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Abstract

Three-dimensional (3D) mapping plays a foundational role across a wide range of
applications, including autonomous systems, urban planning, geographic information sys-
tems, and immersive digital environments such as augmented and virtual reality. Despite
its importance, constructing accurate, efficient, and reliable 3D maps of large-scale urban
environments remains a significant challenge due to the inherent complexity of real-world
scenes, sensor noise, occlusions, and data sparsity. Traditional mapping methods often
focus on accuracy and efficiency but fail to provide uncertainty quantification, which is
crucial for safety-critical applications such as autonomous navigation. Without an explicit
representation of uncertainty, even highly accurate models may mislead downstream
tasks if local data errors or ambiguities are not properly accounted for.

This dissertation addresses the gap by proposing a probabilistic 3D mapping frame-
work that models not only the geometric structure of urban environments but also quan-
tifies the associated uncertainties. The proposed method integrates probabilistic model-
ing techniques—specifically Gaussian Mixture Models (GMM) and Gaussian Processes
(GP)—to construct continuous, uncertainty-aware 3D map representations from Light
Detection and Ranging (LiDAR) point clouds. GMM are used to encode informative
priors that significantly improve the scalability of GP inference, enabling efficient mod-
eling of large-scale environments. The framework was first developed for probabilistic
building models, in which structures are segmented into local regions and modeled using
a combination of GMM priors and local GPs. It was then extended to handle arbitrary
geo-objects through 3D implicit surface representations. This generalization is achieved
through hierarchical mixture models, Gaussian regression, and GP inference incorporating
derivative observations. The resulting 3D Gaussian map provides both detailed geometry
and well-calibrated spatial uncertainty estimates, which are shown to be beneficial for
various tasks.

Beyond mapping, the dissertation explores the application of the proposed repre-
sentation in two key areas: uncertainty-aware localization and 3D geometry generation.
For localization, the Gaussian map allows for robust pose estimation under uncertain
conditions by propagating map uncertainty into the localization process. For geometry
generation, the integration with deep generative models—specifically diffusion mod-
els—demonstrates the utility of the 3D Gaussian representation as a shape prior, showing
the potential in probabilistic reconstruction of occluded or missing regions. The frame-
work thus bridges traditional mapping with probabilistic learning, offering a unified
approach to both represent and reason about 3D environments under uncertainty.

The proposed methods are evaluated on both real-world and simulated datasets, en-
compassing large-scale urban environments and object-level 3D models, and are compared
against state-of-the-art baselines. The results demonstrate that incorporating uncertainty
into 3D map representations not only improves the robustness and interpretability of
mapping but also opens new directions for uncertainty-aware generative modeling in 3D
vision and robotics.

Keywords: 3D mapping, 3D reconstruction, probabilistic uncertainty estimation, LIDAR
point clouds, Gaussian mixture model, Gaussian Process, 3D generation
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Kurzfassung

Dreidimensionale (3D) Karten spielen eine grundlegende Rolle in einer Vielzahl von
Anwendungen, einschliefilich autonomer Systeme, Stadtplanung, geografischer Informa-
tionssysteme und immersiver digitaler Umgebungen wie Augmented und Virtual Reality.
Trotz ihrer Bedeutung stellt die Erstellung genauer, effizienter und zuverldssiger 3D-
Karten von grofsflichigen stadtischen Umgebungen aufgrund der inhdrenten Komplexitat
realer Szenen, des Sensorrauschens, der Verdeckungen und der geringen Datenmenge
nach wie vor eine grofie Herausforderung dar. Herkommliche Kartierungsmethoden
konzentrieren sich oft auf Genauigkeit und Effizienz, bieten aber keine Quantifizierung
der Unsicherheit, die fiir sicherheitskritische Anwendungen wie die autonome Naviga-
tion entscheidend ist. Ohne eine explizite Darstellung der Unsicherheit konnen selbst
hochprazise Modelle nachgelagerte Aufgaben in die Irre fithren, wenn lokale Datenfehler
oder Mehrdeutigkeiten nicht angemessen berticksichtigt werden.

Diese Dissertation schliefst diese Liicke, indem sie ein probabilistisches 3D-Karti-
erungsverfahren vorschldagt, das nicht nur die geometrische Struktur der stadtischen
Umgebung modelliert, sondern auch die damit verbundenen Unsicherheiten quantifiziert.
Die vorgeschlagene Methode integriert probabilistische Modellierungstechniken — ins-
besondere Gauf$sche Mischmodelle (GMM) und Gaufische Prozesse (GP) —, um kontinuier-
liche, unsicherheitsbewusste 3D-Kartendarstellungen aus Light Detection and Ranging
(LiDAR)-Punktwolken zu erstellen. Gaufische Mischmodelle werden verwendet, um
informative Prioritdten zu kodieren, die die Skalierbarkeit der GP-Inferenz verbessern
und eine effiziente Modellierung von grofien Umgebungen ermoglichen. Das Framework
wurde zunéchst fiir probabilistische Gebdudemodelle entwickelt, in denen Strukturen
in lokale Regionen segmentiert und mithilfe einer Kombination aus GMM-Prioritdten
und lokalen GPs modelliert werden. AnschliefSend wurde es erweitert, um beliebige
Geoobjekte durch implizite 3D-Oberflachendarstellungen zu verarbeiten. Diese Gener-
alisierung wird durch hierarchische Mischmodelle, Gaufi-Regression und GP-Inferenz
unter Einbeziehung abgeleiteter Beobachtungen erreicht. Die resultierende 3D-Gaufikarte
liefert sowohl detaillierte Geometrie als auch gut kalibrierte Schatzungen der raumlichen
Unsicherheit, die sich fiir verschiedene Aufgaben als vorteilhaft erweisen.

Uber die Kartierung hinaus untersucht die Dissertation die Anwendung der vor-
geschlagenen Reprasentation in zwei Schliisselbereichen: Lokalisierung unter Berticksich-
tigung der Unsicherheit und 3D-Geometrieerzeugung. Bei der Lokalisierung ermoglicht
die Gauf3karte eine robuste Posenschédtzung unter unsicheren Bedingungen, indem sie die
Kartenunsicherheit in den Lokalisierungsprozess einflieflen lasst. Bei der Geometrieerzeu-
gung demonstriert die Integration mit tiefen generativen Modellen - insbesondere mit
Diffusionsmodellen - den Nutzen der 3D-Gauf3-Darstellung als Form-Prior und zeigt das
Potenzial fiir die probabilistische Rekonstruktion verdeckter oder fehlender Regionen.
Der Rahmen {tiberbriickt somit traditionelles Mapping mit probabilistischem Lernen und
bietet einen einheitlichen Ansatz, um 3D-Umgebungen unter Unsicherheit darzustellen
und zu verstehen.

Die vorgeschlagenen Methoden werden sowohl anhand realer als auch simulierter
Datensitze, die grofiflichige stadtische Umgebungen und 3D-Modelle auf Objektebene
umfassen, evaluiert und mit den modernsten Ansétzen verglichen. Die Ergebnisse zeigen,
dass die Einbeziehung von Unsicherheiten in 3D-Kartendarstellungen nicht nur die Ro-
bustheit und Interpretierbarkeit der Kartierung verbessert, sondern auch neue Wege fiir
die generative Modellierung von 3D-Vision und Robotik mit Blick auf Unsicherheiten
erdffnet.



Schliisselworter: 3D-Mapping, 3D-Rekonstruktion, probabilistische Unsicherheitsschatzung,
Punktwolken, Gaufisches Mischmodell, Gaufsscher Prozess, 3D-Generierung
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Chapter 1

Introduction

1.1 3D Mapping

Three-dimensional (3D) mapping is a technique that captures and generates detailed
representations of unknown environments. It serves as a critical foundation across diverse
research domains, including geoinformatics and remote sensing, architecture and con-
struction, robotics, computer graphics, and computer vision. This technology supports a
wide range of applications, such as urban planning, architectural design, infrastructure
management, autonomous navigation, and the creation of digital twins for real-time
monitoring, simulation, and analysis of physical environments.

Mapping begins with the acquisition of data from an unknown physical environment
using various sensing techniques. For instance, photogrammetry utilizes aerial, satellite,
or terrestrial images, while LIDAR methods, such as Terrestrial Laser Scanning (TLS) and
3D Mobile Mapping, generate dense point clouds. Each method has its strengths and
is chosen based on the required resolution and accuracy, as well as the environmental
conditions. Once data is collected, it undergoes a comprehensive processing pipeline to
construct a 3D model. This involves aligning and merging different data sources and
creating a certain map representation that reflects the geometry and structure of the
real-world environment at the required level of detail and quality.

3D mapping technologies encompass a variety of representations, each suited to dif-
ferent applications and levels of detail required in modelling environments. Figure 1.1
illustrates several representative examples. In the field of Geographical Information Sci-
ence (GIS), traditional models such as Digital Elevation Models (DEM) and Triangulated
Irregular Networks (TIN) are commonly employed to represent terrain elevation, sup-
porting geospatial analysis and topographic studies. For urban environments, 3D City
Models-often structured by levels of detail (e.g, CityGML Level of Detail 2 (LoD2) models)-
are widely adopted to visualize urban environments with buildings, roads, and infras-
tructure, enabling applications in urban planning and smart city development. In the
architectural and construction domains, Building Information Models (BIM) offer highly
detailed and semantically rich 3D representations specifically for buildings, with metadata
such as materials, structural elements, plumbing, and electrical systems.

Additionally, raw 3D point clouds obtained through Light Detection and Ranging
(LiDAR) or photogrammetry can be simply used as a 3D map. While these point-based
models provide dense and accurate geometric information, they often lack structure and
semantic annotation, requiring further processing for downstream tasks. Other than the
aforementioned representations, advanced mapping techniques have been developed
in the fields of robotics and computer vision to meet the demands of perception and
reasoning in complex environments; for example, 3D occupancy maps represent spatial
information probabilistically, encoding the likelihood of occupancy in each voxel rather
than relying on explicit geometric descriptions. In contrast to discrete representations, im-
plicit surface maps, such as distance fields and neural radiance fields, define 3D geometry
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using continuous functions rather than explicit vertices or voxels, enabling smooth and
resolution-independent modeling of surfaces. These representations are the primary focus
of this dissertation, providing a foundation for scalable and expressive 3D mapping with
uncertainties.

(a) DEM

FIGURE 1.1. 3D maps

The automated reconstruction of the physical world through 3D modeling from point
cloud data, particularly in urban settings, is an area of active research within geoinfor-
matics, remote sensing, and robotics. These fields focus on developing methods that
efficiently and accurately transform large-scale, unstructured sensor data into detailed,
structured 3D representations of geo-objects. In autonomous systems, mapping technol-
ogy plays a critical role in assisting systems to comprehend unknown and complex scenes.
Autonomous vehicles rely on 3D models to perceive and interpret their surroundings accu-
rately, which includes static objects like roads and buildings, as well as dynamic elements
such as other vehicles and pedestrians. The accurate mapping is crucial for localization,
collision avoidance, path planning and maneuvering the vehicle safely through complex
environments.

Beyond mapping and reconstructing the physical world in the domain of robotics and
autonomous driving, a proper 3D mapping framework can also make digital or virtual
contents more interactive, immersive, and useful in practical applications, e.g., gaming
or simulation using Augmented Reality (AR) and Virtual Reality (VR). 3D mapping is
fundamental for blending digital content with the real world seamlessly. With a proper
3D representation compatible with various hierarchies of resolutions and detail, encoding
high-fidelity 3D information—where "high-fidelity" denotes a high degree of accuracy
and realism in reproducing or simulating the real environment—digital 3D objects can
be placed to interact naturally with physical spaces. This capability is further enhanced
by recent advances in machine learning and deep generative models, which are trained
on massive datasets, learning complex statistical distributions of real-world objects and
scenes. This helps them to synthesize content that closely resembles real data and enables
more realistic and context-aware spatial interactions.

In both physical-world reconstruction and digital content creation, the uncertainty of
mapping is critically important. Understanding and managing the mapping uncertainty
significantly impacts the effectiveness and safety of autonomous systems and digital
systems. Misalignments or mapping errors in spatial understanding can lead to physical
collisions or incorrect actions, potentially causing harm. Uncertainty quantification in 3D
mapping provides a measure of confidence in the data and the models derived from it. By
understanding the potential errors and the reliability of the 3D models, users can make
informed decisions, particularly in scenarios where safety and precision are paramount.
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FIGURE 1.2. Typical LiDAR point clouds captured in urban environments:
colors indicate the semantic labels

1.2 Motivation

As introduced, mapping plays a pivotal role in various disciplines, notably in the ad-
vancement of modern autonomous systems. These technologies heavily rely on maps
that are both accurate and computationally efficient, enabling fast processing, low-latency
decision-making, and safe operation in complex environments. However, mapping large
urban areas accurately and efficiently remains a significant challenge.

This difficulty stems from several factors inherent to urban environments and the
limitations of current sensor technology. Firstly, urban scenes are highly unstructured and
heterogeneous, containing a diverse group of objects like buildings, vehicles, trees, and
other infrastructural elements, as shown in Figure 1.2. Each component introduces vari-
ability that complicates the mapping process. Secondly, the vast amounts of data required
to map large areas can lead to efficiency issues. Processing, storing, and analyzing these
large datasets demand substantial computational resources and optimized algorithms
to maintain workflow efficiency. Thirdly, commonly used sensors such as LiDAR are
susceptible to various sources of noise, which can degrade the quality of the data. Factors
like atmospheric conditions, sensor calibration errors, and technical limitations affect the
accuracy of the measurements. In urban mapping, LIDAR and other sensing technologies
often encounter occlusions caused by obstacles such as buildings or trees, which block the
sensor’s line of sight to certain areas. As illustrated in Figure 1.2, the building fagades are
occluded by trees in front of them. Additionally, the collected point clouds can be sparse,
with uneven distribution of data points, especially in complex or cluttered areas.

The inherent challenges of mapping large urban environments invariably introduce
imperfections into the resulting maps. These imperfections compromise not just the accu-
racy but also introduce potential spatial or semantic uncertainties in the reconstructed city
models. A comprehensive mapping framework should prioritize not only accuracy and
efficiency but also robustly address the uncertainties of mapping outputs. While plenty of
the methods focus on efficiency and accuracy, the confidence information associated with
the results, affected by data quality and the presence of uncertain or unclear information,
should also be indicated. A model without a quality measure can be risky for safety-critical
scenarios. Some popular mapping frameworks (Hornung et al. 2013; Mildenhall et al. 2021;
Kerbl et al. 2023) emphasize accuracy and efficiency, while the uncertainty of mapping
outputs is not sufficiently addressed. Since large errors can also appear in a generally
accurate model due to data errors and incompleteness, it is necessary to quantify the
uncertainty of the mapping results as well.
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The uncertainties associated with maps also significantly impact the performance of
downstream uncertainty-aware tasks, including localization, navigation, and collision
avoidance of an autonomous system. When the map is treated as an error-free reference
in localization and path-planning tasks without considering its quality, this can result
in severe errors, e.g., the wrongly modelled occluded buildings might cause a bias in
the estimated pose. Thus, an appropriate representation or quantification of the map
uncertainties should be defined to help convey the information about the map quality to
downstream applications.

