conditioned problem. Significant improve-

ments have been achieved, while we divided the whole domain into elements

and introduced constraints in order to obtain smooth approximations. So far

we only focused on equispaced elements, probably the easiest case. For sure it

can be further improved, like implementing strategies to identify the optimal

number of elements and especially where the nodes must be located, etc. But

in the end, it is still an ill-conditioned problem. We are familiar with the

monomials basis and it is easy for us to handle it, but nevertheless it should

never be used for numerical work. Only for didactic reasons or maybe in case

that a low polynomial degree is needed.

3.2 elementwise approximation in an alternative basis

An elementwise continuous polynomial approximation can also be obtained

without the necessity of introducing constraints at the inner nodes. The basic

idea shall be exemplified on an elementwise linear approximation, as depicted

in Figure 3-25.

x

y

ζxν1

ζyν1

ζxν2

ζyν2

ζc0 + ζc1x

Figure 3-25: Illustration
of an element for a linear
approximation.

Figure 3-25 illustrates one single element of an elementwise polynomial ap-

proximation, while the elements must be connected at the inner nodes. The
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previous and successive elements are only indicated by a black dashed line.

The straight line of the depicted element is uniquely described by the two

parameters ζ c0 and ζ c1. In the previous sections, these parameters were es-

timated for each element under the constraint, that the elements must be

connected at the inner nodes. However, the same straight line is also uniquely

described by the two nodes (blue dots) and while we set ζ xν1 and ζ xν2 only

the y−coordinates ζ yν1 and ζ yν2 of the two nodes are unknown. The basic

idea is now to substitute the two unknown parameters ζ c0 and ζ c1 by the

two y−coordinates ζ yν1 and ζ yν2 . Hence, we have the following two equivalent

representations of the same polynomial

ζ P1(x) =
1

∑
j=0

ζ cj φj(x) =
1

∑
j=0

ζ dj ψj(x) , (3-30)

with the monomial basis φj(x) = xj and the new unknown parameters ζ dj,

containing the y−coordinates ζ yν1 and ζ yν2 . Now the question arises, how to

determine the two new basis functions ψj(x)? First of all we rewrite (3-30) in

matrix notation [
φ0 φ1

] ζ c0
ζ c1

 =
[
ψ0 ψ1

] ζ d0
ζ d1

 . (3-31)

Furthermore, we know the following two equations based on Figure 3-25

ζ c0 + ζ c1
ζ xν1 = ζ yν1 ,

ζ c0 + ζ c1
ζ xν2 = ζ yν2 . (3-32)

Substituting the y−coordinates ζ yν1 and ζ yν2 in (3-32) with the new unknown

parameters ζ dj yields

ζ c0 + ζ c1
ζ xν1 = ζ d0 ,

ζ c0 + ζ c1
ζ xν2 = ζ d1 , (3-33)

which can be written in matrix notation1 ζ xν1

1 ζ xν2

ζ c0
ζ c1

 =

ζ d0
ζ d1

 . (3-34)

Solving (3-34) for the unknown coefficients ζ c0 and ζ c1 readsζ c0
ζ c1

 =
1

ζ xν2 − ζ xν1

 ζ xν2 −ζ xν1

−1 1

ζ d0
ζ d1

 . (3-35)

Inserting (3-35) into the left hand side of (3-31) results in

1
ζ xν2 − ζ xν1

[
φ0 φ1

]  ζ xν2 −ζ xν1

−1 1

ζ d0
ζ d1

 =
[
ψ0 ψ1

] ζ d0
ζ d1

 ,

1
ζ xν2 − ζ xν1

[
φ0

ζ xν2 − φ1 φ1 − φ0
ζ xν1

] ζ d0
ζ d1

 =
[
ψ0 ψ1

] ζ d0
ζ d1

 . (3-36)

Equating the coefficients in (3-36) yields the two new basis functions

ψ0(x) =
φ0

ζ xν2 − φ1
ζ xν2 − ζ xν1

and ψ1(x) =
φ1 − φ0

ζ xν1

ζ xν2 − ζ xν1

. (3-37)
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Inserting the monomial basis φj(x) = xj in (3-37) yields In FEM these basis functions are
known as the hat functions.

ψ0(x) =
ζ xν2 − x

ζ xν2 − ζ xν1

and ψ1(x) =
x− ζ xν1

ζ xν2 − ζ xν1

. (3-38)

Introducing a new variable

x̃ =
x− ζ xν1

ζ xν2 − ζ xν1

, (3-39)

with x̃ ∈ [0, 1] for all elements, the two basis functions (3-38) are These basis functions are equal to
the Bernstein polynomials B0,1
and B1,1, see e.g. (Piegl and
Tiller 1997, p. 16).

ψ̃0(x̃) = 1− x̃ and ψ̃1(x̃) = x̃ , (3-40)

and are depicted in Figure 3-26.

0 0.2 0.4 0.6 0.8 1
0

1

x̃

ψ̃0(x̃)
ψ̃1(x̃)

Figure 3-26: Alternative basis
functions for a straight line,
while the two y−coordinates
ζ yν1 and ζ yν2 of the nodes are
unknown parameters.

The basis functions (3-40) are referring to a generalised element and therefore,

are always equal for all elements. The angle between ψ̃0(x̃) and ψ̃1(x̃) is

α0,1 = 66.67 gon and both are of equal length. In contrast to monomials,

the angle between these basis functions and their length do not depend on

the position of the element, but are always equal. These facts are of great

advantage from a numerical point of view, as we shall see in the following

example.

To illustrate an elementwise linear approximation in the derived alternative

basis (3-40), we approximate function (3-2) by dividing the whole domain into

N = 3 equispaced elements. Based on the definition of nodes and elements

in Table 3-2 and the two alternative basis functions of a straight line we can

set-up the normal equation system for each elementζ〈ψ0, ψ0〉 ζ〈ψ1, ψ0〉
ζ〈ψ0, ψ1〉 ζ〈ψ1, ψ1〉

ζ d0
ζ d1

 =

ζ〈ψ0, sin(3x)〉
ζ〈ψ1, sin(3x)〉

 , (3-41)

with ζ = 1, 2, 3. Using the definition of the basis function in (3-38), the integ-

rals in the normal matrix are expressed by

ζ〈ψi, ψj〉 =

ζ xν2∫
ζ xν1

ψi(x), ψj(x) dx (3-42)

with i, j = 0, 1. But it is more feasible to solve the integral for the general-

ised coordinate x̃, which is always within the interval [0, 1] for all elements.

Inserting (3-40) and adopting the limits of the integrals yields

ζ〈ψi, ψj〉 =

1∫
0

ψ̃i(x̃)ψ̃j(x̃) dx for i, j = 0, 1 . (3-43)
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In order to change dx we take the derivative of the generalised coordinate

(3-39)
dx̃
dx

=
d

dx

( x− ζ xν1

ζ xν2 − ζ xν1

)
=

1
ζ xν2 − ζ xν1

(3-44)

and after rearranging we obtain

dx = (ζ xν2 − ζ xν1 ) dx̃ . (3-45)

Inserting (3-45) with ζ J = ζ xν2 − ζ xν1 into (3-43) yields

ζ〈ψi, ψj〉 = ζ J
1∫

0

ψ̃i(x̃)ψ̃j(x̃) dx̃ for i, j = 0, 1 . (3-46)

Solving the integrals in the generalised coordinate is of great advantage, while

the integrals simplify to

ζ〈ψi, ψj〉 = ζ J〈ψ̃i, ψ̃j〉 for i, j = 0, 1. (3-47)

The integrals

〈ψ̃i, ψ̃j〉 =

1∫
0

ψ̃i(x̃)ψ̃j(x̃) dx̃ for i, j = 0, 1 (3-48)

are referring to a generalised element and therefore, they only needs to be

solved once. The integrals for the normal matrix only have to be scaled by

the factor ζ J
ζN = ζ J Nelement (3-49)

with

Nelement =

1/3 1/6

1/6 1/3

 , (3-50)

which saves a lot of computational time. In case of equispaced elements, ζ J is

also constant for all elements. The integrals for the right hand side will also

be solved for the generalised coordinate x̃ and yields

ζ〈ψi, sin(3x)〉 = ζ J
1∫

0

ψ̃i(x̃) sin(3x) dx̃ for i = 0, 1 . (3-51)

Rearranging (3-39) as

x = (ζ xν2 − ζ xν1 ) x̃ + ζ xν1 = ζ J x̃ + ζ xν1 (3-52)

and inserting into (3-51) results in

ζ〈ψi, sin(3x)〉 = ζ J
1∫

0

ψ̃i(x̃) sin
(
3(ζ J x̃ + ζ xν1 )

)
dx̃ (3-53)

for i = 0, 1. The linear approximation of (3-41) using 3 elements yields the

three normal equation systems2/9 1/9

1/9 2/9

1yν1

1yν2

 =

−0.213 272 336 075 477

−0.296 825 931 414 051

 ,

2/9 1/9

1/9 2/9

2yν1

2yν2

 =

−0.100 389 559 646 586

0.100 389 559 646 586

 ,

2/9 1/9

1/9 2/9

3yν1

3yν2

 =

 0.296 825 931 414 052

0.213 272 336 075 477

 .

(3-54)
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Based on Table 3-2, two elements share the same node, namely

1xν2 =
2xν1 = x2 (3-55)

and
2xν2 =

3xν1 = x3 . (3-56)

Substituting ζ yν1 and ζ yν2 in (3-54) by the unique identifier for the nodes, the

normal equation system can be written as2/9 1/9

1/9 2/9

y1

y2

 =

−0.213 272 336 075 477

−0.296 825 931 414 051

 ,

2/9 1/9

1/9 2/9

y2

y3

 =

−0.100 389 559 646 586

0.100 389 559 646 586

 ,

2/9 1/9

1/9 2/9

y3

y4

 =

 0.296 825 931 414 052

0.213 272 336 075 477

 .