Additionally, one may use multiple sensors to capture the environment, or may have
the demand to update an existing map with new data. In those scenarios, a good uncer-
tainty measure of the maps created by different sensors and agents is essential for data
fusion and motion planning purposes (Y. Huang and Gupta 2008).

Although many existing studies on uncertainty estimation are found in the domain of
autonomous driving, they primarily focus on uncertainties in pose estimation, with com-
paratively less attention given to the accuracy and precision of the generated maps. There
is a lack of sufficient research describing the accuracy and precision of maps. Incorporating
probabilistic uncertainty measures into maps is essential and holds significant potential
to enhance performance in map-based localization and Simultaneous Localization and
Mapping (SLAM).

Some existing methods have demonstrated that even simple representations of map
uncertainty can improve localization accuracy or make the results more robust (Biber
and Strasser 2003; Ehambram et al. 2022; Javanmardi et al. 2019). For example, Biber and
Strasser 2003 proposed to represent the environment using Normal Distribution Trans-
form (NDT) maps, where the map uncertainty is represented by a grid of distributions.
However, it assumes independent discontinuous distributions of the neighboring cells
and it has been found to result in a higher uncertainty at cell boundaries (Srivastava and
Michael 2018). Javanmardi et al. 2019 introduced the idea of building abstract vectors
and planar surface maps of buildings and ground, where the uncertainty is given by the
normal distribution generated from vectors and planes. Building maps with fixed interval
uncertainties has been used in hybrid interval-probabilistic localization (Ehambram et al.
2022). Occupancy maps that incorporate uncertain occupancy states are widely used
in localization tasks, where uncertainty is explicitly represented through probabilistic
occupancy values assigned to each cell.

To enable well-calibrated uncertainty estimation, where the predicted uncertainty
accurately corresponds to the true likelihood of errors, probabilistic techniques such
as Gaussian Mixture Model (GMM) and Gaussian Process (GP) can be integrated into
spatial mapping frameworks. These methods support a probabilistic formulation of the
3D mapping process and facilitate the integration of Bayesian uncertainty quantification.
Additionally, these models also possess continuous characteristics, allowing for smooth
and resolution-independent representations of spatial structures. While several GMM-
and GP-based mapping approaches have been proposed (Marriott et al. 2018; Srivastava
and Michael 2018; O’Callaghan and F. T. Ramos 2012; ]. Wang and Englot 2016; B. Lee et al.
2019), the inherent probabilistic properties and the associated output uncertainties have
not been thoroughly explored (Pearson et al. 2022).

The existing studies prove the importance of accurately quantifying the uncertainty in
mapping. Yet, it remains a substantial challenge to effectively map continuous spaces from
noisy, incomplete point clouds while also assigning appropriate uncertainty measures.
Despite its relevance, the topic of uncertainty in 3D mapping has not been sufficiently
explored, revealing a clear research gap, particularly in the context of spatial uncertainty
quantification for urban environments. There are many man-made structures with rela-
tively regular geometrical shapes, where buildings are often the most important ones for
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localization, e.g., as used in the previous work (Javanmardi et al. 2019; Ehambram et al.
2022). Motivated by this, this dissertation begins with the development of an uncertainty-
aware map representation tailored for buildings in urban settings and subsequently
extends the model to accommodate more general structures.

Moreover, incomplete models resulting from partial or occluded measurements are a
significant challenge in 3D mapping. Addressing this issue requires not only enhancing
the reconstruction using prior knowledge of the environment but also quantifying the
uncertainty associated with the reconstructed regions to maintain an uncertainty-aware
mapping framework. With probabilistic mapping, those unknown regions can be inferred
from the prior distribution. This capability further motivates the adoption of probabilistic
methodologies for more informative 3D map representations.

Recent developments in 3D geometry generation underscore the potential of a 3D
mapping representation that integrates effectively with generative models. Such models
not only aid in enhancing 3D reconstruction from partial incomplete data by leverag-
ing prior information provided by generative models but also improve the fidelity of
simulations and virtual content generation. These advantages highlight the potential
of exploring novel 3D mapping frameworks in combination with deep generative mod-
els, representing a promising research direction with substantial implications for both
real-world applications and immersive virtual environments.

1.3 Goal and Contributions

To address the above-mentioned issues, this dissertation aims to model geo-objects in
large-scale urban environments with a focus on accuracy, efficiency, and uncertainty quan-
tification. Specifically, continuous 3D models and reconstructions are developed using
probabilistic methodologies, enabling the representation of spatial structures alongside
well-calibrated measures of uncertainty. Building upon this foundation, the disserta-
tion also explores the use of the proposed map representation for uncertainty-aware
localization and 3D geometry generation.

To achieve these objectives, the framework leverages both GMMs and GPs as tools
for probabilistic inference. GPs are widely recognized for their ability to provide reliable
uncertainty estimates through posterior inference; however, their scalability is limited,
particularly when applied to large datasets typical of urban mapping. To address this,
a hybrid approach is introduced, which incorporates informative priors derived from
parametric probabilistic models—specifically, GMMs—to reduce the training complexity
and enhance computational efficiency, while preserving well-calibrated uncertainty in the
inference process.

The resulting framework integrates GPs and GMMs to construct a 3D Gaussian map
from LiDAR point cloud data in large, static urban scenes. The method is applied to a
range of urban structures, from man-made fagades to more general surface geometries. The
proposed representation is evaluated and benchmarked against state-of-the-art methods
on both real-world and synthetic datasets, demonstrating competitive performance.

A central contribution of this work is its emphasis on the uncertainty of the map-
ping outputs. The framework provides uncertainty estimates that serve as indicators of
model confidence, allowing unreliable regions, particularly those with sparse or occluded
measurements, to be identified and treated accordingly. For such unobserved areas, the
probabilistic inference enables coarse Gaussian estimations with high uncertainty, which
can serve as a warning signal for downstream applications such as localization or path
planning.
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Building on the 3D Gaussian representation, the dissertation further investigates two
key applications: uncertainty-aware localization and probabilistic 3D geometry generation.
In both cases, the proposed mapping framework demonstrates its potential to support
robust inference in the presence of uncertainty. In the case of geometry generation, the
integration with deep generative models enables uncertainty-informed surface simulation
and highlights the plausible reconstructions of missing geometry, with the potential utility
of the approach for partial point cloud completion.

1.4

Structure of the Dissertation

Following the presentation of the motivation and objectives in this introductory chapter,
the structure of the dissertation is outlined as follows:

Chapter 2: Theoretical Basics - This chapter lays the groundwork for our study
by discussing the theoretical concepts pertinent to our research. Topics covered
include standard mapping representations, probabilistic methods, the fundamentals
of localization, and an introductory overview of diffusion models.

Chapter 3: Review of Related Work - This chapter examines existing studies relevant
to our work, focusing on advancements in 3D mapping, localization techniques, and
the generation of 3D point clouds.

Chapter 4: Datasets and Data Preparation - This chapter introduces the datasets
used in the subsequent experiments and details the corresponding data preprocess-
ing procedures..

Chapter 5: Uncertain building models using GMM and GP - This chapter intro-
duces uncertain building models employing GMM priors and GP framed with local
2.5D frames.

Chapter 6: Uncertain distance field modeling using hierarchical GMM and GP -
This chapter extends the previous building models introduced in Chapter 5, employ-
ing 4D Hierarchical GMM priors and GP inferences with derivative observations.
This approach is used to model uncertainty-aware 3D maps for more complex
shapes.

Chapter 7: Application in Uncertainty-Aware Localization - This chapter illustrates
how the proposed methods are applied to enhance localization, the corresponding
uncertainty propagation from map to pose estimation is also discussed.

Chapter 8: Application in 3D Geometry Generation Using Gaussian Maps - This
chapter explores the application of the 3D Gaussian map representations in generat-
ing 3D geometries based on diffusion models.

Chapter 9: Conclusions and Outlook - The dissertation concludes with a summary
of the findings and a discussion of potential directions for future research.



Chapter 2

Theoretical Basics

2.1 Map Representations

A map is a structured representation of the spatial properties of an environment, capturing
geometric, topological, and semantic information to support tasks such as geospatial
analysis, localization, navigation, perception, and decision-making. Map representations
serve as structured models that facilitate the visualization, analysis, and interpretation
of spatial data. In this section, the commonly used map representations in the field of
autonomous systems are introduced, including 3D point clouds, vector-based boundary
representations, occupancy maps, implicit surface maps, and explicit mesh surfaces.

2.1.1 Point Clouds

Point clouds are a collection of data points defined in a three-dimensional coordinate
system. Each point in a point cloud is expressed as x, y and z. These points represent
the external surface of an object or a scene and are typically generated by 3D scanners,
such as LiDAR, camera images, or other remote sensing technologies. Point clouds are
fundamental in various fields, including computer graphics, robotics, geospatial analysis,
and virtual reality, providing detailed representations of real-world environments.

Point clouds are characterized by several key attributes, with density, intensity, and
color being the most significant. Density, determined by the spacing between points,
directly influences both the detail captured in the data and the overall size of the data
file—higher density provides more detail but increases file size. Intensity measures the
strength of the sensor’s return signal and is typically available from LiDAR data, indicating
surface reflectivity and texture. Color information, usually represented in RGB values, is
generally acquired from photographic sources (e.g., camera images) and enriches visual
fidelity. These attributes constitute the fundamental geometric and radiometric properties
of the point cloud, which in turn dictate its utility for subsequent processing and analysis.

2.1.2 Boundary Representation

Boundary representation is a geometric modeling approach that defines a 3D object by
explicitly describing its boundaries, such as surfaces, edges, and vertices, rather than
its interior volume. In these models, objects are typically represented as a collection of
polygonal faces (often triangles or quadrilaterals) that form closed surfaces enclosing the
object. This representation is particularly well-suited for man-made environments where
geometries are structured and well-defined.

In the context of urban modeling, CityGML is a widely adopted standard that uses a
boundary representation to encode the geometric, semantic, and topological information
of city objects such as buildings, roads, and vegetation. CityGML supports multiple
Levels of Detail (LoD), allowing models to scale from simple block models (LoD1) to
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FIGURE 2.1. LoD2 with roof surface (orange) and wall surface (grey)

detailed architectural representations including fagades and roofs (LoD2 and above) (Kolbe
2009). Figure 2.1 illustrates an example of boundary representation, showing the semantic
components of a building, with the roof surface shown in orange and the wall surface in
grey.

Boundary representation in standards like CityGML offers several key advantages. It
enables accurate reconstruction of object geometries with explicit surface definitions and
supports rich semantic information by linking geometric components to semantic classes
(e.g., roof surface, wall surface). Additionally, as an XML-based standard, CityGML en-
sures high interoperability across software platforms and supports hierarchical structuring
of urban elements, facilitating scalable and semantically meaningful urban modeling.

However, boundary representation models typically do not encode uncertainty or
volumetric information, and they require topologically consistent data, which can be a
limitation in noisy or incomplete reconstructions.

2.1.3 Occupancy Map

Occupancy maps are a fundamental mapping representation used in robotics and au-
tonomous systems, particularly for applications involving navigation, mapping, and
environment understanding. These maps provide a probabilistic framework to represent
the presence or absence of obstacles in an environment, facilitating safe and efficient
movement for robots.

An occupancy map is defined as a grid (2D)- or voxel (3D)-based representation of a
space where each cell in the grid contains a probability that specifies whether a particular
area is occupied by an obstacle or is free. The probability ranges typically from 0 (free) to
1 (occupied), allowing a robot to make decisions based on it.

An occupancy map is often generated by ray tracing, incorporating sensor data, usually
from LiDAR, sonar, or stereo camera. The scanner and sonar emit the rays in various
directions and can measure the distance to the nearest obstacle in the direction of the ray.
As each ray travels through space, it may either hit an obstacle or travel up to its maximum
range without encountering any. The point where a ray hits an obstacle is marked as
occupied, while cells traversed by these rays are seen as free space. Although stereo
cameras do not actively emit rays, they estimate a depth map that can be reprojected into
3D space to form a point cloud. Similar to LiDAR, each point is considered a "hit" (occupied
cell), and the space along the ray from the camera origin to the point is considered "free".

Figure 2.2 presents a 2D illustration of an occupancy map for clarity. In this example,
the blue element represents a sensor, and the green lines denote the emitted scanning rays.
Cells traversed by these rays are shown in white, indicating free space (with an occupancy
value of 0), while cells where the rays terminate—suggesting contact with an object—are
shown in red, indicating occupied space (with an occupancy value of 1).
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FIGURE 2.2. Occupancy map

In probabilistic occupancy maps, these binary values are replaced with occupancy
probabilities ranging continuously from 0 to 1. For instance, a cell passed through by a
ray might be assigned a low occupancy probability (e.g., 0.3), reflecting a high likelihood
of being free, whereas a cell where a ray terminates may be assigned a high occupancy
probability (e.g., 0.9), indicating it is likely occupied. This probabilistic representation
provides a more nuanced and robust modeling of the environment, especially in the
presence of sensor noise and partial observations.

The occupancy map can be incrementally updated as new sensor data becomes avail-
able. Each cell in the path of a ray is updated based on whether the ray passes through it
freely or ends in it. The Bayesian update rule is used to compute the probability that a cell
is occupied given the current measurement and the previous state’s occupancy probability.
The updating equation is given by:

P(z|o, X) - P(0)

P(olz,X) = PEX)

(2.1)

where:

e P(o|z, X) is the posterior probability of the cell being occupied, given the sensor
measurement z and the map state X.

e P(z|o, X) is the likelihood of observing z, assuming the cell is occupied.
e P(o0) is the prior probability of the cell being occupied.
e P(z|X) is the normalizing constant that ensures the probabilities sum to 1.

This equation is used to update the occupancy probability based on new sensor data,
reflecting changes in the environment.