(3-57)

While two elements share the same nodes, the three normal equation systems

can not be solved individually. To solve for the unknowns parameters, the

normal equation systems needs to be combined as follows

+

+

+

+

y1
y2
y3
y4

= (3-58)

and will read
2/9 1/9 0 0
1/9 4/9 1/9 0

0 1/9 4/9 1/9

0 0 1/9 2/9




y1

y2

y3

y4

 =


−0.213 272 336 075 477

−0.397 215 491 060 637

0.397 215 491 060 637

0.213 272 336 075 477

 . (3-59)

Solving (3-59) yields the unknown parameters
y1

y2

y3

y4

 =


−0.436 682 730 898 429

−1.046 085 562 882 435

1.046 085 562 882 435

0.436 682 730 898 429

 . (3-60)

The resulting elementwise continuous linear approximation of (3-2) is depicted

in Figure 3-27 and is equivalent to the approximation in the monomial basis

depicted in Figure 3-17.

−1 −0.5 0 0.5 1

−1

0

1

x
−1 −0.5 0 0.5 1

−0.2

0

0.2

x

Figure 3-27: Given function
(3-2) in blue and it’s continu-
ous approximation with 3
elements using the derived al-
ternative linear polynomials in
red (left). Residual function
v(x) = sin(3x)− ∑3

ζ=1
ζ P1(x)

(right).
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In order to prove that the result is really equal to the one in the monomial

basis (3-24), we insert the result from (3-60) into (3-35) and determine the

parameters ζ c0 and ζ c1 for all three lines from the y−coordinates of nodes.

The derived coefficients and the coefficients from (3-24) are listed in Table

3-3.

Table 3-3: Comparison of de-
rived coefficients based on the
solution for the y−coordinates
of the nodes in (3-60) and the
solution from an elementwise
continuous approximation in
the monomial basis in (3-24).
Deviations are due to round-
ing errors.

Derived from (3-60) Monomial basis

1c0 −1.350 786 978 874 438 −1.350 786 978 874 439
1c1 −0.914 104 247 976 009 −0.914 104 247 976 010
2c0 0.000 000 000 000 000 0.000 000 000 000 000
2c1 3.138 256 688 647 305 3.138 256 688 647 309
3c0 1.350 786 978 874 438 1.350 786 978 874 442
3c1 −0.914 104 247 976 009 −0.914 104 247 976 016

Table 3-3 shows, that the elementwise approximation in the alternative

basis (3-40) is equivalent to an elementwise continuous approximation in the

monomial basis, while we introduce constraints at inner nodes, as described

in Section 3.1.2.

The presented linear approximation in the alternative basis (3-40) has been

performed with the Matlab code in Programme 3-4.

Programme 3-4: Code for
an elementwise continuous
polynomial approximation in
the derived alternative basis
(3-40).

1 %Approximation of L(x) on [-1, 1]

2 a=-1; b=1;

3

4 %number of elements

5 elements =3;

6

7 %Position of the equispaced nodes

8 nodes=linspace(a,b,elements +1);

9

10 %Initilisation of the matrices

11 N=zeros(elements +1); n=zeros(elements +1,1);

12

13 %Normal matrix for a generalised element

14 N_element =[1/3 1/6;1/6 1/3];

15

16 for zeta =1: elements

17 J=nodes(zeta +1)-nodes(zeta);

18 N(zeta:zeta+1,zeta:zeta +1)=N(zeta:zeta+1,zeta:zeta +1)+J

*N_element;

19 n(zeta)=n(zeta)+J*integral(@(x) sin (3*(J*x+nodes(zeta))

).*(1-x) ,0,1);

20 n(zeta +1)=n(zeta +1)+J*integral(@(x) sin (3*(J*x+nodes(

zeta))).*x,0,1);

21 end

22 c=N\n;

In direct comparison to the code for an equivalent approximation in the

monomial basis in Programme 3-3, the one in the alternative basis is shorter

and also faster. Furthermore, an approximation in the alternative basis is nu-

merically more stable and also applicable for a large amount of elements. For
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the monomial basis, the condition number of the normal matrix increases rap-

idly with increasing number of elements, in contrast to the derived alternative

basis, as illustrated in Figure 3-28.

0 20 40 60 80 100

101

104

107

N

Figure 3-28: Logarithmic plot
of the condition number of
the normal matrix of an ele-
mentwise continuous linear ap-
proximation in the monomial
basis (blue) and in the altern-
ative basis (red) for increasing
number of elements N.

Figure 3-28 depicts the condition number of the normal matrix for the

monomial (blue) and alternative basis (red) with increasing number of ele-

ments N. The difference between both is huge. While the condition number

of the normal matrix for the monomial basis grows rapidly towards 107 with

increasing number of elements, the one for the normal matrix in the derived

alternative basis tends towards 4. Another difference between both sets of

basis vectors is the size of the normal equation system in dependence to the

number of elements N. While the normal matrix in the alternative basis is

only of size N + 1, the normal matrix in the monomial basis is already of size

3N − 1. For the presented approximation of functions in one dimension this

difference is not huge, but this changes for approximations of functions in two

or more dimensions.

3.2.1 The generalised 1D element

In the previous section we derived an alternative basis for a linear approxim-

ation. While introducing x̃ we transformed each element onto a generalised

element, which allows an easy and fast way to set-up the normal matrix. The

derived basis functions are always equal and are not depending on the ele-

ments any more. To define basis functions of a more complex approximation,

than for the presented one in Section 3.2, it is sometimes of great advantage to

distinguish between the transformation of the element and the transformation

of the coefficients between different basis functions. This allows to determine

the new basis function directly for the generalised element, which is usually

very simple. Therefore, we will introduce two different transformations:

1. Transformation of the elements.

2. Transformation of the coefficients.

The application of these two transformations will be illustrated on the de-

rivation of an alternative basis for a cubic elementwise approximation, as

illustrated in Figure 3-29.

ζyν1
ζy′ν1

ζyν2
ζy′ν2

ζP3(x) = ζc0 + ζc1x+ ζc2x2 + ζc3x3 Figure 3-29: Illustration
of an element for a cubic
approximation.
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Like in the previous section, we substitute the four unknown parameters ζ ci
by the two y−coordinates ζ yν1 and ζ yν2 of the nodes and the two derivatives

of the approximation at the nodes

dζ P3(x)

dx

∣∣∣∣
x=ζ xν1

= ζ y′ν1
,

dζ P3(x)

dx

∣∣∣∣
x=ζ xν2

= ζ y′ν2
. (3-61)

Thus, we have the following two equivalent representations of the same poly-

nomial

ζ P3(x) =
3

∑
j=0

ζ cj φj(x) =
3

∑
j=0

ζ dj ψj(x) , (3-62)

with the monomial basis φj(x) = xj and the new unknown parameters
ζ d0
ζ d1
ζ d2
ζ d3

 =


ζ yν1

ζ y′ν1

ζ yν1

ζ y′ν2

 . (3-63)

Choosing these parameters ensures an approximation, that is also continu-

ous in its first derivative. In the following we will present the derivation of

the new basis functions ψj(x) for an elementwise cubic approximation, while

introducing the aforementioned two transformations.

3.2.1.1 Transformation of a 1D element

Although this transformation is very simple and obvious for a 1D element, it

is a bit different for a 2D or 3D element. Therefore, we will address this issue

also for a 1D element in more detail. Consider the following transformation

of an arbitrary 1D element, depicted in Figure 3-30.

Figure 3-30: Transformation
of a 1D element.

xζxν1
ζxν2

x̃ζ x̃1 = 0 ζ x̃2 = 1

original element generalised element

The problem is to define a transformation that maps an element (blue) onto

the generalised element (red) and vice versa. In general, this can be done byWe parameterise x.

any functional relationship

x = f̃ (x̃) ,

x̃ = f (x) . (3-64)

For convenience and to ensure a unique transformation, we will focus on a

linear combination of some arbitrary basis functions

x =
p

∑
j=0

aζ
j ξ j(x̃) (3-65)

and choose monomials ξ j(x̃) = x̃j. While an element is defined by its two nodes
ζ xν1 and ζ xν2 , we define a linear combination of two basis functions in order
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to ensure a unique solution for the unknown parameters for each element aζ
j.

Finally, the linear transformation reads

x = ζ a0 + ζ a1 x̃ , (3-66)

with the two unknown parameters ζ a0 and ζ a1. To compute the unknown

parameters we set-up the following equation system based on the two nodes

of each element  xζ
ν1

xζ
ν2

 =

1 0

1 1

ζ a0
ζ a1

 , (3-67)

and obtain ζ a0
ζ a1

 =

 xζ
ν1

xζ
ν2 − xζ

ν1

 . (3-68)

The transformation reads

x = xζ
ν1 +

(
xζ

ν2 − xζ
ν1

)
x̃ , (3-69)

which is exactly the same as (3-39). The basic concept of the presented trans- The transformation is equivalent
to a parameterisation.formation is directly extendible for 2D or 3D elements, as shown in Section

4.4.

3.2.1.2 Transformation of the coefficients

The transformation of coefficients between different sets of basis functions has

already been briefly discussed. However, to easily solve the integrals of the

normal matrix for any kind of basis functions or to convert a set of coefficients

into a different basis or to convert different basis functions, it is necessary

to get a better understanding of this issue. Figure 3-31 illustrates the four

main transformations between different basis on the original and generalised

element.

xζxν1
ζxν2

x̃0 1

original element

generalised element

∑ ζcjφj(x)

∑ ζ c̃jφ̃j(x̃)

∑ ζdjψj(x)

∑ ζ d̃jψ̃j(x̃)

ζT

ζT2

ζT1
ζT3

complicated

easy

Figure 3-31: Transformation
of the coefficients between
different basis functions.

For the example of an elemetwise cubic approximation, the blue box in Figure

3-31 represents a polynomial on the original element

ζ P3(x) =
3

∑
j=0

ζ cjφj(x) =
3

∑
j=0

ζ djψj(x) (3-70)

and the red box represents the same polynomial on a generalised element

ζ P̃3(x̃) =
3

∑
j=0

ζ c̃jφ̃j(x̃) =
3

∑
j=0

ζ d̃jψ̃j(x̃) . (3-71)
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Both polynomials are describing exactly the same curve only on different in-

tervals, thus
ζ P3(x) = ζ P̃3(x̃) . (3-72)

The derivative of the polynomials in (3-72) reads

dζ P3(x)

dx
=

dζ P̃3(x̃)

dx
=

dζ P̃3(x̃)

dx̃
dx̃
dx

, (3-73)

with
dx̃
dx

=
1

xζ
ν2 − xζ

ν1

=
1
Jζ

. (3-74)

Based on these relationships we can determine the four different transforma-

tions illustrated in Figure 3-31.