In practice, the occupancy map utilizes the log-odds formulation to make the com-
putation more numerically stable and efficient. By transforming occupancy probabilities
p € [0,1] into the logarithmic domain, the method operates in an unbounded real-valued
space, mitigating floating-point precision artifacts that arise when probabilities approach
0 or 1. Also, Bayesian updates simplify to addition with the log-odds, replacing multi-
plicative probability updates with faster, more stable log-likelihood accumulation. The
log-odds I of a cell being occupied is updated as follows:

I(0) = l;-1(0) + log (%) —Io(0) (2.2)
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FIGURE 2.3. An example of the OctoMap (Hornung et al. 2013)

where:

e I;(0) represents the log-odds of occupancy at time ¢,

)
b Zt_l(O

) is the log-odds of occupancy at the previous time step t — 1,
P

* log (P (ZTLO(E)) is the log-odds update resulting from new measurement z;,

e Ip(0) is the initial log-odds value, typically based on the prior probability of occu-
pancy.

Octree-based Occupancy Map (OctoMap) (Hornung et al. 2013) stands out among
occupancy mapping techniques, primarily due to its enhanced efficiency and reduced
storage requirements compared to the original uniform grid version. It utilizes an octree,
a tree data structure where each node has exactly eight children. This structure is effective
for 3D space partitioning because it divides the space recursively into eight octants.
At each level of the tree, the space is divided into smaller cubes (voxels), allowing for
progressively finer resolutions. This hierarchical structure can be exploited to adjust the
resolution depending on the need, such as higher resolution in areas of interest and lower
resolution elsewhere. This enables OctoMap to efficiently handle large datasets with
improved precision, while optimizing both memory usage and computational resources.

Figure 2.3 illustrates an example of an OctoMap, where blue voxels represent occupied
space and black wireframes indicate the hierarchical structure of the underlying octree.
Regions with a higher density of measurements or larger variation in occupancy states are
recursively subdivided into smaller voxels, allowing for adaptive resolution and more
detailed representation where needed.

OctoMap’s capacity to efficiently generate detailed and updatable 3D maps makes
it a powerful tool for any application requiring a detailed understanding of complex
environments.

2.1.4 Implicit Surface Map

Implicit surface maps represent surfaces in a three-dimensional space not through explicit
coordinates of surface points but through a function whose zero-crossing set defines the
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-d Signed distance field +d
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FIGURE 2.4. SDF of a sphere

surface. This approach offers unique advantages in terms of flexibility, continuity, and the
ease of merging multiple surfaces.

An implicit surface in three-dimensional space is typically defined by an equation of
the form: F(x) = 0 where F is a scalar field defined over x € R3. The set of all points (x)
satisfying this equation constitutes the implicit surface. Unlike explicit representations
that directly list vertex coordinates (like polygon meshes), implicit surfaces are defined by
their relationship to a function.

A popular representation is the Signed Distance Field (SDF), where the function F(x)
represents the shortest distance to the surface. Figure 2.4 illustrates an example of a SDF
for a sphere, where F(x) denotes the distance field. The blue regions inside the circle
represent negative SDF values, corresponding to space inside the sphere, while the red
regions outside indicate positive values for space outside the object. The magnitude of the
distance field increases smoothly with the distance to the nearest surface. The white circle
marks the zero-level set, corresponding to the object’s surface where the signed distance is
exactly zero. Mathematically, it is defined by the following functions:

=0 : on thesurface,
d=F(x){ <0 : inside object, (2.3)
>0 : outside object.

where d is the signed distance. Positive distances (F(x) > 0) indicate the points are outside
the surface, while negative values (F(x) < 0) define the interior volume, denoted as Q.
The zero-value distance denotes the boundary o(2 of the object’s surface:

0Q) = {x: F(x) =0} (2.4)

It should be noted that in scenarios where the sign information is disregarded, one
obtains the Euclidean Distance Field (EDF) as a result. EDF defines spatial relationships
purely based on the magnitude of distances, without incorporating the directional or
inside-outside context provided by signed distance measures.

Implicit surfaces inherently provide smooth and continuous representations without
requiring high-resolution grids, which is beneficial in applications needing fluid and
organic shapes. This smoothness comes from the mathematical properties of the functions
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defining the surfaces, typically facilitating easier generation of smooth transitions and
deformations. Implicit surface equations can compactly represent complex shapes with
relatively simple mathematical expressions. This compactness often results in reduced
storage requirements compared to discrete grids or explicit mesh representations. Addi-
tionally, the use of mathematical functions in implicit surface representations provides
valuable analytical properties, such as normals and curvatures, which can be derived
directly from the equations. This capability is particularly useful in scientific simulations
where these properties are required for computations.

2.1.5 Explicit Mesh Surface

An explicit mesh is a representation of a three-dimensional shape through discrete ge-
ometric elements like vertices, edges, and faces, commonly used in computer graphics.
This method directly specifies the shape by defining its surface as a collection of polygons,
making it particularly suitable for rendering, simulation, and physical analysis. The most
common type of explicit mesh is the triangular mesh, where the basic surface element is
a triangle. This format is favoured due to its computational simplicity and flexibility in
handling complex surfaces. Compared to implicit surface representations, explicit meshes
directly outline the shape’s surface, making them intuitive and straightforward for visual-
ization and interaction. Manipulating the shape by adjusting the vertices, edges, or faces
is relatively straightforward, facilitating tasks like editing, deformation, and simulation.

While explicit meshes are effective for representing geometric surfaces, they also
pose several challenges that require careful management. Firstly, high-resolution meshes
can be computationally intensive, requiring substantial memory and processing power.
Secondly, the property of the mesh (e.g., element shape, size, and distribution) significantly
affects the outcomes of simulations and analyses. Poorly constructed meshes can lead to
unreliable or inaccurate results. Additionally, different systems and applications may use
various mesh formats, requiring robust conversion tools to ensure compatibility.

Marching cubes is a widely used computer graphics algorithm, which constructs an
explicit polygonal mesh from implicit surface fields in 3D. It was developed by William
E. Lorensen and Harvey E. Cline in 1987 and has since become a fundamental technique
in the field of computer graphics for rendering complex surfaces. The marching cubes
algorithm works by dividing the volume of data into a discrete grid of cubes. Each corner
of these cubes (also referred to as vertices) can have one of two possible states: inside or
outside the isosurface, often determined by whether the data value at that vertex is larger
than or smaller than a user-defined threshold (the iso-value).

The process includes cube classification, edge interpolation, triangulation and mesh
generation.

* Cube classification: Each cube in the grid is examined independently. The state of the
cube’s eight vertices (inside or outside the isosurface) determines its configuration.
There are 256 possible configurations (28, since each vertex has two possible states),
but due to symmetry and rotation, this can be reduced to 15 unique cases by the
original marching cubes algorithm.

¢ Edge interpolation: The algorithm interpolates the edges of each cube to find the
exact points where the surface intersects the cube. If a cube’s edge connects an
"inside" vertex to an "outside" vertex, the surface must intersect that edge. The exact
point of intersection is estimated based on the scalar values at the cube’s vertices,
usually by linear interpolation.
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¢ Triangulation: Once the intersection points are determined, the cube is triangulated
by creating polygons (triangles) from these points. The specific triangulation for a
cube depends on its configuration.

* Mesh generation: Triangles generated from all the cubes are combined to create the
final mesh that approximates the isosurface.

2.2 Probabilistic Uncertainty

Probabilistic uncertainty quantification focuses on quantifying the uncertainty inherent in
predictions and models through probabilistic means, which is vital for making informed
decisions under uncertainty. It involves using probability distributions to describe and
analyze the uncertainty in model outputs, parameters, or predictions. This contrasts with
deterministic methods, which provide specific values or outcomes without accounting for
variability. A key technique in uncertainty quantification is the use of Bayesian statistical
methods, which offer a structured probabilistic framework that integrates prior knowledge
with empirical data, facilitating dynamic updating and refinement of uncertainty models
as new information becomes available. In practice, with probabilistic uncertainty, it is
possible to derive confidence intervals, which quantify the range within which the true
value of a variable is likely to lie with a specified level of confidence.

In the context of mapping in this work, techniques such as Bayesian inference, Mul-
tivariate Gaussian distributions, Gaussian Mixture Models, and Gaussian Processes are
employed to quantify uncertainty within a Bayesian framework. These methods enable
predictive modeling while improving the reliability and robustness of spatial analysis.
This section introduces these techniques as follows.

2.2.1 Bayesian Inference

Bayesian inference is a statistical method that applies the principles of probability to update
an uncertain estimation based on observing new data. It is based on Bayes” Theorem,
which describes the probability of an event based on prior knowledge of conditions that
might be related to the event. Bayes” Theorem is the cornerstone of Bayesian inference,
and it mainly consists of prior probability, evidence, likelihood, and posterior probability.
The update rule reads:

p(D[6) - p(6) 25)

p(D) '
where p(0) is the prior probability of the target model parameters 6, which represents
the belief about 6 before observing the data. p(D) is the evidence of the observed data.
p(D|0) is the likelihood of 6, also known as the conditional probability of observing the
data given the model parameters 6. p(0|D) is the updated posterior probability of the
parameters 6 given data D.

The prior probability distribution reflects what is known about the parameters before
any data is observed. This can be based on previous experiments, or expert knowledge, or
could be non-informative if little is known a priori. Unlike probability, which measures
how probable a future outcome is under certain conditions, likelihood measures how
plausible a particular parameter set is for observed samples. It is central to fitting models
to data in Bayesian inference. Note that we emphasize that the likelihood function p(D|6)
is not a probability distribution over 6 and is not normalized.

The posterior distribution combines the likelihood function with the prior distribution.
In the context of uncertainty estimation, the posterior probability captures the model’s

p(6|D) =
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state of knowledge: The more “narrow" this distribution, i.e., the more concentrated the
probability mass in a small region, the less uncertain the model is.

Bayesian inference often involves calculating the expected values of statistics or making
decisions based on the posterior distribution. This can include prediction, estimating
parameters, or comparing different models. For a given query sample x., we average over
all possible predictive parameter values, weighted by their posterior probability. Thus,
the predictive posterior distribution of the target value y. reads:

p.lx., D) = [ ply.|x.,0)p(6|D)d0 26)

This is in contrast to non-Bayesian schemes, where a single parameter estimation is
typically chosen.

2.2.2 Multivariate Gaussian Distribution

The Gaussian distribution, also referred to as the normal distribution, is one of the most
important probability distributions in statistics due to its widespread applications across
various scientific and engineering disciplines. It is characterized by its "bell-shaped"
curve, which is symmetrical about the mean. A univariate Gaussian distribution is fully
described by two parameters: the mean (1) and the variance (¢2). The Probability Density
Function (PDF) for a single variable x is defined by:

(x —p)?

exp(— g ) (2.7)

1
N(x | p,0%) =
V2mo?
In the case of multivariate Gaussian, the variable is a d-dimensional random vector
and the PDF for the Multivariate Normal Distribution (MVN) is a bit more involved than
the univariate case due to the inclusion of a covariance matrix. The distribution can be
written in the form:

N(x | E) = Mexp <—§<x —mTz-l(x—y)) 2.8)

where:
* uis the d-dimensional mean vector,
e Y is the d x d covariance matrix, and

e |Z| denotes the determinant of X.

1

The normalization constant ———
(2m)d|Z]

in Equation (2.8) ensures that the density function

integrates to 1.

The Gaussian distribution possesses many important analytical properties, some of
which are applied to our work that will be introduced in the subsequent chapters. Thus,
we explain these properties in detail here.

We start with the geometric property of the Gaussian distribution, i.e., the geometric
shape of the level sets. The level sets can be seen as density contours of the PDF, where
the density function values p(x) of all samples in a certain set equal a constant value.

As shown in Equation (2.8), the probability density function depends on the Maha-
lanobis distance A between x and y, through the form:

8= \Jx=—pTE (x—p) 29)
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where:
e Y1 s the inverse of the covariance matrix.

It can be observed that the Gaussian probability density will be constant on surfaces
in X-space where this Mahalanobis distance is constant, i.e., the contours/surfaces of
probability density are equivalent to the contours/surfaces of constant Mahalanobis
distance. Therefore, the shape of level sets is dependent on the covariance matrix X.

Now since X is a symmetric positive definite matrix, its eigendecomposition yields
real, positive eigenvalues and mutually orthogonal eigenvectors. This relationship can be
mathematically expressed as follows:

Y = QAQ ' =QAQ" (2.10)
where:
* (Qis the matrix of eigenvectors of 2.
¢ Ais a diagonal matrix whose diagonal elements are the eigenvalues of X.

The Equation (2.10) can be further rewritten as:

=Y Mqiqi', (2.11)

D
i=1
where:

* q; is the i-th column of Q, denoting the i-th normalized eigenvector.

* A, is the i-th diagonal element of A, denoting the i-th eigenvalues of X.

Thus, the inverse of the X is:

D
_ _ 1
T =QATIQ =) raia 2.12)
i=1""
Substituting Equation (2.12) into (2.9), we can write the squared Mahalanobis distance
as
2y 1 T T
A=) = p) qiq (x—p) (2.13)
i=1""
D
1
=25 N (2.14)
where:

o x!=(x—pu)"qi =qi' (x— p) represents the i-th dimension of a new transformed
Euclidean coordinates. In the coordinate frame, the axes are defined by the orthogo-
nal eigenvectors with the origin at y.

Given a constant A, one can derive the level sets from the Equation (2.14). For Gaussian
distributions, these level sets manifest themselves as ellipses in 2D and ellipsoids in 3D,
corresponding to the definition equations of ellipses and ellipsoids. The principal axes of
these ellipses/ellipsoids align with the eigenvectors of the covariance matrix, and their
radii are proportional to the square roots of the respective eigenvalues.
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Conditional and marginal rules are two important properties of Multivariate Gaussian
distributions that enable them to work in many tasks, for example, regression. Both
the conditional and marginal distributions of a subset of variables from a multivariate
Gaussian are also themselves Gaussian.

Suppose there is a joint Gaussian composed of two variables X = {x1, x» }, the original
mean vector is then:

n={p,m}, (2.15)
and the covariance matrix is given:
Ly 212]
X = . 2.16
[221 by (2.16)

The probability density of the marginal distribution of one variable x; is defined as:

p(x1) = / p(x1,x2)dxs (2.17)

Its mean and covariance matrix are the corresponding subset and submatrix of the original
mean vector and covariance matrix respectively, i.e., 1 and X1;, which is the marginal
distribution of xy.

The conditional distribution of the variable x; given the other vector x, in a multivariate
Gaussian can be represented as x|, ~ N (y1|2, ZlIZ)' with the parameters as:

i = 1+ ZEy (2 — i) (2.18)
Lip =X — Z12X5, Lot (2.19)

If we denote the corresponding precision matrix A:

A=x 1= [ﬁi QZ] , (2.20)

The conditional rule can be expressed as:
M1 = M1 — AL A (2 — 1), (2.21)
Lo = Ay (2.22)

It can be easily observed that the conditional mean is a linear function of the other
variable x;, and the conditional covariance is a constant matrix that is independent of the
conditioned variable x;.

2.2.3 Gaussian Mixture Model

While the Gaussian distribution offers notable analytical properties, it often falls short
in modelling complex real-world data sets due to its simplicity. However, by employing
a GMM, which combines a sufficient number of Gaussian distributions, nearly any con-
tinuous density can be approximated with high accuracy. GMMs are particularly useful
in applications like clustering, density estimation, and as components of more complex
probabilistic models involving latent variables.

Figure 2.5 illustrates the GMM examples for clustering in 2D and 3D. Figure 2.5a
shows a mixture of three 2D Gaussian components, each represented by colored scatter
points and the ellipses representing the 1-standard-deviation contour of each Gaussian
component’s covariance matrix. Each ellipse encodes the mean (center) and covariance
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3D Gaussian Mixture Model

Component red
Component blue

2D Gaussian Mixture Model Component green
8 Component red 8
Component blue 6
6 Component green A
4 2
> 0
2
0
-2 ; X 2.5
-75 -50 -25 00 25 50 250 5
X 7.5
(a) 2D GMM ellipses (b) 3D GMM ellipsoids

FIGURE 2.5. GMM examples

(shape and orientation) of one Gaussian distribution. Likewise, Figure 2.5b visualizes a
mixture of three 3D Gaussian distributions. The center location, spatial orientation and
elongation of ellipsoids reflect the Gaussian mean and covariance.

GMMs assume that the data originate from several Gaussian sources, and each compo-
nent in a GMM is defined by its unique parameters - mean, covariance, and mixture coeffi-
cient, allowing for precise adjustments to fit diverse datasets. The probability distribution
function of a standard GMM is described by a set of parameters 6 = { (7, px, L) },Ile, as
written in:

K
p(x) =Y mN (x|px, k), (2.23)
k=1
K
Y m=10<m<1 (2.24)
k=1

where 71}, is the mixing weight of the k-th component, which affects the contribution of
each Gaussian component to the overall mixture; py and Xy are the mean and covariance
of the k-th Gaussian. Given a perfect K, the components will properly approximate the
object density.

To view GMM in a Bayesian formulation, a latent variable z is introduced and the
GMM is interpreted as the marginal distribution p(x) considering a joint distribution of
both samples and latent variables p(x, z).

The latent variable z denotes which Gaussian component originates the sample. With K
Gaussian components, z is a K-dimensional binary random variable, each k-th dimensional
zx is either 0 or 1, i.e., zx € {0,1} and only one dimension equals to 1, and all others are 0:

1 : k=k*
Zk_{ 0 : k#k* ’ (225)
K
Y z=1 (2.26)
k

where k* denotes the particular dimension that equals 1 in a latent variable. There
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is a probability of each component being k*, i.e., p(zy = 1). It quantifies the relative
contribution of each k-th Gaussian component in the mixture, and namely, it is the mixing
weight 71, of the GMM. Therefore, p(zx = 1) can be expressed mathematically as:

p(zr = 1) = my, (2.27)

K
= H p(zr = 1)%* = my (2.28)
where p(z) represents the prior probability of the latent variable. p(x | zx = 1) is a
conditional probability, denoting that once the variable z is given, the distribution is a
single Gaussian component. Thus, the GMM density function, as the marginal distribution
p(x) of ajoint distribution p(x, z), can be written as:

ZP p(x|z) = ZP N (x|pge, Ze) (2.29)

Now we consider the question: how can we optimize the parameters of the GMM to
represent the data distribution properly? In a similar case of a single Gaussian, Maximum
Likelihood Estimation (MLE) is utilized to determine the optimal parameters. The likeli-
hood function - discussed previously in Section 2.2.1, is the probability of the observed
data given the parameters 6. For a unimodal Gaussian, they are denoted as 6 = (u, ).
If we assume each sample in data X is independent, the parameters can be optimized as
follows:

0= arg max p(X]6) (2.30)

N 1 1
p(X|p X HP xi | p,E HWGXP <—2(xz' —u) T (x; —ﬂ)> (2.31)

where

¢ x;is the i-th sample of the data.

* dis the dimensionality of the data.
* N is the number of total samples.

To enhance computational efficiency and avoid the challenges associated with the
cumulative multiplication of probabilities, the optimization of the likelihood function in
exponential models is commonly transformed into a log-likelihood maximization problem:

N
0= arg max logp(X | 0) = arg max Y logp(xi | mX). (2.32)

However, in the context of a Gaussian mixture model, the presence of multiple Gaus-
sian components, each associated with a distinct weighting factor, introduces complexity
to the optimization process. The MLE optimization technique has to solve the logarithm
of a sum:

N K
0= arg max Y log Y mep(xilpr, Zic).- (2.33)
i k=1
The necessity to compute the logarithm of the weighted summation of these Gaussian
components poses analytical challenges and can not be solved in closed form. The
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Expectation-Maximization (EM) algorithm is typically used as a powerful tool for GMM
parameter optimization.

The main idea behind EM is also maximizing the likelihood functions; however, an
iterative scheme is employed to overcome computational challenges posed by the direct
optimization of complex likelihood functions. The EM algorithm in the context of GMM
involves two key phases: the Expectation step (E-step) and the Maximization step (M-step).
These steps are iteratively repeated until convergence, typically determined when the
change in the log-likelihood function or the parameter values falls below a predefined
threshold.

During the Maximization step, the parameters are derived based on the previous
Equation 2.33, by setting the derivatives of the log-likelihood with respect to these pa-
rameters to zero. After simplifying and reformulating the equations, the mean vector, the
covariance matrix and the mixing weight can be succinctly represented as follows:

1 N
pr = N ; Y (zik) xi, (2.34)
1 Y T
L= Y (zie) (i — ) (xi — ) (2.35)
k=1
_ M
M= <, (2.36)

and y(z;) and N are calculated as:

N (x| pi, Zi)

ik) = , 2.37

’)/(Z k) Z/K:l 7r]~./\f(xi|y]-, Z]) ( )
N

Ni =Y 7(zi) (2.38)

i=1

where

* 7(zj) represents the "responsibility" that each Gaussian component k takes for each
observation x;, reflecting how likely x; is to come from the k-th component relative
to all possible components in the model.

* N represents the effective number of data points assigned to the k-th component.

Note that, as addressed earlier, the above equations can not be calculated in closed
form, since the responsibility (z;) is unknown and correlated to the other parameters.

In the iteration scheme, we can initialize the parameters, and the Expectation step
estimates the expected responsibilities based on the current parameters, according to
Equation 2.37. The M-step can then update the parameters based on the expected -y. This
optimization process can be summarized as follows:

1. Initialization: the parameters @ = { (71, pt, Zx) }5_, are initialized. This can be done
randomly or based on some heuristic, such as the results of a clustering algorithm
like k-means.

2. Expectation step: calculate the posterior probability p(z; = 1 | X), which is also
called responsibilities y(z, x;); it approximates the true probability distribution of
latent variables p(zx = 1).
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3. Maximization step: maximize the joint distribution p(x, z) to optimize the parame-
ters.

4. Convergence: the algorithm iterates between the E-step and M-step until the changes
in parameters or the improvement in the log-likelihood are below some threshold.

Other than EM, an alternative approach to optimize the GMM parameters is to use
a gradient-based method. These methods are advantageous, particularly when leverag-
ing modern GPU-based automatic differentiation and optimization techniques for large
datasets or complex models.

2.24 Gaussian Mixture Regression

Leveraging the conditional and marginal properties of the Multivariate Gaussian distri-
bution, the joint Gaussian distribution can be incorporated into regression analysis. This
approach can be further developed within the framework of GMM, resulting in what
is known as Gaussian Mixture Regression (GMR). GMR is adept at modelling complex
datasets characterized by multiple underlying trends, nonlinear relationships, or heteroge-
neous variances. This methodology allows for a sophisticated analysis that accounts for
the intrinsic variability and potential non-linearity in the data, making it highly suitable
for applications where traditional regression models might fail to capture the underlying
dynamics of the system effectively.

Suppose there is a joint distribution of the variables (X, Y), if both variables are multi-
variate Gaussian distributions, the conditional distribution p(y | x) ~ N (g, |y, Ey ) is also
multivariate Gaussian, and its mean and covariance matrix can be computed according to
Equation 2.18 and 2.19. X is called input variable and Y is the target variable or response
variable. m(x) = py, is the regressed target value, and |, describes the uncertainty of
the regression.

If we consider the distribution of (X,Y) as a mixture of Gaussians, the regression can
be computed as the weighted sum of regressions of multiple components. The overall
regression inherits the regressed results from each single Gaussian component. First, its
k-th component as a single Gaussian is denoted by

ylx

Yix ZkYX] -1 [1\11 AIZ]
, T A=X"1= 2.39
# = (o i) [kay Yy Ay Ap (2.39)

Considering that a joint distribution can be seen as a product of two distributions, the
mixture of the joint distribution is given

K
p(y,x) =Y mp (Y% piy xo Zeyjx) P (% piex, Zix ). (2.40)
k=1

and the marginal distribution p(x) can be written as

K
p() = [ p(y,x)dy = Y- 7ep (i i, E). @41)
k=1

Therefore, the conditional probability p(y|x) reads

p(xy) _ i TP (%; Pix, Zix)

P (Y% pricy)x» Zrv|x)- (2.42)
p(x) = T mp(x pix, Eix) | |

p(ylx) =

wy(x)
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where
__ mp(xmx Tix) ‘s . ;
e wi(x) T (g ) denotes the mixing weight of the k-th component of the
GMR.

P(y1%; piy|x, Zky|x) can be computed by the conditional rule, same as in the single
Gaussian case:

Hiy|x = Bky — Ay Aryx (X — pkx), (2.43)
Spvix = Ay (2.44)

where jy|x can be denoted as 1y (x), representing the expected target value for the queried
variable x, and Xy x is the associated uncertainty.

According to Equation 2.42, given the input variable x, the target variable y can be
regressed as the expectation of the distribution p(y|x), which is the weighted sum of each
component’s regression my(x). The regression function and the associated uncertainty
(variance v(x)) are expressed as

K
m(x) = ;wk(x)mk(x)r (2.45)
K
o(x) = ;wk<x){2k(x) + g () (x) T} — m(x)m(x)T. (2.46)

Although the regression function m(x) resembles a kernel estimator in form, a crucial
distinction exists: the weight function wy(x) is determined by the components of a global
Gaussian mixture model rather than by the local structure of the data. Consequently,
GMR constitutes a global parametric model that incorporates nonparametric flexibility
(Sung 2004). Additionally, the availability of the covariance within the regression model is
particularly advantageous for tasks requiring uncertainty quantification.

2.2.5 Gaussian Process

A GP is another powerful, probabilistic model used in machine learning for regression
and classification tasks. It is defined as a collection of random variables, any finite number
of which have a joint Gaussian distribution. Essentially, a GP generalizes multivariate
Gaussian distributions to infinite dimensionality, allowing for the modelling of complex
data sets with potentially infinite observations. The strength of GPs lies in their ability to
provide a predictive distribution (not just point estimates) for outputs, offering not only
the mean prediction at any point but also the uncertainty of that prediction.

A GP model can be seen as an infinite multivariate Gaussian distribution, and the
target values Yoo = (V¥1,Y2, Y3, ..., Vi, ...) represent different dimensions of this distribution
with infinite dimensionality. If N dimensional values Yx = (1,2, 3, ..., yn) are given,
and any other target dimensions are Y, = (y;, y+ + 1, y; + 2, ...), the joint distribution can

be expressed as
YN un| | EN  Zns
) G 0w

The targets Y. can be inferred using the conditional rule of the Gaussian distribution,
resulting in the posterior probability :

p(Ys | YN) ~ N (poins Zujv)- (2.48)
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In the context of GP, the target variable Y is defined over a continuous input space X,
e.g., over time or spatial coordinates, with y = f(x) representing the corresponding target
values at the input points. Both the mean and covariance in Equation 2.47 are functions
defined over these input variables.

The GP model is thus formulated as f(x) ~ GP(u(x),k(x,x")), representing a dis-
tribution of functions. It is fully defined by two key functions: a mean function and
a covariance function (kernel). Given the input data x, the mean function defines the
expectation of the target value E(y) = p(x), while the kernel function determines the
variance k(x, x) of this target value and its covariance k(x, x") with another variable y’ at
any other input location x’.

Therefore, in the perspective of Bayesian inference, the marginal distribution p(y) from
the joint distribution 2.47 is seen as the prior probability of y at any input x. Supposing
a dataset with input values X = {x; € R3}Y | and the corresponding target variables
y = {y:} ., the prior probability of y = f(X) is denoted as

p(y [ X) ~ N (po(X), ko(X, X)), (2:49)
where
* 19(x) is denoted as the prior mean function.
* ko(x,x") represents the prior covariance (kernel) function.

The posterior probability 2.48 of the predictive target values y. can be written as

P(ys | X, X, y) ~ N (no(Xs) + KIKG (y — po(X)), ko(Xs, X)) — kI (Kn) T'K,),  (2.50)
where

¢ the posterior mean and covariance functions are calculated using conditional prop-
erties 2.18 and 2.19.

e Ky = ko(X, X) is the covariance matrix of the N input points calculated by the prior
kernel function.

e [kin = ko(X,x) and [k,]ny = ko(X, x),) are the prior covariance between the N
input training points and the predicting points.

The above inference considers the simple scenario when the provided training data
y are measured without noise. When the target variables y include additive noise # ~
N(0, U,?I), the model must account for this noise in its inference. The relationship becomes
y = f(X) + 1, and the prior covariance of the observed data becomes Ky + O'%I. The
inference of the predictive inputs X, can be estimated as [Rasmussen and C. K. I. Williams
2006]:

u(xs) = po(x) + X (K + 7)™y — o (X)), (2.51)

k(x.,x.) = ko(xs, x,) — kI (Ky + (T,?I)_lk; + 0',%, (2.52)

In most practical applications of GP, there is typically no a priori knowledge about
the mean function p(x), leading to its common specification as a constant zero. The
selection of the kernel is critical to the GP’s flexibility, allowing it to adapt to varying data
complexity by specifying how points in the input space are related.
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Selection of Kernel Functions

The core assumption of the GP model is the basic similarity assumption that points with
close inputs x are likely to have similar target values y. Furthermore, a test point near
the training data is expected to yield predictions with lower uncertainty due to higher
informative neighbours.