1. Determination of the transformation matrix Tζ to convert cζ
j into dζ

j.

Based on Figure 3-29 and Equation (3-61) we know the following four

equations

cζ
0 + cζ

1 xζ
ν1 + cζ

2 xζ 2
ν1 + cζ

3 xζ 3
ν1 = yζ

ν1 ,

cζ
1 + 2 cζ

2 xζ
ν1 + 3 cζ

3 xζ 2
ν1 = yζ ′

ν1 ,

cζ
0 + cζ

1 xζ
ν2 + cζ

2 xζ 2
ν2 + cζ

3 xζ 3
ν2 = yζ

ν2 ,

cζ
1 + 2 cζ

2 xζ
ν2 + 3 cζ

3 xζ 2
ν2 = yζ ′

ν2 , (3-75)

which can be written in matrix notation as
1 xζ

ν1 xζ 2
ν1 xζ 3

ν1

0 1 2 xζ
ν1 3 xζ 2

ν1

1 xζ
ν2 xζ 2

ν2 xζ 3
ν2

0 1 2 xζ
ν2 3 xζ 2

ν2




cζ

0

cζ
1

cζ
2

cζ
3

 =


dζ

0

dζ
1

dζ
2

dζ
3

 , (3-76)

or,

Tζ cζ = dζ . (3-77)

2. Determination of the transformation matrix Tζ
1 to convert cζ

j into c̃ζ
j.

First of all, we need to find four equations in order to solve for Tζ
1. In

general, these can be any kind of relationship between both coefficients,

as long as they are linear independent. Due to simplicity, we chose

the same kind of equations as in (3-75). Based on the nodes of the

generalised element in Figure 3-29 and under consideration of (3-72) −
(3-74), we obtain

cζ
0 + cζ

1 xζ
ν1 + cζ

2 xζ 2
ν1 + cζ

3 xζ 3
ν1 = c̃ζ

0 ,

cζ
1 + 2 cζ

2 xζ
ν1 + 3 cζ

3 xζ 2
ν1 =

1
Jζ

(
c̃ζ

1

)
,

cζ
0 + cζ

1 xζ
ν2 + cζ

2 xζ 2
ν2 + cζ

3 xζ 3
ν2 = c̃ζ

0 + c̃ζ
1 + c̃ζ

2 + c̃ζ
3 ,

cζ
1 + 2 cζ

2 xζ
ν2 + 3 cζ

3 xζ 2
ν2 =

1
Jζ

(
c̃ζ

0 + c̃ζ
1 + c̃ζ

2 + c̃ζ
3

)
. (3-78)

Writing (3-78) in matrix notation yields
1 xζ

ν1 xζ 2
ν1 xζ 3

ν1

0 1 2 xζ
ν1 3 xζ 2

ν1

1 xζ
ν2 xζ 2

ν2 xζ 3
ν2

0 1 2 xζ
ν2 3 xζ 2

ν2




cζ

0

cζ
1

cζ
2

cζ
3

 =


1 0 0 0

0 1/ Jζ 0 0

1 1 1 1

0 1/ Jζ 2/ Jζ 3/ Jζ




c̃ζ

0

c̃ζ
1

c̃ζ
2

c̃ζ
3

 (3-79)



3.2 elementwise approximation in an alternative basis 61

and rearranging gives the transformation matrix

Tζ
1 =


1 0 0 0

0 1/ Jζ 0 0

1 1 1 1

0 1/ Jζ 2/ Jζ 3/ Jζ


−1 

1 xζ
ν1 xζ 2

ν1 xζ 3
ν1

0 1 2 xζ
ν1 3 xζ 2

ν1

1 xζ
ν2 xζ 2

ν2 xζ 3
ν2

0 1 2 xζ
ν2 3 xζ 2

ν2

 . (3-80)

Finally, the transformation matrix reads

Tζ
1 =


1 xζ

ν1 xζ 2
ν1 xζ 3

ν1

0 xζ
ν2 − xζ

ν1 2 xζ
ν1

(
xζ

ν2 − xζ
ν1

)
3 xζ 2

ν1

(
xζ

ν2 − xζ
ν1

)
0 0

(
xζ

ν2 − xζ
ν1

)2 3 xζ 3
ν1

(
xζ

ν2 − xζ
ν1

)2

0 0 0
(

xζ
ν2 − xζ

ν1

)3

 ,

(3-81)

which can be used to convert the coefficients

Tζ
1 cζ = c̃ζ . (3-82)

3. Determination of the transformation matrix Tζ
2 to convert c̃ζ

j into d̃ζ
j.

The transformation matrix Tζ
2 can be determined in exactly the same

way as Tζ , with the only difference that it refers to the generalised

element and therefore, only depends on x̃. Tζ
2 is completely independent

of x and hence we obtain the following four equations

c̃ζ
0 = ỹζ

ν1 ,

c̃ζ
1 = ỹζ ′

ν1 ,

c̃ζ
0 + c̃ζ

1 + c̃ζ
2 + c̃ζ

3 = ỹζ
ν2 ,

c̃ζ
1 + 2 c̃ζ

2 + 3 c̃ζ
3 = ỹζ ′

ν2 , (3-83)

which can be written in matrix notation as
1 0 0 0

0 1 0 0

1 1 1 1

0 1 2 3




c̃ζ

0

c̃ζ
1

c̃ζ
2

c̃ζ
3

 =


d̃ζ

0

d̃ζ
1

d̃ζ
2

d̃ζ
3

 , (3-84)

or,

Tζ
2 c̃ζ = d̃ζ . (3-85)

4. Determination of the transformation matrix Tζ
3 to convert d̃ζ

j into dζ
j.

The determination of the last transformation matrix is based on (3-72)

and (3-73). The following four relationships between d̃ζ
j and dζ

j can be

derived

ỹζ
ν1 = yζ

ν1 ,

1
Jζ

ỹζ ′
ν1 = yζ ′

ν1 ,

ỹζ
ν2 = yζ

ν2 ,

1
Jζ

ỹζ ′
ν2 = yζ ′

ν2 . (3-86)
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Writing (3-86) in matrix notation results in
1 0 0 0

0 1/ Jζ 0 0

0 0 1 0

0 0 0 1/ Jζ




d̃ζ

0

d̃ζ
1

d̃ζ
2

d̃ζ
3

 =


dζ

0

dζ
1

dζ
2

dζ
3

 , (3-87)

or equivalently

Tζ
3 d̃ζ = dζ . (3-88)

All four transformation matrices are regular and can be used to transform one

arbitrary set of coefficients into another one and vice versa. The transforma-

tion matrix Tζ can also be derived by

Tζ = Tζ
3 Tζ

2 Tζ
1 . (3-89)

Furthermore, these transformation matrices allows us to easily convert the

basis functions.

3.2.1.3 Transformation of the basis functions

To determine the new basis function ψj(x) we rewrite (3-70) in matrix notationThe basic methodology for the
transformation of the basis

functions can be found in e.g.
(Gander 2005).

ζ P3(x) = φ cζ = ψ dζ (3-90)

with the monomial basis

φ =
[
1 x x2 x3

]
. (3-91)

Solving (3-77) for cζ and inserting in (3-90) yields

φ Tζ −1 dζ = ψ dζ . (3-92)

Equating the coefficients of (3-92) yields the new basis

ψ = φ Tζ −1 , (3-93)

with

ψ0 =

(
x− xζ

ν2

)2(2x− 3 xζ
ν1 + xζ

ν2

)(
xζ

ν2 − xζ
ν1

)3 ,

ψ1 =

(
x− xζ

ν1

)(
x− xζ

ν2

)2(
xζ

ν2 − xζ
ν1

)2 ,

ψ2 = −
(
x− xζ

ν2

)2(2x + xζ
ν1 − 3 xζ

ν2

)(
xζ

ν2 − xζ
ν1

)3 ,

ψ3 =

(
x− xζ

ν1

)2(x− xζ
ν1

)(
xζ

ν2 − xζ
ν1

)2 . (3-94)

It is usually quite complicated to derive the new basis functions for the original

element, while we need to substitute the generalised coordinate (3-69) in (3-94)

and rearrange the equations in a suitable way. As already mentioned, it is
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easier to determine ψ̃j(x̃) directly on the generalised element. Therefore, we

write (3-71) in matrix notation

ζ P̃3(x̃) = φ̃ c̃ζ = ψ̃ d̃ζ (3-95)

with the generalised monomial basis

φ̃ =
[
1 x̃ x̃2 x̃3

]
. (3-96)

Solving (3-85) for c̃ζ and inserting in (3-95) yields

φ̃ Tζ −1
2 d̃ζ = ψ̃ d̃ζ . (3-97)

Equating the coefficients of (3-97) directly yields the new basis for the gener-

alised element

ψ̃ = φ̃ Tζ −1
2 , (3-98)

with

ψ̃0 = 2x̃3 − 3x̃2 + 1 ,

ψ̃1 = x̃3 − 2x̃2 + x̃ ,

ψ̃2 = −2x̃3 + 3x̃2 ,

ψ̃3 = x̃3 − x̃2 . (3-99)

The derived basis functions (3-99) are known as Hermite basis functions and

they are defining the basis of a cubic Hermite spline. The basis functions

(3-99) can be converted into (3-94) according to

ψ = ψ̃ Tζ −1
3 , (3-100)

The Hermite basis functions are depicted in Figure 3-32.

0 0.2 0.4 0.6 0.8 1

0

0.5

1

x

ψ̃0

ψ̃1

ψ̃2

ψ̃3

Figure 3-32: Cubic Hermite
basis functions

As we have seen in the previous section, an elementwise continuous linear

approximation in the derived alternative basis outperformes the one in the

monomial basis, in both, computational speed and numerical stability. There-

fore, we will also have a closer look at the four Hermite basis functions de-

picted in Figure 3-32. The angle αi,j between these basis functions has been

calculated according to (3-11) and is listed in the Table 3-4.