The covariance function defines the nearness or similarity between data samples.
Therefore, it is the key component of the GP framework, encapsulating the assumptions
about the underlying function that the model aims to learn. Common choices for the
covariance function include linear, polynomial, or more commonly, Radial Basis Functions
(RBEF).

The RBF kernel, also known as the Squared Exponential kernel, is perhaps the most
widely used kernel due to its properties of smoothness and infinite differentiability. It is
defined as:

Y12
k(x,x') = 0% exp (—HXZ;;H> (2.53)

where:

e x and x’ are vectors in the input space.

* 02 is the variance parameter, controlling the overall variance of the kernel. In
practical applications, it is typically treated as a hyperparameter and is selected based
on empirical evaluation or according to the noise characteristics of the observations.

* [ is the length scale parameter, which determines how quickly the correlation be-
tween points decays with distance.

The Automatic Relevance Determination (ARD) kernel is a sophisticated extension
of the standard RBF kernels. It is particularly designed to handle high-dimensional
data efficiently by determining the relevance of each input feature. Unlike the simpler
RBF kernel, which uses a single length scale I for all input dimensions, the ARD kernel
introduces a distinct length scale /; for each input dimension i. This allows the kernel to
adjust its sensitivity to variations in different dimensions of the input space independently.
The ARD kernel is defined as:

d o
k(x,X') = 0% exp (—; ) (lele)2> (2.54)

i=1 i
where:

* dis the number of dimensions in the input space.
* x; and x/ are the i-th components of x and x/, respectively.

* [; are the length scales corresponding to each dimension, allowing the kernel to
adaptively measure the relevance of each dimension by scaling the contribution of
differences along that dimension.

The ARD kernel is particularly useful in high-dimensional spaces where not all dimensions
are equally important. By learning which features are most relevant, the GP model can
potentially improve its predictive accuracy and also provide insights into the underlying
processes that generate the data.

The Matérn kernel is a generalization of the RBF kernel that introduces an additional
parameter v to control the smoothness of the resulting function. The kernel is particu-
larly useful for modelling physical processes with a known degree of smoothness. Its
formulation is:
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where:

* v is the smoothness parameter and the smoothness of the function increases with
higher v. Common choices are v = 3/2 and v = 5/2, yielding functions that are
once and twice differentiable, respectively.

e T'(v) is the gamma function, a generalization of the factorial function to complex and
real number arguments.

e K, is a modified Bessel function of the second kind, which handles the behaviour of
the kernel function at different scales of v.

The Matérn kernel’s primary advantage is its control over the smoothness of the function.
Unlike the RBF kernel, which is infinitely differentiable and thus very smooth, the Matérn
kernel can model functions that are less smooth or even non-differentiable when v is small.
This is crucial when dealing with real-world data that might exhibit abrupt changes or is
not inherently smooth.

Hyper-parameters Selection

Typically, the covariance function families that we use will have some free parameters
whose values also need to be determined. For example, the ARD covariance function is
affected by the variance parameter o and the characteristics length scale I = {Iy, 1, ..., 1;, ...}
Also, the additive noise # in the noisy observations can be varied and affect the covari-
ance function. In general, these free parameters are known as Hyper-parameters in GP
inference.

Examples of the effects of varying the hyperparameters on GP inference are shown in
Figure 2.6. The length scale I determines how relevant an input is, or how far two inputs
become uncorrelated, as shown in Figure 2.6a:

¢ If the length scale has a very small value, the kernel function decays quickly as two
inputs move apart. This means that points close to each other are highly correlated,
while points that are even slightly further apart have low correlations. The GP will
model the data with a high sensitivity to small variations in the input. This can
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lead to jaggy inference and overfitting, where the GP model captures noise or very
fine-grained details that may not generalize well. Also, the variance of the inference
grows rapidly away from the training points.

* In contrast, if the length scale is large, the kernel function decays slowly, meaning
that points far apart still have a high correlation. The estimated function will be
smoother and less sensitive to local variations. However, it may cause inaccuracy in
the small-scale structures.

The variance parameter ¢ controls the vertical scale or amplitude of the kernel function,
also indicating the prior variance if there is no correlated input for the predictive input, as
shown in Figure 2.6b.

¢ If the variance parameter is small, the output of the GP will be heavily restricted
around the mean. The GP predictions are unlikely to deviate much from the prior
mean function. The model will produce predictions close to the prior mean, even
in regions with training points, making the model less flexible. It may also under-
estimate the uncertainty of the inference, particularly for regions without training
data.

e If the variance parameter is large, the GP is more flexible and tolerant to the training
data largely deviating from the prior mean. The model will allow larger variations
in its predictions, but it can also lead to overfitting if the variance is too high. It
could overestimate the uncertainty of the inference, particularly for regions without
training data.

Regarding the noise parameter # of observations, it affects how confident the GP is
in the observations. If set incorrectly, it can lead to overfitting or underfitting and yield
inaccurate uncertainty estimates.

There are different methods for optimizing the hyper-parameters from training data.
In practice, the hyperparameters are often optimized through MLE or cross-validation to
find values that best balance fitting the data and generalization.

Comparison of GP with GMM

Both Gaussian Processes and Gaussian Mixture Models harness the power of Gaussian
statistics, albeit in different ways, to provide robust, flexible, and probabilistically sound
models that are invaluable across a wide range of applications from robotics to bioinfor-
matics. GMMs adapt to complex data distributions through the mixture components,
each with its own mean and covariance, while GPs adapt to data through the choice
of the covariance function, which governs the smoothness and other properties of the
function being modeled. Both models excel at quantifying uncertainty—GMM through
the component variances and GP through its predictive confidence intervals.

2.2.6 Statistical Tests for Assessing out-of-distribution data

Statistical tests designed to determine whether a dataset follows a Gaussian distribution
are critical in many areas of research. It is crucial to check if the data follows the estimated
distribution or is out of the distribution. A commonly used approach for the multivariate
Gaussian distribution is the Chi-squared test.

The Chi-squared test, commonly used for goodness-of-fit, independence tests in cate-
gorical data, and homogeneity tests, can also play a role in the context of a multivariate
Gaussian (normal) distribution, particularly through its connection to the Mahalanobis
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distance. If the data indeed follow this distribution, the squared Mahalanobis distance
(A?) follows a Chi-squared distribution with degrees of freedom equal to the number of
dimensions (variables) in the data:

A ~ A2, (2.56)
where:
¢ X2 is the Chi-squared distribution with k degrees of freedom.

The primary testing strategy is: Given a p-value, if the computed statistics (A? in the
case of MVN) is larger than the corresponding value regarding this p-value and degree of
freedom, the testing sample will be seen as out of this distribution.

The testing process can be implemented as follows:

¢ Calculate the Mahalanobis Distance of the testing sample.

¢ Compare this distance to the critical value for the p-value of the Chi-squared distri-
bution with k degrees of freedom.

* Hypothesis Testing:

1) Null Hypothesis (HO): The statistic is smaller than the critical value. The data
follow this multivariate normal distribution.

2) Alternative Hypothesis (HA): The statistic is larger than the critical value. The
data do not follow this distribution.

Instead of the binary decision of in or out of distribution, the Mahalanobis distance
can also provide an insight into how close the sample is to the mean of the distribution,
indicating the uncertainty of the prediction of the sample; a larger Mahalanobis distance
implies the sample lies in a low-probability region, i.e., higher uncertainty. Conversely, a
smaller distance indicates the sample is close to the mean in a high-confidence region.

2.2.7 Uncertainty Propagation

Uncertainty propagation, also known as error propagation, refers to the process of deter-
mining the uncertainty or error in a result that is computed from multiple measurements,
each with its own associated uncertainty. This is crucial in scientific and engineering
contexts where precise measurements are critical.

We categorize the uncertainties into two types: 1) Random errors, which are un-
predictable statistical fluctuations that affect the precision of measurements and can be
minimized (though not fully eliminated) by repeated measurements. They are zero-mean
and unbiased. 2) Systematic errors, which consistently skew measurements in one di-
rection, arise from biased instrumentation, flawed experimental design, or other sources
that cause a repeated, predictable inaccuracy. Correcting systematic errors often requires
calibration or refining the experimental setup. Note that although they are similar to the
aleatoric uncertainty and epistemic uncertainty in the deep-learning framework, they are
not equivalent.

Although aleatoric uncertainty and random error both stem from inherent variability,
they differ in how they can be addressed. Random error refers to unpredictable fluc-
tuations in measurements, such as sensor noise, which can be statistically mitigated by
aggregating multiple observations. Through averaging, the influence of random errors can
be reduced, although not entirely eliminated from individual measurements. In contrast,
aleatoric uncertainty reflects fundamental stochasticity in the data-generating process
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itself—such as the unpredictable motion of dynamic objects or irreducible noise in sensor
inputs. This type of uncertainty cannot be reduced even with more data, as it represents
intrinsic randomness rather than sampling variation.

The epistemic uncertainty is conceptually similar to systematic errors in that both arise
from issues that could, in theory, be resolved with better knowledge or techniques. How-
ever, while epistemic uncertainty encompasses broader knowledge limitations, systematic
errors are specifically tied to biases in the data collection or experimental setup.

As in our studied problem, no prior information is considered for the systematic error
reduction; mainly, the statistical random errors are discussed. The most general way of
characterizing statistical uncertainty is by specifying its probability distribution. If the
probability distribution of the variable is known or can be assumed, in theory, it is possible
to get any of its statistics. Most commonly, the uncertainty of a quantity is quantified
in terms of variance or covariance. When combining multiple measurements through
various mathematical operations, the uncertainty needs to be propagated accordingly. In
the following, we introduce popular methods of uncertainty propagation.

Analytical Methods are employed in cases where the uncertainty propagation calcula-
tion can be done through algebraic procedures. Considering scenarios where the target
variable is a function of several input variables arranged in a linear system, expressed
as f = Ax, the covariance matrix of the input x allows for the direct computation of the
propagated uncertainty in X¢, which can be represented as:

Iy = E[(x — E[x]) (x — E[x])"] (2.57)
X¢ = E[(Ax — E[Ax])(Ax — E[AX])"] (2.58)
= E[A(x — E[x])(x — E[x])TAT] (2.59)
= AL AT (2.60)

In the case of a non-linear system, the function f can be linearised by approximation to
a first-order Taylor series expansion. The first-order Taylor expansion for a multivariable
function of x in IR3 is :

fx) = f(a) + Vf(a)'(x - a), (2.61)
where

e Vf(a) denotes the gradient of f at a point a near x, which is a vector of partial
derivatives.

Since we are considering the uncertainty of the expected value y = E[x], the expansion
is evaluated at . Given the N dimensional input x and K dimensional output f, the
first-order Taylor expansion of the target f can be written in matrix notation:

f~f(u) +J(p)(x—p) (2.62)

where

¢ Jisthe K x N Jacobian matrix. Each row of this matrix contains the gradient of the
component function fi evaluated at p.

Therefore, the propagation of error follows the linear case, but replacing the linear coeffi-
cients A with the Jacobian matrix:
e = JI,J . (2.63)

Numerical methods, such as Monte Carlo (MC) simulations, are used for more com-
plex relationships or when analytical solutions are not feasible. MC simulation involves
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repeatedly sampling the input parameters from their probability distributions, comput-
ing the model output for each set of samples, and then analyzing the distribution of
these outputs to assess the overall uncertainty and sensitivity. This technique is versatile,
accommodating a wide range of applications.

Bayesian Statistical Methods treat model parameters as random variables and use
Bayes” Theorem to update the probability distributions of these parameters based on
observed data, as introduced in the section 2.2.1. This approach provides a probabilistic
description of parameter uncertainty, which can be propagated through the model to
predict the uncertainty in the output. It is useful in situations where prior knowledge
about parameters is available or where parameters can be updated with new information.

2.3 LiDAR-based Localization

Localization is the process of determining an object’s pose within a predefined coordinate
system relative to its environment. This encompasses both the position, specified by
coordinates x, ¥ and z, and the orientation, typically expressed in terms of pitch, roll,
and yaw angles. The primary objective of localization is to accurately establish a moving
object’s location at any given moment, which is crucial for tasks such as path planning
and navigation.

Accurate Point Cloud Registration is crucial for the tasks of localization with point
clouds. It involves the alignment of two point clouds to find the optimal transformation
that makes them coincide. This transformation typically involves translations and rotations
that best match the point cloud captured from a sensor to a reference point cloud or a
pre-existing model.

2.3.1 Transformation

Rigid Transformations are the most common transformations applied in point cloud
registration, preserving the distances between points (i.e., no scaling), including translation
and rotation. Note that Affine Transformations are sometimes used, including rotations,
translations, scaling, and shearing, offering a more flexible model adjustment compared
to rigid transformations.

Rotation is often represented by a rotation matrix R, which is a 3x3 orthogonal matrix
with a determinant of +1. Translation is represented by a translation vector t, which is
a 3x1 vector. The combined rigid transformation can be represented in homogeneous

coordinates as
R t
T = [ 0 1] (2.64)

This 4x4 matrix applies both rotation and translation to a point cloud.

3D Rotation and Quaternions

3D rotations can be typically represented by Euler angles, rotation matrices, rotation
vectors, or quaternions.

Euler angles represent rotation by specifying three angles that rotate an object around
the axes of a coordinate system. Typically, these angles are about the x-axis, y-axis, and
z-axis in a specified order, denoted by the angles ¢, 6, and ¢, corresponding to roll, pitch,
and yaw, respectively. While intuitive, Euler angles are susceptible to gimbal lock—a
phenomenon that causes a loss of one degree of rotational freedom when two of the three
rotation axes align.
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Rotation matrices are 3x3 matrices used to directly rotate vectors in 3D space without
changing their magnitude. A rotation matrix is an orthogonal matrix with a determinant of
+1. Rotation matrices can be derived from Euler angles by multiplying three basic rotation
matrices corresponding to the rotations around the principal axes. In the common ZYX
convention, the rotation matrix R € SO(3), the Special Orthogonal group representing
3D rotations, is constructed as:

where:

1 0 0
Ri(¢) = |0 cos¢p —sing]|,
|0 sing cos¢

[ cos® 0 sinf
R)=| 0 1 o0 |,
|—sinf 0 cos®

cosyp —sinyp 0

R.(p) = |[sinyp cosyp O
0 0 1

Rotation vectors provide a concise method for encoding a rotation in 3D space using
the axis-angle representation. Unlike Euler angle representation, it is not a collection of
rotation angles around the x, y, and z axes; rather, it amalgamates the direction of the axis
and the magnitude of rotation into a single vector. The direction of the vector specifies the
axis of rotation, while its magnitude, measured in radians, quantifies the rotation angle
around this axis. This representation is not only compact but also avoids the complexities
and limitations associated with Euler angles, such as gimbal locks.