ψ̃0 ψ̃1 ψ̃2 ψ̃3

ψ̃0 0 31.4 77.5 134.8

ψ̃1 0 65.2 153.0

ψ̃2 0 168.6

Table 3-4: Angle αi,j in [gon]
between the four Hermite
basis vectors (3-99). Due to
symmetry only the upper
triangular part is presented.

Table 3-4 shows, that the Hermite basis is not an orthogonal one and hence,

is not optimal. The angle between ψ̃0 and ψ̃1 is only 31.4 gon and 168.64 gon
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between ψ̃2 and ψ̃3. In both cases, the vectors are tending to show in the

same/or opposite direction. Furthermore, the Hermite basis functions are

also of different lengths, which are

‖ψ̃0‖2 = ‖ψ̃2‖2 = 0.6094 ,

‖ψ̃1‖2 = ‖ψ̃3‖2 = 0.0976. (3-101)

As already mentioned, for the numerical computation of the unknown coeffi-

cients of an approximation, the angle between the basis functions and their

length ratios are playing an important role. In contrast to monomial basis,

the aforementioned geometric properties of the Hermite basis do not depend

on the position of an element. It can therefore be assumed that the computa-

tion of the unknown coefficients in the Hermite basis yields numerically more

accurate results than using monomials.

In general, it has been shown that it is easier to derive a new set of basis

functions on the generalised element directly. The coefficients can always be

converted into a different basis as depicted in Figure 3-31. An approximation

in the Hermite basis and how to easily solve the integrals for the normal matrix

will be shown in following section.

3.2.2 Elementwise approximation in the Hermite basis

In the previous section, we derived an alternative basis for an elementwiseThe Hermite basis should not be
confused with Hermite

polynomials. It refers to a cubic
Hermite spline.

cubic approximation, which is C1 continuous. To illustrate an approximation

in the cubic Hermite basis, we approximate function (3-2) by dividing the

whole domain into N = 3 equispaced elements. Based on the definition of

nodes and elements in Table 3-2 and the four basis functions (3-94), we can

set-up the normal equation system for each element
ζ〈ψ0, ψ0〉 ζ〈ψ1, ψ0〉 ζ〈ψ2, ψ0〉 ζ〈ψ3, ψ0〉
ζ〈ψ0, ψ1〉 ζ〈ψ1, ψ1〉 ζ〈ψ2, ψ1〉 ζ〈ψ3, ψ1〉
ζ〈ψ0, ψ2〉 ζ〈ψ1, ψ2〉 ζ〈ψ2, ψ2〉 ζ〈ψ3, ψ2〉
ζ〈ψ0, ψ3〉 ζ〈ψ1, ψ3〉 ζ〈ψ2, ψ3〉 ζ〈ψ3, ψ3〉




ζ d0
ζ d1
ζ d2
ζ d3

 =


ζ〈ψ0, sin(3x)〉
ζ〈ψ1, sin(3x)〉
ζ〈ψ2, sin(3x)〉
ζ〈ψ3, sin(3x)〉


(3-102)

for ζ = 1, 2, 3. To solve the integrals based on the generalised element, we

introduce

ψ =
[
ψ0(x) ψ1(x) ψ2(x) ψ3(x)

]
(3-103)

and rewrite the normal matrix of an element (3-102) as

Nζ = ζ〈ψT,ψ〉 =

xζ
ν2∫

xζ
ν1

ψTψdx . (3-104)

Inserting (3-45) and (3-100) into (3-104) and adopting the limits of the integral

yields

Nζ = ζ〈ψT,ψ〉 = Jζ

1∫
0

Tζ −T
3 ψ̃

T
ψ̃ Tζ −1

3 dx̃ , (3-105)
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with

Tζ −T
3 =


1 0 0 0

0 1/ Jζ 0 0

0 0 1 0

0 0 0 1/ Jζ

 (3-106)

and Jζ = xζ
ν2 − xζ

ν1 . While Tζ −T
3 only contains constant values, we can extract

it from the integral and the normal matrix reads

Nζ = ζ〈ψT,ψ〉 = Jζ Tζ −T
3

1∫
0

ψ̃
T
ψ̃dx̃ Tζ −1

3 . (3-107)

Introducing

Nelement =

1∫
0

ψ̃
T
ψ̃dx̃ , (3-108)

with

Nelement =


〈ψ̃0, ψ̃0〉 〈ψ̃1, ψ̃0〉 〈ψ̃2, ψ̃0〉 〈ψ̃3, ψ̃0〉
〈ψ̃0, ψ̃1〉 〈ψ̃1, ψ̃1〉 〈ψ̃2, ψ̃1〉 〈ψ̃3, ψ̃1〉
〈ψ̃0, ψ̃2〉 〈ψ̃1, ψ̃2〉 〈ψ̃2, ψ̃2〉 〈ψ̃3, ψ̃2〉
〈ψ̃0, ψ̃3〉 〈ψ̃1, ψ̃3〉 〈ψ̃2, ψ̃3〉 〈ψ̃3, ψ̃3〉

 . (3-109)

Solving the integrals in (3-109) with the Hermite basis functions (3-99) yields

the normal matrix for the generalised element

Nelement =


13/35 11/210 9/70 −13/420

11/210 1/105 13/420 −1/140

9/70 13/420 13/35 −11/210

−13/420 −1/140 −11/210 1/105

 . (3-110)

Inserting Nelement into (3-107) yields the normal matrix for each element

Nζ = ζ〈ψT,ψ〉 = Jζ Tζ −T
3 Nelement Tζ −1

3 . (3-111)

In the same way we can solve the integrals for the right hand side

nζ = ζ〈ψT, f 〉 =

xζ
2∫

xζ
1

ψT f (x) dx . (3-112)

Inserting (3-45) and (3-100) into (3-112) and adopting the limits of the integral

yields

nζ = ζ〈ψT, f 〉 = Jζ

1∫
0

Tζ −T
3 ψ̃

T f (x) dx̃ . (3-113)

After rearranging (3-113) the right hand side can be expressed by

nζ = ζ〈ψT, f 〉 = Jζ Tζ −T
3

1∫
0

ψ̃
T f
(

ζ x1 + (ζ x2 − ζ x1)x̃
)

dx̃ . (3-114)
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The cubic approximation of (3-102) with 3 elements yields the following three

normal equation systems
26/105 22/945 3/35 −13/945

22/945 8/2835 13/945 −2/945

3/35 13/945 26/105 −22/945

−13/945 −2/945 −22/945 8/2835




y1

0

y1 ′
0

y1
1

y1 ′
1

 =


−0.204 667 105 858 953

−0.027 559 579 350 093

−0.305 431 161 630 575

0.033 296 399 494 442

 ,


26/105 22/945 3/35 −13/945

22/945 8/2835 13/945 −2/945

3/35 13/945 26/105 −22/945

−13/945 −2/945 −22/945 8/2835




y2

0

y2 ′
0

y2
1

y2 ′
1

 =


−0.121 067 910 317 044

−0.006 892 783 556 819

0.121 067 910 317 043

−0.006 892 783 556 819

 ,


26/105 22/945 3/35 −13/945

22/945 8/2835 13/945 −2/945

3/35 13/945 26/105 −22/945

−13/945 −2/945 −22/945 8/2835




y3

0

y3 ′
0

y3
1

y3 ′
1

 =


0.305 431 161 630 575

0.033 296 399 494 442

0.204 667 105 858 953

−0.027 559 579 350 093

 .

(3-115)

The three normal matrices in (3-115) are equal, while we introduced equis-

paced elements, thus, Jζ and also Tζ
3 are equal for all elements. Based on

Table 3-2 two elements share the same node, namely

1xν2 = 2xν1 = x2 (3-116)

and
2xν2 = 3xν1 = x3 . (3-117)

Substituting yζ
i and yζ ′

i in (3-115) by the unique identifier for the nodes, the

normal equation system (3-115) reads
26/105 22/945 3/35 −13/945

22/945 8/2835 13/945 −2/945

3/35 13/945 26/105 −22/945

−13/945 −2/945 −22/945 8/2835




y1

y′1
y2

y′2

 =


−0.204 667 105 858 953

−0.027 559 579 350 093

−0.305 431 161 630 575

0.033 296 399 494 442

 ,


26/105 22/945 3/35 −13/945

22/945 8/2835 13/945 −2/945

3/35 13/945 26/105 −22/945

−13/945 −2/945 −22/945 8/2835




y2

y′2
y3

y′3

 =


−0.121 067 910 317 044

−0.006 892 783 556 819

0.121 067 910 317 043

−0.006 892 783 556 819

 ,


26/105 22/945 3/35 −13/945

22/945 8/2835 13/945 −2/945

3/35 13/945 26/105 −22/945

−13/945 −2/945 −22/945 8/2835




y3

y′3
y4

y′4

 =


0.305 431 161 630 575

0.033 296 399 494 442

0.204 667 105 858 953

−0.027 559 579 350 093

 .

(3-118)
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To solve for the unknown parameters, the three normal equation systems need

to be combined as follows

+

+

+

+

+

+

+

+

+

+

+

+

y1
y′1
y2
y′2
y3
y′3
y4
y′4

= . (3-119)

Solving the combined equation system

N x = n , (3-120)

with

N =



26/105 22/945 3/35 −13/945 0 0 0 0
22/945 8/2835 13/945 −2/945 0 0 0 0
3/35 13/945 52/105 0 3/35 −13/945 0 0

−13/945 −2/945 0 16/2835 13/945 −2/945 0 0

0 0 3/35 13/945 52/105 0 3/35 −13/945

0 0 −13/945 −2/945 0 16/2835 13/945 −2/945

0 0 0 0 3/35 13/945 26/105 −22/945

0 0 0 0 −13/945 −2/945 −22/945 8/2835


(3-121)

and

n =



−0.204 667 105 858 953

−0.027 559 579 350 093

−0.426 499 071 947 619

0.026 403 615 937 623

0.426 499 071 947 618

0.026 403 615 937 623

0.204 667 105 858 953

−0.027 559 579 350 093


(3-122)

yields the solution for the unknown parameters

y1

y′1
y2

y′2
y3

y′3
y4

y′4


=



−0.127 892 892 631 587

−3.310 672 567 507 778

−0.846 388 475 928 077

1.699 324 240 428 790

0.846 388 475 928 077

1.699 324 240 428 787

0.127 892 892 631 591

−3.310 672 567 507 737


. (3-123)

The resulting cubic approximation of (3-2) in the Hermite basis is depicted in

Figure 3-33.
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Figure 3-33: Cubic approx-
imation of (3-2) with 3 ele-
ments using Hermite basis
functions (3-99) (left). Re-
sidual function v(x) =
sin(3x)−∑3

ζ=1
ζ P3(x) (right).
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Figure 3-20 (left) shows a very smooth and already quite good approximation

of (3-2) while only 3 elements are used. The residual function in Figure

3-20 (right) is within the range of 10−2. Figure 3-34 shows that the cubic

approximation in the Hermite basis is also continuous in its first derivative.

But of course reveals a kink at the inner nodes x2 = −1/3 and x3 = 1/3, as

indicated by a yellow circle in the residual plot in Figure 3-34 (right).

Figure 3-34: First derivat-
ive of the given function
f (x) = sin(3x) in blue
and its approximation with
3 elements using Hermite
basis functions (3-99) in
red (left). Residual function

v(x) = d sin(3x)
dx − ∑3

ζ=1
d Pζ

3 (x)
dx

(right). −1 −0.5 0 0.5 1
−4

−2
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x
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All calculations of a cubic approximation in the Hermite basis have been done

with the Matlab code in Programme 3-5.
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1 %Given function

2 f=@(x) sin(3*x);

3

4 %Approximation of f(x) on [-1, 1]

5 a=-1; b=1;

6

7 %number of elements

8 elements =3;

9

10 %Position of the equispaced nodes

11 nodes=linspace(a,b,elements +1);

12

13 %Initilisation of the matrices

14 N=zeros (2*( elements +1)); n=zeros (2*( elements +1) ,1);

15 n_element=zeros (4,1);

16

17 %Hermite basis functions

18 phi {1}=@(x) 2*x.^3 - 3*x.^2 + 1;

19 phi {2}=@(x) x.^3 - 2*x.^2 + x;

20 phi {3}=@(x) -2*x.^3 + 3*x.^2;

21 phi {4}=@(x) x.^3 - x.^2;

22

23 %Normal matrix of the generalised Element

24 N_element =[13/35 11/210 9/70 -13/420; 11/210 1/105 13/420

-1/140;

25 9/70 13/420 13/35 -11/210; -13/420 -1/140 -11/210

1/105];

26

27 for k=1: elements

28 J=nodes(k+1)-nodes(k); T_3=diag ([1 J 1 J]);

29 %Index for the normal matrix

30 from =2*k-1; to=2*(k+1);

31 N(from:to ,from:to)=N(from:to,from:to)+J.*T_3 ’* N_element

*T_3;

32 %right hand side

33 for l=1:4

34 n_element(l)=integral(@(x) f(J*x+nodes(k)).*phi{l}(

x) ,0,1);

35 end

36 n(from:to)=n(from:to)+J*T_3 ’* n_element;

37 end

38 c=N\n;

Programme 3-5: Code for an
elementwise cubic polynomial
approximation in the Hermite
basis (3-99).

When deriving the Hermite basis, we have recognized that it is not orthogonal

and therefore not an optimal basis. Consequently, we determine the condition

number of the related normal matrix for increasing N, which is depicted Figure

3-35.



70 approximation of functions in one dimension

Figure 3-35: Logarithmic
plot of the condition num-
ber of the normal matrix of
an elementwise continuous
cubic approximation in the
monomial basis (blue) and in
the Hermite basis (red) for
increasing number of elements
N.

0 50 100 150 200
100

1010

1020

N

The red curve in Figure 3-35 represents the condition number of the nor-

mal matrix for a cubic approximation in the Hermite basis. The blue curve

represents the condition number of the normal matrix for an equivalent cubic

approximation in the monomial basis. In the previous chapter we noticed that

the Hermite basis is not optimal, while we addressed the angles between the

basis functions and their length. This is also reflected by the condition num-

ber for the normal matrix, while it is already ≈ 107 for 200 elements. However,

this is significantly smaller than the condition number of the normal matrix

for the same approximation in the monomial basis, which is already ≈ 1017

for only 100 elements.

That an approximation in the Hermite basis is numerically more stable than

in the monomial basis can also be seen in the approximation of function (3-6)

using 10 000 elements, which is depicted in Figure 3-36.

Figure 3-36: Cubic approx-
imation of (3-6) with 10 000
elements using Hermite
basis functions (left). Re-
sidual function v(x) =
sin(30x2) − ∑10 000

ζ=1
ζ P3(x)

(right).
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Figure 3-36 (left) shows a smooth and very good approximation of (3-6). The

residual function indicates deviations in a range of ≈ 10−11. In the same way

function (3-8) can be approximated by 10 000 elements, as it is illustrated in

Figure 3-37.

Figure 3-37: Cubic approx-
imation of (3-8) with 10 000
elements using Hermite
basis functions (left). Re-
sidual function v(x) =
exp(−1000x2)− ∑10 000

ζ=1
ζ P3(x)

(right).
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Off site the peak, the residual function in Figure 3-37 (right) is zero within

machine precision and only reveals deviations of ≈ 10−11 around the peak at
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x = 0. Numerical effects, as presented for the cubic approximation in the

monomial basis with only ≈ 300 elements as depicted in Figure 3-23 or Figure

3-24, are not apparent so far. A further increase up to 15 000 elements only

reduces the residual function by a factor of 2, while using 20 000 elements the

residual function starts to increase again and get worse. The condition number

of the normal matrix for 20 000 elements is already ≈ 1011. The computational

effort for an improvement of the approximation is huge. To emphasize once

again, both approximations in Figure 3-36 and Figure 3-37 are functions of

20 002 parameters.

3.3 approximation using orthogonal basis functions

As shown before, polynomial approximation in the monomial basis is an ill-

posed problem and has hardly any relevance for practical applications. In

many engineering sciences, an elementwise approximation with polynomials

of low degree is used for various tasks, whereby the choice of a suitable basis is

decisive. In this way, depending on the task at hand, approximations can be

achieved that are sufficiently accurate for most applications, as demonstrated

in Section 3.2.2. However, depending on the selected basis, the accuracy of the

approximation can usually not be increased arbitrarily and also the number

of required parameters increases very quickly. Therefore, we also will discuss

a further approach for the approximation of functions.

Having a closer look on especially the angle between the basis functions al-

lows a simple geometrical interpretation of the aforementioned ill-conditioned

problem and gives the motivation to use another set of basis functions, which

are orthogonal. In the broad literature one will find a variety of orthogonal

polynomials, such as

� Chebyshev polynomial of the first kind,

� Chebyshev polynomial of the second kind,

� Gegenbauer polynomial,

� Hermite polynomial,

� Jacobi polynomial,

� Laguerre polynomial and

� Legendre polynomial,

just to name a few important ones. But in approximation theory in general one

will encounter two closely related sets of orthogonal basis functions associated

with the names of Chebyshev and Fourier, slightly rephrasing (Trefethen

2013, p. 12). Reason enough to introduce Chebyshev polynomials of the

first kind and Fourier series as a basis for the approximation of functions and

whenever we use the expression “Chebyshev polynomial” we refer exclusively

to the Chebyshev polynomial of the first kind Tj(x).

3.3.1 Approximation in the Chebyshev basis

The Chebyshev polynomial Tj(x) of degree j ≥ 0 is defined by A comprehensive overview on
Chebyshev polynomials can be
found in Mason and Handscomb
(2003) and Rivlin (1974).

Tj(x) = cos(j arccos(x)) for x ∈ [−1, 1]. (3-124)



72 approximation of functions in one dimension

These polynomials satisfy the three term recurrence relation

Tj(x) = 2xTj−1(x)− Tj−2(x) for j ≥ 2 (3-125)

with the initial conditions

T0(x) = 1 and T1(x) = x. (3-126)

The Chebyshev polynomials are orthogonal with respect to a weighted inner

product

〈Ti, Tj〉 =
∫ 1

−1

Ti(x) Tj(x)√
1− x2

dx =


π, i = j = 0,

π/2, i = j ≥ 1,

0, i 6= j.

(3-127)

The first 11 Chebyshev polynomials are depicted in Figure 3-38.

Figure 3-38: Basis functions
Tj(x) for j = 0, · · · , 10.
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In direct comparison to the first 11 monomials depicted in Figure 3-8, the

Chebyshev polynomials in Figure 3-38 can easily be distinguished.

As for the monomial basis, we will first approximate function (3-2) on the in-

terval x ∈ [−1, 1] by a polynomial of 3rd degree. According to (1-45), the least

squares approximation in the Chebyshev basis of (3-2) yields the following

normal equation system
〈T0, T0〉 〈T1, T0〉 〈T2, T0〉 〈T3, T0〉
〈T0, T1〉 〈T1, T1〉 〈T2, T1〉 〈T3, T1〉
〈T0, T2〉 〈T1, T2〉 〈T2, T2〉 〈T3, T2〉
〈T0, T3〉 〈T1, T3〉 〈T2, T3〉 〈T3, T3〉




c0

c1

c2

c3

 =


〈T0, sin(3x)〉
〈T1, sin(3x)〉
〈T2, sin(3x)〉
〈T3, sin(3x)〉

 (3-128)

and while choosing orthogonal basis functions, the normal equation system

simplifies to
〈T0, T0〉 0 0 0

0 〈T1, T1〉 0 0

0 0 〈T2, T2〉 0

0 0 0 〈T3, T3〉




c0

c1

c2

c3

 =


〈T0, sin(3x)〉
〈T1, sin(3x)〉
〈T2, sin(3x)〉
〈T3, sin(3x)〉

 . (3-129)

Thus, the normal matrix N is diagonal and the unknown coefficients can

directly be determined by

cj =
〈Tj, sin(3x)〉
〈Tj, Tj〉

(3-130)
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with

〈Tj, sin(3x)〉 =
∫ 1

−1

Tj sin(3x)√
1− x2

dx for j = 0, 1, 2, 3. (3-131)

The coefficients for a polynomial approximation in the Chebyshev basis of 3rd

degree are 
c0

c1

c2

c3

 =


0.000 000 000 000 000

0.678 117 917 051 832

0.000 000 000 000 000

−0.618 125 444 510 544

 . (3-132)

Due to the symmetry of (3-2) the even coefficients are zero. The resulting

approximation and the residual function are depicted in Figure 3-39.
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Figure 3-39: Given function
(3-2) in blue and it’s polyno-
mial approximation in the
Chebyshev basis P3(x) in
red (left). Residual function
v(x) = sin(3x)− P3(x) (right).