Mathematically, if 6 is the angle of rotation and u = (1, uy, u,) is a unit vector along
the axis of rotation, the rotation vector r can be expressed as:

r=0u (2.65)

Note that the norm ||ul| is one.

Quaternions extend the axis-angle representation further as a mathematical tool used
for encoding 3D rotations. Unlike traditional complex numbers, quaternions are four-
dimensional, comprising one real part and three imaginary parts, and are generally written
as

qg=w+xi+yj+zk (2.66)
where

* w, x, Y, and z are real numbers.

* i,j,and k are the quaternion units with the properties: i? = j2 = k> = —1.

Given a rotation vector with the angle 6 and the rotation axis vector u, its quaternion is
defined as

g = cos (g) + sin (z) (txi 4 uyj + uzk) (2.67)
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This formulation ensures that the quaternion remains normalized, maintaining its mag-
nitude at 1. This normalization is crucial as it keeps g as a unit quaternion, essential for
accurately representing rotations without scaling.

Conversion to Rotation Matrices: Both rotation vectors and quaternions can be
converted into rotation matrices, which are more directly applicable for transforming
vectors in space. The conversion can be done using Rodrigues’ rotation formula:

R =1+ (sin0)K+ (1 — cos0)K> (2.68)
where:
¢ Iis the identity matrix.

¢ Kis the skew-symmetric matrix derived from the unit vector u of the rotation axis,

given by:
0 —u; uy
K= | u, 0 —uy
—Uy Uy 0

Skew-symmetric matrix and 3D rotation

In linear algebra and vector calculus, a skew-symmetric matrix is a square matrix equal to
the negative of its transpose. This property makes skew matrices an interesting subject of
study, especially in the context of rotations and angular velocities. A matrix A is defined
as the skew-symmetric matrix if

AT = —A. (2.69)

For example, a 3D skew-symmetric matrix can be written as:

a1 4az1 4z —ai1 —diz —a13
Ay axp ax| = |—ax —axn —axs (2.70)
a13 az3 4as3 —daz1 —dzx —as3

The definition yields some important properties:
1. All entries on the diagonal of a skew-symmetric matrix must be zeros, as a;; = —aj;.

2. ajj = —aj; means that the matrix is symmetric with respect to the main diagonal but
with signs reversed.

3. The eigenvalues of a real skew-symmetric matrix are purely imaginary or zero.
This is because the characteristic polynomial of the matrix, which determines the
eigenvalues, includes terms that lead to imaginary results due to the antisymmetric
properties of the matrix.

4. The determinant and trace of a real skew-symmetric matrix are both zero. The
trace is zero because it is the sum of the diagonal elements, which are all zero.
The determinant is more nuanced but can be shown through the properties of the
eigenvalues and the block structure in larger matrices.

5. For a real skew-symmetric matrix, the matrix exponential e (defined by the power
series for the exponential function) is an orthogonal matrix.
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Thus, the 3D skew-matrix is sufficiently defined by 3 parameters and can be simplified as:

0 a b
A=|—-a 0 ¢ (2.71)
—b —c 0

In the context of 3D rotations, skew-symmetric matrices play a key role in representing
angular velocity vectors w = (wy, wy, w;) or rotation vectors ¢ = (¢x, ¢y, ¢-), which can
be used to perform cross products via matrix multiplication. For example, the matrix
representation of ¢ is given by:

0 —¢- ¢
plx=|¢. 0 —¢u (2.72)
_4)}/ 4)7( 0

This matrix is known as the cross-product matrix or the skew-symmetric matrix associated
with ¢. When this matrix multiplies any vector v, the result is the cross product of ¢ and
v, ie, [@]xv=¢ xV.

The skew-symmetric matrix [¢p]« is crucial in the dynamics of rotating bodies and
robotics, where it is often necessary to compute changes in orientation. For example, in
rigid body transformation, the differential of a rotation matrix R is a skew-symmetric
matrix and an infinitesimal rotation matrix can be expressed in the form:

R(dp) ~ 1+ [dg)]« (2.73)
where
¢ Iis the identity matrix.

* d¢ is a rotation vector with an infinitely small norm, which can also be written in
terms of the axis of rotation u and the magnitude of the rotation angle df: d¢p = ud®.

2.3.2 Iterative Closest Point

Iterative Closest Point (ICP) is a fundamental technique widely used for aligning or
registering two shapes or datasets. It iteratively refines the rotation and translation
by minimizing an error metric, typically the sum of squared differences between the
coordinates of the matched pairs. This method is widely used due to its simplicity and
effectiveness, but requires a good initial alignment to converge to the correct solution. The
key steps involved in the ICP algorithm using point clouds include:

e Start with an initial guess of the rotation R and translation t.

¢ Select corresponding points in the two point clouds.

¢ Estimate the transformation to minimize the distance between these points.
* Update the source point cloud by applying the estimated transformation.

¢ Repeat the process until convergence.

There exist many ICP variants, from which point-to-point and point-to-plane are the
most popular. Figure 2.7 illustrates the distances minimized in both point-to-point and
point-to-plane ICP variants. The black dots represent the map point cloud, assumed to lie
on a plane, while the blue dot corresponds to a point from the source point cloud to be
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FIGURE 2.7. Distances to be minimized in both cases

aligned. The red dashed line indicates the distance that should be minimized to estimate
the optimal rotation and translation, thereby registering the source point cloud to the map.
Point-to-point ICP seeks to minimize the Euclidean distances between corresponding
point pairs in the two point clouds, as shown in Figure 2.7a. This is the simplest and most
direct form of the ICP algorithm. Given a source point cloud S and a target point cloud 7,
where point s; € S corresponds to point #; € T, the transformation, (R, t) that minimizes
the sum of squared distances between each pair is computed iteratively as the objective
function:
N
R t= argrrl%itn |Rs; +t — ]| (2.74)
*i=1
Point-to-plane ICP minimizes not just the direct distances between points, but the
distances from points in the source cloud to the tangent planes at their corresponding
points in the target cloud. This is typically more robust and converges faster than point-to-
point ICP, especially in cases where the surfaces are approximately planar. The distance
minimized is the perpendicular distance from each source point to the plane defined by
its corresponding target point and the normal at that point. Thus, the objective function is:

N
R, t= i Rs;, +t—t;) - ml|? 2.75
argnﬁ}tn;H( Si + i) - g ( )

where

* n; is the normal to the surface at target point ¢

2.3.3 Normal Distribution Transform

NDT is a statistical localization method that was introduced to overcome some of the
limitations associated with the ICP algorithm, particularly its dependency on initial
alignment and its computational intensity when dealing with large datasets. NDT can also
be applied to the process of building a map, but its primary strength lies in localization.

NDT represents the point clouds not as sets of individual points, but as continuous
probability density functions. The key difference of NDT is that it optimizes the trans-
formation parameters by maximizing the likelihood of all source points in the reference
distributions, rather than minimizing the distances between nearest points.

This process begins with the probabilistic modelling of the reference point cloud. To
handle large datasets efficiently, NDT partitions the space into a grid of cells, each modeled
by a local Gaussian distribution, as shown in Figure 2.8. Within each cell, the empirical
mean pu and covariance X are calculated based on the points that fall into that cell. In
Figure 2.8, the shape and orientation of each ellipse represent the covariance structure of
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FIGURE 2.8. 2D NDT grid with fitted Gaussians.

the Gaussian. The probability density for a point in each cell is then characterized by the
Gaussian distribution defined as:

p(x) = (27:),3’):‘ exp (—;(x —pu) 2 (x P‘)) (2.76)

where D denotes the dimension of x, either 2D or 3D.

With the cell division, points from the source cloud are then assigned to the respective
cells where they reside. After applying the transformation, the PDFs of the transformed
points are computed based on the Gaussian component of each cell. The negative log-
likelihood is then minimized to estimate the transformation parameters. However, outliers
in the scan data may significantly impact the negative log-likelihood under a normal dis-
tribution. To make the optimization robust to outliers, a mixture of a normal distribution
and a uniform distribution is used instead of relying on the original single Gaussian model
(Biber and Strasser 2003; Magnusson et al. 2007):

p(x) = c1exp (—;(x — ,u)T):fl(x - y)) + c2p0 (2.77)

where py is the expected ratio of outliers. The constants ¢; and ¢, can be determined by
requiring that the probability mass of p(x) equals one within the space spanned by a cell.

NDT (Biber and Strasser 2003; Magnusson et al. 2007) further approximates the nega-
tive log-likelihood of the above mixture distribution by a Gaussian. The approximation
retains derivatives that are less complex than those of the log-likelihood of the original
mixture model but preserves the same general properties necessary for optimisation.
Supposing a source point s, the final approximation of the negative log-likelihood of a
transformed point (x = Rs + t) reads:

) = ~drexp (= (=) = (=) @7
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where the constants d; and d, are specified by:

ds = —log(ca),
di = —log(c1 + c2) — ds,

(~log(crexp (~3) + c2) — da)
dq )

(2.79)

dy = —2log(

Note that the d3 term is omitted in the score function as it is a constant offset and will
not change the optimization. The score function is the summation of the negative log-
likelihood of all points:

LR t) = if)(Rsi +t) (2.80)
i=1

The rotation matrix R is represented by Euler angles in NDT, and thus, the parameters
can be encoded using the six-dimensional vector 6 = {t,, ty, tz, Ox, Py, ¢.}+. Newton's
algorithm is used to iteratively optimize these parameters in the score function, solving
the equation:

HAO = —g (2.81)

where H is the Hessian matrix and g is the gradient vector of the score function.

This approach transforms the problem of point cloud registration into the problem
of aligning these PDFs, which is typically more robust to variations in point density and
noise. In summary, the overall process of NDT is:

¢ Cell Division: The reference point cloud is divided into a grid of cells. Each cell
contains a subset of the point cloud.

* Mapping: Within each cell, the points are assumed to represent samples from a
normal distribution. The mean and covariance of the distribution are calculated
based on the points within the cell. This essentially models the point cloud as a
collection of overlapping Gaussian distributions.

* Transformation Estimation: The transformation needed to align a second point cloud
with the reference is estimated by maximizing the likelihood of the points from
this cloud under the Gaussian models established from the reference cloud. This
process involves iteratively adjusting the transformation parameters (translation
and rotation) to improve the fit.

* Optimization: The registration process typically uses gradient descent or other
optimization techniques to find the transformation parameters that maximize the
likelihood.

NDT offers several advantages that make it well-suited for robust and efficient point
cloud registration. One key strength is its robustness to initial misalignment. Unlike
ICP, NDT does not require a close initial alignment because it utilizes a probabilistic
representation of the point cloud through local Gaussian distributions. This allows it
to consider broader spatial information, making it more tolerant of initial pose errors.
Additionally, NDT is computationally efficient when dealing with large datasets. By
converting the point cloud into a statistical grid-based representation, it avoids costly
point-to-point comparisons, enabling faster convergence. Another advantage of NDT is
its ability to handle varying point densities naturally. Since each voxel or cell models
its own local distribution independently, the algorithm remains effective even in regions
with non-uniform sampling, leading to more reliable performance across diverse scanning
conditions.
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Despite its advantages, the NDT also has several notable limitations. A primary con-
cern is its dependency on cell size, which significantly affects both performance and
accuracy. If the cells are too large, important local geometric details may be lost; if too
small, the statistical estimates become unreliable, leading to poor registration results.
Additionally, while NDT is often more efficient than direct point-to-point methods, it still
involves substantial computational overhead. Specifically, calculating Gaussian param-
eters for each cell and evaluating the likelihood function can become computationally
intensive, particularly when applied to large-scale point cloud datasets. Another limitation
arises from the underlying assumption that the points within each cell follow a Gaussian
distribution. This assumption may not hold for complex or highly structured geometries,
making NDT less effective in environments where the data exhibit strong non-Gaussian
characteristics.

2.4 Probabilistic Generative Diffusion Models

Diffusion models (Ho et al. 2020; J. Song et al. 2021; A. Q. Nichol and Dhariwal 2021)
are a class of generative models in machine learning that have gained prominence for
their ability to produce high-quality synthetic data, particularly images. Inspired by non-
equilibrium thermodynamics, they work by modeling the process of data generation as a
gradual transformation from simple Gaussian noise to complex data structures, effectively
"diffusing" and "denoising" data over time. The diffusion model can also be interpreted as
one of the Stochastic Differential Equations (SDE) (Y. Song et al. 2020), which builds the
connection to the score-based generative methods. In our work introduced in Chapter 7,
we developed a diffusion model for 3D Gaussian generation. Here are some theoretical
basics about the diffusion model.

2.4.1 Diffuse and Denoise

The model is called diffusion because it gradually diffuses the real data sample with a
specific distribution to Gaussian noise. In this diffusing process, noise is incrementally
added to these samples over a series of time steps. Given a real data sample x( from the
complex data distribution g(xp), the data with added noise at each step is denoted as x;.
At each step, the current, less noisy data will be diffused to a noisier one:

q(xe|xi—1) = N(Varxi—1, /Bil), (2.82)

where B; is the noise scheduling variance, and a; = 1 — ;.
With the widely used reparametrization trick, Eq. (2.82) can also be expressed as:

x; = /axi_1 + \/Bre, e ~ N(0,1) (2.83)

where € is the noise sampled from a normal distribution.
The entire forward diffuse process from the clean data to the final Gaussian noise can
be represented by a Markov Chain:

T
q(xor) = q(x0) [ [aCxelxi 1) (2.84)

t=1
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Additionally, by integrating out intermediate timesteps, the initial data sample can be
transitioned directly to the variable at the {—th timestep:

g(x¢|xo) = (2.85)

(2.86)

In contrast, the reverse process, often referred to as the denoising process, involves
generating new data samples from a state of random noise. This process operates through
a series of steps, each aimed at progressively reducing the noise, which can be expressed

as:
T

po(xo.r) = p(xr) [ [ po(xe-alxe), (2.87)

t=1

where p(x7) is the standard Gaussian distribution. Each step py(x;_1|x;) in the reverse
process can be mathematically represented as follows:

po(xi—1|xt) = N (xt—1|po(xt,t), 041) (2.88)
1 1-—
= ﬁ (xt — \/%eg(xt,to + o€, (2.89)

where 0 are the parameters of the denoising model that predicts the noise, and €y represents
the predicted noise.