The polynomial approximation in the Chebyshev basis in Figure 3-39 (left)

is very similar to the one in the monomial basis depicted in Figure 3-1 (left), The least squares approximation
in the Chebyshev basis is a
near-minimax or near-L∞
approximation, see Mason and
Handscomb (2003, Chapter 5.5).

but they are not equal. The residual function in Figure 3-39 (right) shows

deviations smaller than ±0.1.

The Matlab code for the presented polynomial approximation in the Cheby-

shev basis is given in Programme 3-6.

1 %Approximation of f(x) on [-1, 1]

2 a=-1; b=1;

3

4 %degree of approximation

5 p=3;

6

7 %Initialization of the matrices

8 c=zeros(p+1,1);

9

10 %First coefficient

11 c(1)=1/pi*integral(@(x) sin(3*x)./sqrt(1-x.^2),a,b);

12

13 %Remaining coefficients

14 for i=1:p

15 c(i+1)=2/pi*integral(@(x) sin(3*x).*cos(i*acos(x))./sqrt

(1-x.^2),a,b);

16 end

Programme 3-6: Code for
polynomial approximation in
the Chebyshev basis.

Like in the previous sections, we want to know which polynomial degree is

needed to approximate (3-2) within roughly machine precision. Therefore, we

iteratively determine the coefficients up to c50 and calculate the maximum
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absolute difference between function (3-2) and it’s approximation. The result

is depicted in Figure 3-40.

Figure 3-40: Logarithmic
plot of max | sin(3x)− PN(x)|
for different polynomial de-
gree (left). Residual function
v(x) = sin(3x) − P19(x) for
the best fitting polynomial
(right).
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The residual function for the best fitting polynomial P19(x) in Figure 3-40

(right) shows an oscillatory behaviour with an amplitude of about 10−13 and

is not within machine precision. Increasing the polynomial degree will not

improve the approximation and reduce the residual function. The reason why

it is not possible to approximate (3-2) within machine precision is due to

the numerical integration of the right hand side (3-131), while the last two or

three digits are wrong. These inaccuracies are leading to the presented residual

function and can be avoided while using the following analytic solution for theFor all examples presented here,
the analytical solutions have been

derived using (Wolfram
Research, Inc. 2021).

integrals of the right hand side of (3-131)

〈sin(3x), Tj〉 =

 (−1)j−1/2 π Jj(3), if j is odd,

0, if j is even,
(3-133)

with Jj(x) being the Bessel function of the first kind. As a result we found a

polynomial of 21st degree which approximates (3-2) within machine precision.

The residual function is depicted in Figure 3-41 and reveals deviations smaller

than ±10−15.

Figure 3-41: Residual function
v(x) = sin(3x)− P21(x) for the
best fitting polynomial using
the analytic solution (3-133)
for the integrals of the right
hand side.
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The non zero coefficients of P21(x) are

c1

c3

c5

c7

c9

c11

c13

c15

c17

c19

c21



=



0.678 117 917 051 873 0

−0.618 125 444 510 503 2

0.086 056 869 754 095 2

−0.005 094 588 903 609 4

0.000 168 790 042 618 2

−0.000 003 587 979 324 7

0.000 000 053 181 392 6

−0.000 000 000 581 529 0

0.000 000 000 004 887 0

−0.000 000 000 000 032 6

0.000 000 000 000 000 2



(3-134)

and revealing a very interesting and important property of polynomial ap-

proximation in the Chebyshev basis. According to Mason and Handscomb In simplified terms, this means
that the slope of f (x) cannot
become arbitrarily large.

(2003, Chapter 5.3.2) the Chebyshev series expansion will converge to f (x)

as long as f (x) satisfies the Dini-Lipschitz condition, thus if f (x) is Lipschitz

continuous. The truncation error of this approximation is in the same order-

of-magnitude as the absolute value of the last coefficient, see (Boyd 2002, A rule-of-thumb.

Chapter 2.12). This is of great advantage to approximate functions within

machine precision.

Right now we are facing the problem that the numerical integration of the Due to singularities of the
weighting function at x = ±1.right hand side (3-131) is not very accurate and to use its analytic solution

is also not really feasible, as it is usually very hard to derive. While it is

quite comfortable to integrate the right hand side numerically, we can obtain

a numerical more accurate representation of∫ 1

−1

f (x) Tj(x)√
1− x2

dx =
∫ 1

−1

f (x) cos
(

j arccos(x)
)

√
1− x2

dx (3-135)

by the following change of variable

x = cos(θ) (3-136)

and with
dx
dθ

=
d cos(θ)

dθ
= − sin(θ) (3-137)

we obtain

dx = − sin(θ) dθ. (3-138)

Inserting (3-136) and (3-138) in the right hand side of (3-135) and changing

the limits according to cos(π) = −1 and cos(0) = 1 yields

∫ 1

−1

f (x) Tj(x)√
1− x2

dx = −
∫ 0

π

f
(

cos(θ)
)

cos(j θ)√
1− cos2(θ)

sin(θ) dθ

= −
∫ 0

π

f
(

cos(θ)
)

cos(j θ)

sin(θ)
sin(θ) dθ

=
∫ π

0
f
(

cos(θ)
)

cos(j θ) dθ. (3-139)

The derived integral (3-139) as a function of θ yields more accurate results for

the numerical integration of the right hand side (3-131). Figure 3-42 depicts
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the resulting residual function of the best approximation of (3-2), while using

(3-139) for the numerical integration of (3-131).

Figure 3-42: Residual function
v(x) = sin(3x)− P21(x) for the
best fitting polynomial using
(3-139) for the integrals of the
right hand side.
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Although the residual function in Figure 3-42 is slightly different than the one

for the analytic solution in Figure 3-41, it also only shows deviations within

±10−15. Thus, the numerical integration using (3-139) nearly gives the same

results as the analytic solution (3-133).

Let us now consider the other two examples from Chapter 3, while this time

we shift function (3-8) a bit to the right in order to avoid symmetry. The two

functions are depicted in Figure 3-43.

Figure 3-43: The two ex-
amples from the previous
sections, f (x) = sin(30x2)
(left) and the shifted function
f (x) = exp(−1000(x − 0.2)2)
(right).

−1 −0.5 0 0.5 1

−1

0

1

x

−1 −0.5 0 0.5 1

0

0.5

1

x

Function f (x) = sin(30x2) can be approximated within 10−14 by a polynomial

of 85th degree, as can be seen in the residual plot in Figure 3-44 (left).

Figure 3-44: Residual function

v(x) = sin(30x2)− P85(x) (left)
and logarithmic plot for the
coefficients |cj| (right).
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The absolute value of the coefficients are illustrated in Figure 3-44 (right)

and due to the symmetry of the function the odd coefficients are zero within

machine precision. The even coefficients are rapidly converging to zero, while
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the last one is ≈ 10−15. Even the exact solution for the integral of the right

hand side

〈sin(30x2), Tj〉 =

 − cos
(( j

4 + 1
2

)
π + 15

)
π Jj/2(15), if j is even,

0, if j is odd,
(3-140)

will yield nearly the same result as depicted in Figure 3-44. The polynomial

approximation P85(x) of function (3-6) is within machine precision. The same

occurs for the shifted function

f (x) = exp
(
− 1000(x− 0.2)2). (3-141)

The residual plot and the absolute values of the coefficients are depicted in

Figure 3-45.
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Figure 3-45: Residual function

v(x) = exp(−1000(x− 0.2)2)−
P362(x) (left) and logarithmic
plot for the coefficients |cj|
(right).

A polynomial of 362nd degree approximates (3-141) within 10−14 and while

the function depicted in Figure 3-43 (right) is not symmetric with respect to

x = 0, neither the even nor odd coefficients are zero, except the last ones

which are ≈ 10−16.

In direct comparison to the approximation in the monomial basis presented in

Chapter 3 the approximation in the Chebyshev basis is more accurate, much

faster and easier to implement. The only problem so far is the numerical

integration of the right hand side. Using the integral (3-139) instead of (3-135)

usually yields more accurate results for the numerical integration, but only to

a certain extent. Until now the limitation of a least squares approximation in

the Chebyshev basis is the solution of the integrals of the right hand side in

both accuracy and computational time.

3.3.2 Approximation in the Fourier basis

As the Chebyshev series are closely related to the Fourier series, we will also

present an approximation in the Fourier basis. According to Bronshtein

et al. (2007, p. 420 ff.) the Fourier series is given by I intentionally omitted the term
periodic function.

Sp(x) =
1
2

a0 +
p

∑
j=1

aj cos(jωx) +
p

∑
j=1

bj sin(jωx) (3-142)

with the angular frequency ω = 2π/T and period T. The complex representa-

tion of (3-142) is given by

Sp(x) =
p

∑
j=−p

cj exp(ıjωx) (3-143)
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with the imaginary unit ı =
√
−1. The coefficients aj and bj can be converted

into cj as follows

cj =


1
2 a0, j = 0,
1
2 (aj − ıbj), j > 0,
1
2 (a−j + ıb−j), j < 0.