2.4.2 Optimization Loss

As a probabilistic generative model, diffusion models seek to approximate an unknown
“true” data distribution p(xo) with a model distribution g(xo). The ultimate goal is that
samples drawn from g(xo) faithfully reproduce the characteristics of the real data (e.g.,
realistic images of dogs) and thus lie close to p(xo) in distributional terms.

To achieve this, diffusion models define a forward noising process that gradually
corrupts the original sample xp, and then train a neural network with certain neural
parameters 0 to predict the exact noise added at each timestep in the diffusing process.
Equivalently, this is viewed as learning the score function of the intermediate distributions.

Optimal neural parameters can be obtained by minimizing the cross-entropy between
two distributions, which corresponds to maximizing the evidence lower bound. Alter-
natively, from the perspective of reverse SDE, the estimated score function V,log p(x),
defined as the derivative of the log-likelihood of data over data samples, should match
the score of the true target distribution. This way, the learned reverse process will exactly
recover the data distribution.

Both perspectives provide the same loss:

L =By (0,1) xo~p(xo),e~N(01) Ll€ —€a(xe, )], (2.90)

The model is trained to optimize the neural parameters 6 for the denoising model.
By construction, minimizing the noise-prediction error drives gy closer to the true data
distribution p. In the reverse denoising process, this predicted noise can be substituted
into Equation (2.89) to generate a new data sample from the trained diffusion distribution,
starting from the random noise x7 ~ N (0, I).
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Chapter 3

Related Work

3.1 Map representations

The efficacy of environmental representation significantly influences downstream tasks
that are sensitive to uncertainty. Traditional occupancy maps (Moravec and Elfes 1985;
Elfes 1989; Hornung et al. 2013) represent the space as discrete structured cells, and
the occupancy of each cell is modelled independently by ray-casting techniques. These
methods have been pivotal in localization and collision avoidance applications. However,
the inherent independence of cell modeling can lead to inconsistencies, particularly when
dealing with the incomplete, noisy, and sparse data typically obtained from LiDAR
systems in urban environments.

The NDT is a widely utilized technique in spatial representation, initially proposed for
2D scan registration (Biber and Strasser 2003). It was subsequently extended to 3D applica-
tions by Magnusson et al. 2007. NDT discretizes the space into fixed-size cells, within each
of which a Gaussian distribution is fitted to model the spatial data. This approach allows
NDT to achieve higher fidelity than traditional occupancy grids at comparably coarser
resolutions. Further development led to the creation of the NDT Occupancy Mapping
(NDT-OM) framework, as introduced by Saarinen et al. 2013. NDT-OM enhances the NDT
framework by incorporating a log-likelihood update mechanism for each cell, facilitating
real-time dynamic updates that capture both the normal distribution parameters and prob-
abilistic occupancy within each cell. Despite its advantages, NDT assumes independence
between cells, which can introduce high uncertainty at cell boundaries (Srivastava and
Michael 2018; Dhawale and Michael 2020).

As an alternative, continuous implicit models (O. Williams and Fitzgibbon 2007;
Dragiev et al. 2011; B. Lee et al. 2019; Curless and Levoy 1996; L. Wu, K. M. B. Lee,
Gentil, et al. 2023; Gentil et al. 2024; Ivan et al. 2022; Oleynikova, Burri, et al. 2016;
Oleynikova, Taylor, et al. 2017; Pan et al. 2022) have demonstrated substantial benefits
in addressing these challenges. Signed-Distance Fields (SDF) and Euclidean Distance
Fields (EDF), for instance, have been suggested to improve the accuracy and robustness
of surface modelling (Curless and Levoy 1996). Many existing systems leverage SDF for
scene reconstruction (e.g., Newcombe et al. 2011; Bylow et al. 2013), demonstrating its
efficacy in capturing complex geometries. Moreover, by providing dense spatial informa-
tion on traversable space, SDF is invaluable for collision checks and planning (Ratliff et al.
2009; Oleynikova, Millane, et al. 2016; L. Wu, K. M. B. Lee, Gentil, et al. 2023). Another
benefit of SDF lies in its ability to naturally provide direct, informative distance features
useful in applications such as ICP localization, where these fields facilitate direct distance
computations, eliminating the need for costly nearest-neighbor searches (B. Lee et al. 2019).

In some existing work, distance fields are derived from discrete maps. For example,
Oleynikova, Burri, et al. 2016 generate fixed-size EDFs based on discrete OctoMaps
(Hornung et al. 2013). FIESTA (Han et al. 2019) obtains EDFs by utilizing the occupancy-
based wavefront propagation. Enhancing efficiency, the Voxblox (Oleynikova, Taylor,
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et al. 2017) and Voxfield (Pan et al. 2022) compute EDFs from Truncated Signed Distance
Fields (TSDF) rather than OctoMaps. It involves computing the TSDF first and then
propagating the EDF from the TSDF, leveraging a distance propagation technique to
improve computation speed. Nonetheless, these methods are limited to estimating discrete
distance fields within voxel structures and lack the capability to interpolate distance fields
in areas devoid of data, which can be crucial for ensuring continuity in environmental
models.

This review has thus highlighted a critical gap: the need for representations that are
truly continuous and can manage uncertainty in a proper manner. To address this, we will
first explore continuous probabilistic mapping paradigms in the next sections, such as GP
and GMM mapping, which perform inference over the entire map space. We will then
examine the rise of modern rendering-based representations. Finally, we will discuss how
this diverse suite of representations serves as the foundation for advanced 3D generative
models. These generative models can be employed as deep priors to reconstruct uncertain
or unobserved areas.

3.2 Gaussian Processe-based Mapping

Gaussian Processes offer a continuous, non-parametric, and probabilistic framework ideal
for learning and inference within spatial mapping. Leveraging their data-driven nature,
GPs adeptly generate accurate and reliable 3D maps from noisy sensor data, effectively
encapsulating probabilistic uncertainties. This approach not only enhances the precision
of the maps but also quantitatively describes their uncertainty and completeness. This
section reviews the advancements in the application of GP-based methods to mapping,
highlighting their unique advantages and the challenges they address.

Utilizing GPs in occupancy mapping, GP occupancy map (GPOM) (O’Callaghan et al.
2009; O’Callaghan and F. T. Ramos 2012) has been proposed to introduce the spatial corre-
lation to the neighbouring points to generate continuous maps. This flexible continuous
representation facilitates the creation of occupancy maps at arbitrary resolutions, contrast-
ing with and surpassing traditional occupancy grid maps (Moravec and Elfes 1985; Elfes
1989). In GP-mapping, the occupancy states are predicted by GPs and "squashed" into
probabilities in the range of [0, 1] by a logistic regression, which is robust with sparse data.
Later, more GP-based mapping emerged (Jadidi, Miro, Valencia, et al. 2014; Jadidi, Miro,
and Dissanayake 2018). Jadidi, Miro, Valencia, et al. 2014 proposed GP frontier maps to
regress a gradient field of occupancy probability distribution as frontier boundaries be-
tween known and unknown areas for further exploration. Jadidi, Miro, and Dissanayake
2018 further advance this work by incorporating mutual information-based exploration
strategies and developing a more computationally tractable GP-based mapping system.
These applications of GPs primarily focused on 2D environments. GP-mapping also paved
the way for more complex 3D mapping applications (O. Williams and Fitzgibbon 2007;
S. Kim and J. Kim 2014; S. Kim and J. Kim 2015; J. Wang and Englot 2016; B. Lee et al. 2019;
L. Wu, K. M. B. Lee, L. Liu, et al. 2021; Ivan et al. 2022; L. Wu, K. M. B. Lee, Gentil, et al.
2023) for both occupancy voxel inference and distance fields inference, where the need for
handling larger datasets and more intricate structures became apparent.

The continuous GP inference gives the generalizability to build a map of desired
resolution of occupancy cells for diverse applications. However, the drawback of GP lies
in the high computational cost due to matrix inversion operations, and this drawback
limits the applicability of GPs for large datasets. The scalability of GPs to large datasets,
as required in dense 3D mapping, has been a significant area of research. Approximation
techniques such as sparse kernels of Gaussian Processes (Melkumyan and F. Ramos 2009),
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local GP partitioning of the spatial world into subsets using Octree-based data partition (S.
Kim and J. Kim 2014; S. Kim and J. Kim 2015; J. Wang and Englot 2016; B. Lee et al. 2019) or
OpenVDB(Museth 2013)-based data structure (L. Wu, Le Gentil, et al. 2025), the fusion of
local GPs with Bayesian Committee Machines (BCM) (S. Kim and J. Kim 2014; Khan et al.
2020), and low-rank approximation (Smola and Bartlett 2000; Snelson and Ghahramani
2005; Titsias 2009; Hensman et al. 2013; L. Wu, Gentil, et al. 2023) have been developed to
manage the computational complexities associated with large-scale 3D environments.

Alternatively, Hilbert Maps (Senanayake and F. Ramos 2017; Guizilini and F. Ramos
2016), as another continuous mapping technique, have been introduced to efficiently
map the complex real world by operating on a high-dimensional feature vector. With
efficient stochastic gradient descent optimization, it can achieve comparable performance
to GP mapping with less time. However, while Hilbert maps can be efficient in making
predictions, they typically do not provide as rich information on the uncertainty of those
predictions compared to GPs.

Bayesian generalized kernel inference (Vega-Brown et al. 2014; Doherty et al. 2017; Shan
et al. 2018; Doherty 2019; Gan et al. 2020) is also proposed to search for a comparable accu-
racy as GP, but with faster prediction time. For instance, to avoid the unreliable prediction
from successive BCM updates, the Bayesian generalized kernel OctoMap (BGKOctoMap)
(Doherty 2019) leverages Bayesian kernel inference and sparse kernels to perform a stable
inference-based occupancy mapping. Nevertheless, the quality of the approximation is
degraded at the price of faster speed.

While GPs offer a continuous regression framework for occupancy mapping, facili-
tating the generation of occupancy maps at various resolutions, the fundamental nature
of occupancy maps remains discrete. Consequently, there has been a shift towards GP
implicit surface models that utilize continuous distance field functions to bridge this gap
between discrete and continuous spatial representations. Recently, B. Lee et al. 2019 pro-
posed a Gaussian Process Implicit Surface (GPIS) map with derivative observations, where
the continuous distance fields are regressed instead of occupancy values. In their work,
2D GP is applied first to obtain the derivatives, and 3D GP with derivative observations is
followed to infer the surface distances. GPIS accurately estimates the distance fields that
are close to the surface, but it loses accuracy in regions far from the surface. Log-GPIS
(L. Wu, K. M. B. Lee, Gentil, et al. 2023) is then proposed to address this issue by applying
the logarithmic transformation to a GP formulation, but it faces the trade-offs between
accuracy and interpolation abilities. Gentil et al. 2024 solved this problem by leveraging
the relation between the kernel and the distance fields. However, the training time of
those methods still scales badly with the increasing data size.

There also exist methods that exploit the geometric priors for GPIS inferences. Martens
et al. 2017 introduced geometric priors into GPIS to enhance the probabilistic reconstruc-
tion of objects. Recently, Ivan et al. 2022 extended the work of GPIS and Log-GPIS with
distance field priors extracted from geometry features to reduce the time/memory com-
plexity. This is very close to our work. Instead of a feature extraction, this dissertation
employs GMMs to capture the priors, which compactly parameterize point clouds, and
the uncertainties are embedded in the covariance matrices of the Gaussian components.

Despite the advantages of the existing GP mapping approaches, GP-based methods
for 3D mapping still face challenges, particularly in balancing the accuracy with computa-
tional efficiency in large outdoor scenes. Furthermore, the uncertainty inherent in a GP
map, which can be exploited to distinguish unknown areas without enough information,
has not been sufficiently investigated. This highlights the need to evaluate the reliability
of the inferred occupancy probabilities. This issue has been addressed in recent work
by Pearson et al. 2022. Additionally, occasional discontinuities in the environment can
pose challenges for GP-based mapping, as GPs are often used for continuous targets. This
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effect is not well-studied in the current literature on GP mapping either. These limita-
tions, therefore, motivate our research into developing scalable, uncertainty-aware, and
discontinuity-tolerant GP-based methods for 3D mapping.

3.3 Gaussian Mixture Model-based Mapping

Another group of research is learning a continuous compact map representation with
probabilistic parametric or semi-parametric approaches, e.g., GMMs. While the GP
inference, with its data-driven nature, captures local surface features, the parametric GMM
approach favours the smooth generalization of the global measurement distribution.

In early work, Thrun et al. 2004 fitted a set of rectangular flat surfaces to compose 3D
maps, with a group of parameters optimized by EM and the component number estimated
by a Bayesian prior. In a similar spirit, but with higher fidelity in approximating diverse
arbitrary environments, GMMs have been extensively utilized in 3D mapping. Marriott
et al. 2018 estimated Gaussian mixtures instead of 3D planar parameters to extract surfaces.
GMMs with large numbers of components have been leveraged to compactly generate a
continuous probabilistic representation of 3D point clouds (Eckart, K. Kim, Troccoli, et al.
2016; Srivastava and Michael 2016; Goel, Michael, et al. 2023; Goel and Tabib 2023; Gao
and W. Dong 2023; Dhawale and Michael 2020), to infer high-fidelity occupancy maps
of sensor observations (Srivastava and Michael 2018; O’Meadhra et al. 2018; Tabib, Goel,
etal. 2019; P. Z. X. Li et al. 2024), perform incremental mapping (Srivastava and Michael
2016; Srivastava and Michael 2018; Dhawale and Michael 2020; Goel and Tabib 2023), and
point cloud registration and localization (Eckart, K. Kim, and Kautz 2018; H. Dong et al.
2022; Tabib, O'Meadhra, et al. 2018; H. Huang et al. 2020) in the prior work.

Nevertheless, mixture model selection remains a challenge in 3D mapping using
GMMs, i.e,, it is difficult to determine the proper number of components for various
complex scenes. Most conventional methods for determining the number of components
are based on the likelihood function and some information criteria (Tao Huang et al. 2017),
including Akaike’s Information Criterion (AIC) (Akaike 1974), Bayesian Information
Criterion (BIC) (Schwarz 1978), Minimum Description Length (MDL) (Hansen and B.
Yu 2001), and Kullback-Leibler (KL) divergence between two GMMs (Srivastava and
Michael 2016). These criteria help in balancing the model fit against model complexity,
preventing overfitting while still capturing significant data patterns. However, the criteria-
based method is time-intensive as it has to test various candidate numbers to find the
elbow point, which refers to the optimal trade-off point between model complexity and
performance.