(3-144)

As in the previous chapters we will approximate function (3-2) by a Fourier

series with p = 3, while using the complex representation (3-143). The basis

functions φj = exp(ıjωx) satisfy the orthogonality condition

〈φi, φj〉 =
∫ 1

−1
exp(ıiωx) exp(ıjωx) dx =

 T, i = −j,

0, else.
(3-145)

and hence, the normal equation system of a least squares approximation of

(3-2) in the Fourier basis reads

0 0 0 0 0 0 T

0 0 0 0 0 T 0

0 0 0 0 T 0 0

0 0 0 T 0 0 0

0 0 T 0 0 0 0

0 T 0 0 0 0 0

T 0 0 0 0 0 0





c−3

c−2

c−1

c0

c1

c2

c3


=



〈exp(−3ıωx), sin(3x)〉
〈exp(−2ıωx), sin(3x)〉
〈exp(−1ıωx), sin(3x)〉
〈exp(0ıωx), sin(3x)〉
〈exp(1ıωx), sin(3x)〉
〈exp(2ıωx), sin(3x)〉
〈exp(3ıωx), sin(3x)〉


. (3-146)

While the normal matrix N is anti-diagonal, the coefficients can be directly

determined by

cj =
1
T

∫ 1

−1
sin(3x) exp(−ıjωx) dx , (3-147)

for j = −3,−2,−1, 0, 1, 2, 3 and T = 2. This solution can also be found in

Bronshtein et al. (2007, pp. 421) and yields the coefficients

c−3

c−2

c−1

c0

c1

c2

c3


=



0 + 0.016 661 456 383 217ı

0− 0.029 092 165 239 709ı

0 + 0.509 819 844 563 844ı

0 + 0.000 000 000 000 000ı

0− 0.509 819 844 563 844ı

0 + 0.029 092 165 239 709ı

0− 0.016 661 456 383 217ı


. (3-148)

Due to the symmetry of (3-2) the real part of the coefficients are zero. The

resulting approximation and the residual function are depicted in Figure 3-46.

Figure 3-46: Given function
(3-2) in blue and it’s approx-
imation in the Fourier basis
S3(x) in red (left). Residual
function v(x) = sin(3x)− S3(x)
(right).
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The Matlab code for the presented approximation in the Fourier basis is given

in Programme 3-7.

1 %Approximation of sin(x) on [-1, 1]

2 a=-1; b=1;

3

4 %angular frequency and period T

5 omega =2*pi/(b-a); T=b-a;

6

7 %degree of approximation (number of harmonic ascillations)

8 p=3;

9

10 %Initialization of the matrix

11 c=zeros(p+1,1);

12

13 %Calcutaion of the coefficients

14 for j=-p:p

15 c(j+p+1) =1/T*integral(@(x) sin(3*x).*exp(1i*j*omega*x),a

,b);

16 end

17

18 %Flipping the coefficients due to anti -diagonal normal

matrix

19 c=flipud(c);

Programme 3-7: Code for an
approximation in the Fourier
basis.

Increasing the number of terms to p = 50 will generally reduce the residual

function, but will still keep the large deviation at the limits as depicted in

Figure 3-47.
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Figure 3-47: Given func-
tion (3-2) in blue and it’s
approximation in the Four-
ier basis S50(x) in red (left).
Residual function v(x) =
sin(3x)− S50(x) (right).

These deviations at the limits will not vanish while increasing the number of

harmonic oscillations. Although it is mentioned in Bronshtein et al. (2007,

pp. 420), and probably also in most books about Fourier series expansion,

that we can

. . .represent a given periodic function f (x) with period T exactly or

approximatively by a sum of trigonometric functions. . .

So far we have neglected the term periodic. But this is very important, be-

cause a representation of a function in the Fourier basis can only be exact in

case we use an interval equal to an integral multiple of the period. While we

approximated (3-2) on the interval x ∈ [−1, 1] we implicitly assumed a period

of T = 2, whereas the exact period is Texact = 2π/3. This is the reason why

it is not possible to achieve an approximation in the Fourier basis within ma-

chine precision. The resulting approximation will always preserve an implied
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periodicity of function (3-2) with a period of T = 2. Figure 3-48 illustrates

this issue.

Figure 3-48: Given function
(3-2) in blue and it’s least
squares approximation on
the interval x ∈ [−1, 1] in
the Fourier basis S3(x) in
red. We extended the interval
to x ∈ [−3, 3] in order to
illustrate what we wanted to
approximate (left) and what
we actually did (right). −2 0 2
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The different periods of the given function and the least squares approxima-

tion in the Fourier basis can be seen in Figure 3-48 (left), but this plot does

not illustrate the actual situation of the performed adjustment. While we

approximated function (3-2) on the interval x ∈ [−1, 1], we implicitly defined

that this function has a period of T = 2. As we already know this period is

not the exact one. Hence, the actually performed least squares approximation

in the Fourier basis is depicted in Figure 3-48 (right), which clearly reveals

jump discontinuities at the limits x = −1 and x = 1. The approximation

is not only a best to fit of function (3-2), it also tries to approximate these

jumps as best as possible, which is also the reason for the large oscillations ofOr, in other words, we tried to
approximate a non continuous
function by a continuous one.

the residual function in Figure 3-47 (right). This oscillating behaviour of the

approximation in the vicinity of the jump discontinuities is known as Gibbs

phenomenon.

Let’s consider the last two examples depicted in Figure 3-43. An approxima-

tion of function (3-6) is given in Figure 3-49.

Figure 3-49: Approximation
in the Fourier basis S50(x) of
function (3-6) (left). Residual
function v(x) = sin(30x2) −
S50(x) (right).
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Although it seems like function (3-6) is periodic on the interval x ∈ [−1, 1], it

is not. Once again we have jump discontinuities at the limits, which causes

large deviations, as depicted in the residual plot Figure 3-49 (right). The

coefficients of S50(x) are illustrated in Figure 3-50.
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Figure 3-50: Logarithmic plot
of the absolute values for the
real (left) and imaginary part
(right) of the complex coeffi-
cients cj of S50(x).

Due to the symmetry of the function the imaginary part of the complex coef-

ficients cj is zero, as can be seen in Figure 3-50 (right). The imaginary part of

the coefficient for the offset c0 is always equal to zero and hence always a gap

at j = 0 appears in these plots. The real part of the coefficients are decreasing

with increasing j. However, they will not converge to zero, due to the wrong

period or to the resulting jump discontinuities at the limits.

The last example depicted in Figure 3-43 (right) is also not periodic, but

it is possible to approximate function (3-141) within machine precision with

p = 112 terms. S112(x) and the residual function are depicted in Figure 3-51.
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Figure 3-51: Best approxim-
ation in the Fourier basis
S117(x) of function (3-141)
(left). Residual function
v(x) = exp(−1000(x− 0.2)2)−
S112(x) (right).

The largest deviations of ≈ 10−14 are appearing at the position of the peak of

the function, as can be seen in Figure 3-51 (right). The coefficients of S112(x)

are illustrated in Figure 3-52.
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Figure 3-52: Logarithmic plot
of the absolute values for the
real (left) and imaginary part
(right) of the complex coeffi-
cients cj of S112(x).

The logarithmic plot of the absolute values in Figure 3-52 shows that the

coefficients rapidly converging to zero within machine precision with increasing

j. Although function (3-141) is not a periodic function we can approximate it

within machine precision using the Fourier basis. But this is only due to the

nature of this exponential function. The functional value at the limits is only

f (x = ±1) ≈ 10−277 and its first k derivatives are only increasing by a factor
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≈ 1000k. And while we only deal with roughly 15 digits of relative accuracy

we can conclude, that function (3-141) is an almost periodic function. At least

from a numerical point of view.

3.3.3 Chebyshev vs. Fourier

As already mentioned in Section 3.3, the Chebyshev and Fourier basis are twoThis section is essentially based
on (Trefethen 2013, Chapter 3
& 4), while mainly focussing on

the integrals instead of the series
expansion.

closely related sets of orthogonal basis functions. To illustrate this relation-

ship, we will consider a least squares approximation of a Lipschitz continuous

function f (x) on [−1, 1] in the Chebyshev basis according to (3-130). The

coefficients can be calculated by

cChebyj
=

1
〈Tj, Tj〉

∫ 1

−1

f (x) Tj√
1− x2

dx , (3-149)

or by introducing the change in variables (3-136), the coefficients can also be

determined by

cChebyj
=

1
〈Tj, Tj〉

∫ π

0
f
(

cos(θ)
)

cos(j θ) dθ

=
1

〈Tj, Tj〉
∫ π

0
F(θ) cos(j θ) dθ . (3-150)

This change in the variables can also be interpreted as a mapping of f (x) onto

the upper half of the unit circle, which is depicted in Figure 3-53.

Figure 3-53: Unit circle in
the complex plane with the
imaginary unit ı =

√
−1.

x

y

−1 1

−ı

ı

θ

z = exp(ıθ) = x + ı y = cos θ + ı sin θ

z̄

si
n

θ

cos θ

An arbitrary point z on the unit circle is uniquely defined by its coordinates

(x, y), satisfying

x2 + y2 = 1 , (3-151)

or an angle θ, with

Re(z) = x = cos θ ,

Im(z) = y = sin θ , (3-152)

while the upper equation in (3-152) is the introduced change in variables

(3-136). Due to

x = Re(z) = Re(z̄) (3-153)

it follows

F(θ) = F(−θ) (3-154)

and the integral in (3-150) can also be written as

cChebyj
=

1
2

1
〈Tj, Tj〉

∫ π

−π
F(θ) cos(j θ) dθ . (3-155)
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While mapping f (x) onto the unit circle we obtain a so-called transplanted For a non-periodic function f (x)
we obtain a periodic function F(θ)
only after the change of variable
(3-136).

function F(θ) for θ ∈ [−π, π] which is an infinitely differentiable, even, peri-

odic function, see Orszag 1971. Therefore, F(θ) has a Fourier cosine series

expansion

F(θ) =
1
2

a0 +
∞

∑
j=1

aj cos(jωθ) . (3-156)

A least squares approximation of the periodic function F(θ) on [−π, π] in the

Fourier basis according to Section 3.3.2 results in the coefficients

cFourierj =
1

2π

∫ π

−π
F(θ) exp(−ıjωθ) dθ . (3-157)

Using Euler‘s equation

exp(±ı θ) = cos θ ± ı sin θ (3-158)

and with ω = 2π/T = 1 the integral in (3-157) can be written in the form

cFourierj =
1

2π

∫ π

−π
F(θ)

[
cos(j θ)− ı sin(j θ)

]
dθ

=
1

2π

∫ π

−π
F(θ) cos(j θ) dθ − ı

1
2π

∫ π

−π
F(θ) sin(j θ) dθ . (3-159)

While F(θ) is an even function∫ π

−π
F(θ) sin(j θ) dθ = 0 (3-160)

and Equation (3-159) simplifies to

cFourierj =
1

2π

∫ π

−π
F(θ) cos(j θ) dθ . (3-161)

Now it is quite obvious that the Chebyshev coefficients cChebyj
in (3-155) are

equal to the Fourier coefficients cFourierj in (3-161), only scaled by a constant

factor. An approximation of f (x) on [−1, 1] in the Chebyshev basis is directly

related to an approximation of a transplanted function F(θ) on [−π, π] in the

Fourier basis.

As we have seen in Section 3.3.1, solving the integrals (3-150) using the Mat-

lab built-in function integral is slow and also not very accurate. But in case According to (Trefethen 2013, p.
15) this was probably observed
around 1970, see (Ahmed and
Fisher 1970) or (Orszag 1971).

F(θ) is known only at equally spaced points θk, the integrals in (3-159) can be

approximated by the Fast Fourier Transformation (FFT), see (Bronshtein

et al. 2007, Section 19.6.4). Using FFT is very fast and in case a sufficient

amount of points are given, it is also accurate down to the last digit. Let us

consider some equally spaced points on the upper half of the unit circle as

depicted in Figure 3-54.

Re

Im

−1 1

Figure 3-54: Equispaced
points on the upper half on
the unit circle in blue and
Chebyshev points in red.
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The projection of these equally spaced points onto the real axis are known as

Chebyshev points of the second kind, Chebyshev extreme points, or Chebyshev-In the following we call them only
Chebyshev points. Lobatto points and are given by

xk = cos
(

kπ

n

)
, 0 ≤ k ≤ n . (3-162)

And if we discretize f (x) at the Chebyshev points we obtain

f (xk) = F(θk) , (3-163)

which can directly be evaluated using FFT. The basic procedure for an efficient

approximation of f (x) with the aid of the FFT is illustrated in Figure 3-55.

Figure 3-55: Procedure for a
fast and accurate approxima-
tion of f (x) in the Chebyshev
basis via FFT.

x

f (x)

−1 1 x

f (x)

−1 1 θ

F(θ)

−π π

Chebyshev
Points

Mapping
onto the

unit circle

Solving (3-157)
via FFT

Solving
(3-149)

RecChebyj cFourierj

slow & inaccurate fast & accurate

The Chebyshev coefficients cChebyj
are the real part of cFourierj , only scaled by

a constant factor. While for Part ii the coefficents are determined by using the

Matlab built-in function integral, FFT is used for the practical applications

Measurement– and Model–based Structural Analysis (MeMoS) in Part iii.



4
A P P ROX I M AT I O N O F F U N C T I O N S I N T WO

D I M E N S I O N S

The basic methodology for the least squares approximation of univariate func-

tions shown in Chapter 3 can in principle be directly extended to bivariate or Therefore, hardly any additional
literature has been used
throughout this chapter.

multivariate functions, as already remarked in (Langtangen 2016a, Chapter

8). For detailed information about multivariate approximation of functions in

general please refer to standard literature such as (Atkinson and Han 2009,

Chapter 14 ) or (Reimer 2003). A general overview of different methods

and/or different sets of basis functions can be found in (Schaback 2015).

For the approximation of univariate functions we in general only considered

the domain [a, b] mapped onto [−1, 1]. But we have not considered the other

two domains, namely [a, ∞) and (−∞, ∞), and have not discussed the result-

ing problems in solving the integrals in the normal equations system (1-45).

However, there are many different types of domains for the approximation

of bivariate functions. Solving the integrals of the normal equation system, For practical application and since
any function can be discretised,
we would also like to refer to
standard literature on the
approximation of scattered data,
such as e.g. (Buhmann 2003),
(Lancaster and Salkauskas
1988), (Piegl and Tiller 1997)
or (Wendland 2004).

therefore, turns out to be the main problem in the computation of a least

square approximation of bivariate functions. Thus, we restrict ourselves in

this thesis only to functions defined on the unit square [−1, 1]2 and we only

briefly discuss the mapping of simple arbitrary convex domains on the unit

square in Section 4.4.

Any bivariate polynomial of degree p can be written in the form

Pp(x, y) =
p

∑
i=0

p

∑
j=0

cij φij(x, y) =
p

∑
i=0

p

∑
j=0

cij xiyj (4-1)

while i + j ≤ p. The advantage of this representation of a bivariate polynomial

is, that the indices of the unknown coefficients cij are directly referring to the

corresponding basis function φij(x, y) = xiyj. Storing these coefficients in a

matrix allows an easy way for a visual inspection and further interpretation.

Using (4-1) for the implementation of a least squares approximation in ac-

cordance to (1-45), might lead to some confusion. Therefore, it is better to

rewrite the two sums in Equation (4-1) into a single one and use the following

equivalent representation of (4-1) for a bivariate polynomial of degree p

Pp(x, y) =
pn

∑
k=0

ck φk(x, y) =
pn

∑
k=0

ck xiyj i + j ≤ p, (4-2)

with pn = 1
2 (p + 1)(p + 2) and where i, j permute accordingly. An appropriate

way to illustrate the terms of a bivariate polynomial is by the usage of the

Pascal triangle as depicted in Figure 4-1.

85
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Figure 4-1: Pascal triangle for
the terms of a bivariate poly-
nomial of degree p. Including
the number of terms pn + 1
for each degree. The terms
for a polynomial of 2nd degree
are shaded in light blue. The
illustration was adopted from
Zienkiewicz et al. (2013, p.
153) and slightly modified.
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For a least square approximation of a function in two dimensions, the repres-

entation (4-2) with only one sum can be used in the same way as already done

in Chapter 3. To illustrate the procedure we will approximate the continuous

real function

f (x, y) = cos
(

x
y + 1.5

)
, (x, y) ∈ [−1, 1]2, (4-3)

by a polynomial of 2nd degree with pn + 1 = 6 unknown coefficients. Function

(4-3) is depicted in Figure 4-2.

Figure 4-2: Given function

f (x, y) = cos
(

x/(y+1.5)
)
.
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In order to approximate (4-3) the 6 basis functions φk = xiyj of a polynomial

of 2nd degree are defined as listed in Table 4-1.

Table 4-1: All pn + 1 permuta-
tions of i and j under the con-
dition i + j ≤ p for polynomial
degree p = 2 and resulting
basis functions φk = xiyj.

k i j φk = xiyj

0 0 0 1

1 0 1 y

2 0 2 y2

3 1 0 x

4 1 1 xy

5 2 0 x2

The normal equation system

N x = n

of a least squares approximation of (4-3) by a polynomial of 2nd degree results

in 
〈φ0, φ0〉 〈φ1, φ0〉 · · · 〈φpn , φ0〉
〈φ0, φ1〉 〈φ1, φ1〉 · · · 〈φpn , φ1〉

...
...

. . .
...

〈φ0, φpn〉 〈φ1, φpn〉 · · · 〈φpn , φpn〉




c0

c1
...

cpn

 =


〈φ0, cos

(
x/(y+1.5)

)
〉

〈φ1, cos
(

x/(y+1.5)
)
〉

...

〈φpn , cos
(

x/(y+1.5)
)
〉

 , (4-4)
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with the integrals

〈φk, φl〉 =
∫ 1

−1

∫ 1

−1
φkφl dx dy for k, l = 0, 1, 2, . . . , pn

and

〈φl , cos
(

x/(y+1.5)
)
〉 =

∫ 1

−1

∫ 1

−1
φl cos

(
x/(y+1.5)

)
dx dy

for l = 0, 1, 2, . . . , pn. Based on the basis functions φk listed in Table 4-1 the

normal matrix in (4-4) reads

N =



〈1, 1〉 〈y, 1〉 〈y2, 1〉 〈x, 1〉 〈xy, 1〉 〈x2, 1〉
〈1, y〉 〈y, y〉 〈y2, y〉 〈x, y〉 〈xy, y〉 〈x2, y〉
〈1, y2〉 〈y, y2〉 〈y2, y2〉 〈x, y2〉 〈xy, y2〉 〈x2, y2〉
〈1, x〉 〈y, x〉 〈y2, x〉 〈x, x〉 〈xy, x〉 〈x2, x〉
〈1, xy〉 〈y, xy〉 〈y2, xy〉 〈x, xy〉 〈xy, xy〉 〈x2, xy〉
〈1, x2〉 〈y, x2〉 〈y2, x2〉 〈x, x2〉 〈xy, x2〉 〈x2, x2〉


. (4-5)

The integrals in (4-5) can be solved directly and yields the following normal

matrix

N =



4 0 4/3 0 0 4/3

0 4/3 0 0 0 0
4/3 0 4/5 0 0 4/9

0 0 0 4/3 0 0

0 0 0 0 4/9 0
4/3 0 4/9 0 0 4/5


. (4-6)

As in the previous sections we solve the integrals of the right hand side nu-

merically using the Matlab built-in function integral2 for double integrals.

The right hand side reads

n =



〈1, cos
(

x/(y+1.5)
)
〉

〈y, cos
(

x/(y+1.5)
)
〉

〈y2, cos
(

x/(y+1.5)
)
〉

〈x, cos
(

x/(y+1.5)
)
〉

〈xy, cos
(

x/(y+1.5)
)
〉

〈x2, cos
(

x/(y+1.5)
)
〉


=



3.508 314 674 752 977

0.231 521 135 845 772

1.104 046 536 710 792

−3.951 960 286 796 56 · 10−14

−8.604 228 440 844 96 · 10−16

1.042 930 815 846 090


. (4-7)

The solution of the normal equation system (4-4) yields the unknown coeffi-

cients 

c0

c1

c2

c3

c4

c5


=



1.056 984 072 386 777

0.173 640 851 884 329

−0.183 914 123 081 812

−2.963 970 215 097 42 · 10−14

−1.935 951 399 190 12 · 10−15

−0.355 802 088 013 786


. (4-8)

for a bivariate polynomial approximation of 2nd degree. The resulting approx-

imation and the residual function are depicted in Figure 4-3.
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