Bayesian approaches have also been explored as a means to address this issue. One
notable example is the Variational Bayesian Gaussian Mixture Model (VB-GMM) (Bishop
2006; Blei and Jordan 2006), which employs a Maximum A Posteriori (MAP) estimator
for model selection. In this framework, the number of components can effectively de-
crease when certain mixing weights become negligible, thereby eliminating unnecessary
components. Despite its practical appeal, VB-GMM currently lacks a strong theoretical
justification, as its objective function experiences discontinuous changes (Tao Huang
et al. 2017). Moreover, variational methods introduce additional parameters compared
to EM optimization, leading to higher computational overhead. VB-GMM also requires
specifying priors for posterior estimation. Poorly chosen priors can bias the model or slow
convergence, limiting the method’s reliability and scalability.

Recent research has introduced adaptive, hierarchical structures (H. Dong et al. 2022;
Srivastava and Michael 2018; Eckart, K. Kim, Troccoli, et al. 2016; Eckart, K. Kim, and
Kautz 2018) and adaptive information-theoretic approaches (Goel, Michael, et al. 2023;
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Goel and Tabib 2023) to find a suitable number of GMM components. For instance, Eckart,
K. Kim, Troccoli, et al. 2016 employ a curvature threshold for splitting, creating a top-down
hierarchical structure in which the point cloud is iteratively partitioned into Gaussian leaf
nodes. In contrast, Srivastava and Michael 2018 propose a bottom-up hierarchy that starts
with an overestimation of components and then merges them successively based on KL
divergence to obtain lower complexity models.

Despite their advantages, these hierarchical methods are sensitive to hyperparameters
governing the splitting thresholds in top-down approaches, and they also face trade-offs
between accuracy and efficiency in bottom-up schemes (H. Dong et al. 2022). Additionally,
adaptive information-theoretic algorithms such as SOGMM (Goel, Michael, et al. 2023) can
struggle in complex outdoor scenarios characterized by diverse object scales and shapes,
particularly due to potential requirements of high computational resources when tuning
the necessary bandwidth parameter.

Additionally, a GMM with high model complexity with large datasets continues to
face challenges in terms of scalability. While the above methods utilize GMM as a semi-
parametric approach, which would need a large number of components in outdoor scenes,
using the traditional EM algorithm to compute GMM parameters becomes extremely
time-consuming because it updates Gaussian parameters by traversing all samples in
each iteration. The scalability of GMMSs to 3D mapping scenarios has seen significant
enhancements through the use of hierarchical structures with a top-down strategy (Eckart,
K. Kim, Troccoli, et al. 2016; Eckart, K. Kim, and Kautz 2018). However, similar to the issue
discussed in model selection, the mapping accuracy of this approach remains sensitive
to the hyperparameter of splitting. Dhawale and Michael 2020 proposed a pixel space
search-based "region growing" strategy for Gaussian fitting, relaxing the optimization
from the expensive EM algorithm, which improves the computational efficiency.

3.4 Neural Implicit Models

Recently, the group of parametric methods based on deep neural networks has provided
mapping solutions in the form of neural implicit models; the resulting map can be repre-
sented in SDF (Park et al. 2019; Genova et al. 2020; Sitzmann et al. 2020; Gropp et al. 2020;
Chibane, Mir, et al. 2020; Ortiz et al. 2022; Wiesmann et al. 2023) and occupancy maps
(Mescheder et al. 2019; Jiang et al. 2020). These models are limited by their requirement
of access to ground truth 3D geometry for training (Mildenhall et al. 2021), such as the
precomputed SDF based on the ground truth mesh.

Relaxing this requirement of ground truth shapes with differentiable rendering tech-
niques, the concept of a Neural Radiance Field (NeRF) (Mildenhall et al. 2021) has been
proposed to model the environment with a continuous implicit function of radiance
and occupancy, which shows larger potential in mapping, localization, and planning. It
is a continuous volumetric function parameterized by a Multilayer Perceptron (MLP).
NeRFs are able to produce photorealistic renderings that exhibit detailed geometry and
view-dependent effects. Many NeRF-like approaches have been proposed for scene re-
construction and SLAM (Sucar et al. 2021; Pumarola et al. 2021; Barron et al. 2022; Tancik
et al. 2022; Zhu et al. 2022; X. Zhong et al. 2023; Yariv et al. 2023; P. Wang et al. 2021;
Isaacson et al. 2023). However, as NeRF must learn a large neural network that maps 3D
coordinates and viewing directions to radiance and density values, it often requires high
computational and memory costs for training and high-quality rendering (Yariv et al. 2023).
The inherent neural architecture is also specialized to the particular scene it was trained on
and requires retraining or complex modifications to the network structure for a new scene
(Goel, Michael, et al. 2023), limiting the model’s generalization. Further, NeRF encodes
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geometry and appearance in a continuous network representation, which is excellent for
rendering but less straightforward for tasks like mesh extraction. In uncertainty-aware
mapping, the standard NeRF does not provide inherent uncertainty estimates, and thus
lacks well-calibrated measures that reflect the reliability of the mapping results.

3.5 Gaussian Splatting

Gaussian splatting (GS) (Kerbl et al. 2023) is a point-based blending approach that uses 3D
Gaussians with associated positions and opacities to blend and render the color informa-
tion. Compared to NeRF, this method offers better efficiency and flexibility in representing
complex scenes. GS uses 3D Gaussians to explicitly render images, which focuses more
on the occupied space and its neighborhoods rather than full volumetric rendering along
the ray compared with NeRF-based approaches. While it efficiently renders the color
information, it can not guarantee the precise spatial density and geometries.

Unlike GMM-mapping, GS serves more as point-based blending and is not explicitly
calibrated to represent the 3D point cloud distribution. One limitation of 3D GS is the
inaccurate estimation of underlying scene geometry and structure, e.g., Gaussians do not
precisely match the actual surface (Guédon and Lepetit 2024; B. Huang et al. 2024). The
geometry information is modelled by rendering depth images. However, rendering from
different viewpoints might lead to inconsistency in depth and thus result in inconsistent
geometry (B. Huang et al. 2024; H. Zhou et al. 2024), instead of being directly regressed by
Gaussians. Also, 3D GS does not natively model surface normal, which is essential for
high-quality surface reconstruction (B. Huang et al. 2024). Unlike methods that produce
explicit meshes or consistent SDF representations, Gaussian splatting does not yield a
directly manipulable 3D geometry. This complicates downstream tasks like physical
simulation, collision checking, or precise shape editing.

Additional enhancements or modifications might be required for good geometry and
surface reconstruction. For instance, in the work of C. Zhao et al. 2024, an additional 3D
mesh derived from LiDAR is applied to enhance the geometry estimation. To generate
the continuous SDF representations, recent research (Guédon and Lepetit 2024; M. Yu
et al. 2024; Dai et al. 2024; Z. Yu et al. 2024; Lyu et al. 2024) developed geometry-aware GS
variants.

As both Gaussian Splatting and GMM-based mapping employ 3D Gaussians, they
share certain conceptual similarities. However, in GMM-based mapping, 3D Gaussians
directly model the spatial density of surfaces or point clouds, and the underlying geometry
can be inferred through Gaussian mixture regression. In contrast, GS-based methods
typically derive geometry via training and rendering of depth images, rather than directly
regressing geometry from Gaussians. Moreover, the inherent uncertainty in GS’s Gaussian
representations remains largely unexplored.

Despite the demonstrated efficacy of GS, its scalability poses a major challenge, partic-
ularly in large-scale scene applications where both computational and memory require-
ments can become prohibitive. Consequently, there is a pressing need to optimize memory
usage for model training and storage (G. Chen and W. Wang 2024).

The GMM-based mapping approach proposed in this dissertation leverages 3D Gaus-
sians, sharing similarities with GS, but with substantially reduced memory and compu-
tational overhead, alongside a different initialization and splitting strategy. Specifically,
while GS typically initializes one Gaussian per point and later splits or prunes Gaussians
in an adaptive control step, our method begins with a small set of Gaussians and then
splits according to the features of the Gaussian covariance. This significantly lowers
the computational burden and eliminates the need for heavy GPU optimization during
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both training and inference. Moreover, although GS can achieve satisfactory time effi-
ciency on GPU hardware, it can easily involve millions of Gaussian parameters for even
modest-sized scenes or objects, leading to stringent memory demands.

3.6 3D Generation and Reconstruction

In this study, we extend the proposed uncertainty-aware mapping representation to appli-
cations in 3D generation and completion. The motivation stems from the challenges posed
by occlusions and incomplete measurements in outdoor 3D sensing. We hypothesize that
deep generative models, trained on large datasets, can provide informative priors to infer
and reconstruct missing or occluded regions in such environments. To contextualize our
approach, this section reviews recent advancements in 3D generation and reconstruction.

3.6.1 General Generative Models

In this research, we emphasize the importance of probabilistic uncertainty in spatial
environment mapping. Thus, many mapping approaches we introduced earlier can be
seen as generative models within the domain of traditional machine learning, such as GP
inference (B. Lee et al. 2019) and GMM regression (Srivastava and Michael 2018). These
techniques are fundamentally oriented towards estimating probabilistic distributions for
spatial data. They focus on the inference of mapping expectations of SDF or occupancy,
and if possible, quantifying the uncertainty as the distributions of these generative models.

Recently, the term "parametric generative models" has become more commonly associ-
ated with deep learning-based mapping frameworks. Unlike traditional models, these
modern approaches primarily aim to learn implicit distributions of data through neural
networks. Among these, Variational Auto-encoders (VAE) (Kingma and Welling 2014; van
den Oord, Vinyals, et al. 2017), Generative Adversarial Networks (GAN) (Goodfellow et al.
2014; Radford, Metz, et al. 2015; Karras et al. 2019; Arjovsky et al. 2017), normalizing flows
(Papamakarios et al. 2021), autoregressive models (van den Oord, Kalchbrenner, Vinyals,
et al. 2016; van den Oord, Kalchbrenner, and Kavukcuoglu 2016), Transformer-based mod-
els (Brown et al. 2020; Ramesh et al. 2021), and Diffusion-based models (Sohl-Dickstein
et al. 2015; Ho et al. 2020; Rombach et al. 2022) stand out as prominent methods. The
principal objective of these models is not merely to infer statistical parameters but to
enable the generation of new data samples that mimic real-world data distributions. Here,
we are particularly interested in the generative models in 3D mapping.

3.6.2 3D Geometry Generation

Deep generative models have become pivotal in the domain of 3D geometry, catering to
both generation and reconstruction tasks. These models leverage a variety of representa-
tional forms, including voxels (Brock et al. 2016; J. Wu et al. 2016), point clouds (C.-L. Li
et al. 2018; Gadelha et al. 2018; Achlioptas et al. 2018; Yang et al. 2019; Cai et al. 2020; Luo
and Hu 2021; Xie et al. 2021; L. Zhou et al. 2021; Zeng et al. 2022; Z. Ren et al. 2024), and
implicit representations (Park et al. 2019; Mescheder et al. 2019; Zhigin Chen and Zhang
2019; Nam et al. 2022; Shim et al. 2023; Chou et al. 2023; M. Liu, Shi, et al. 2024), with
seminal works demonstrating their effectiveness across these modalities. For example,
the auto-decoder-based approach - DeepSDF (Park et al. 2019) learns a continuous latent
representation for a category of 3D shapes and decodes SDFs from the learned latent codes.
During inference, a new latent code is optimized to fit input SDF samples, which are often
partial or noisy, to enable shape completion, denoising, and compressive representation. In
recent years, the advent of differentiable rendering techniques such as NeRF and Gaussian
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Splatting have catalyzed the development of advanced 3D generative models with new
3D representations. These models are specifically designed to generate encoded latent
outputs, representing the parameters for NeRF (Jun and A. Nichol 2023; Metzer et al. 2023;
Miiller et al. 2023) and GS representations (Roessle et al. 2024; Mu et al. 2025; Jiaxiang
Tang, Zhaoxi Chen, et al. 2025).

From a methodological perspective, diffusion models have become increasingly promi-
nent in 3D generation. The Denoising Diffusion Probabilistic Models (DDPM) (Ho et al.
2020), originally developed for 2D image generation, has been adapted to 3D by replacing
the 2D U-Net architecture with appropriate 3D denoising neural networks, enabling the
diffusion process to operate effectively on 3D data. The primary deep learning architec-
tures employed in 3D include MLPs for unstructured point representations (Charles R
Qi et al. 2016; Charles R. Qi et al. 2017), 3D Convolutional Neural Networks (CNN) for
voxel-based processing (Y. Li et al. 2018; Cicek et al. 2016), hybrid models combining point
and voxel grids (Z. Liu et al. 2019), Graph Neural Networks (GNN) (Y. Wang et al. 2019),
and transformer-based models (Vaswani et al. 2017; H. Zhao et al. 2021). These archi-
tectures form the backbone of denoising networks in 3D diffusion models. For instance,
PVD employs PVCNN as its backbone (L. Zhou et al. 2021), while the emerging Diffusion
Transformer (DiT) in 3D adopts transformers to replace traditional U-Net architectures
(Chou et al. 2023; Mo et al. 2023). Recent SDFusion (Cheng et al. 2023), L3DG (Roessle
et al. 2024) and One-2-3-45++ (M. Liu, Shi, et al. 2024) applied 3D-UNet as backbones.
Moreover, some studies underscore the impact of latent diffusion as a highly effective
strategy for generative modeling (Rombach et al. 2022; Metzer et al. 2023), where latent
space is used instead of directly performing denoising on the features. In those methods,
VAE is often used to incorporate the latent space (Zeng et al. 2022; Roessle et al. 2024).
Nam et al. 2022 instead apply the auto-decoder to estimate latents.

Additionally, the rise of large vision-language models, such as Contrastive Language-
Image Pre-training (CLIP) (Radford, J. W. Kim, et al. 2021), has catalyzed novel approaches
to 3D generation, focusing on text-to-3D and image-to-3D transformations based on NeRF
or GS representations. A new wave of studies harnesses pre-trained 2D diffusion models
like Stable Diffusion (Rombach et al. 2022) and Imagen (Saharia et al. 2022), utilizing fixed
models to generate 3D outputs from multi-view 2D images through score distillation
techniques (Poole et al. 2022; H. Wang et al. 2023; Junshu Tang et al. 2023; R. Liu et al.
2023; M. Liu, Xu, et al. 2024; Jiaxiang Tang, J. Ren, et al. 2023; Yi et al. 2023; Zilong Chen
et al. 2024; Y. Zhong et al. 2024). While these novel methods effectively bridge the gap
between 2D and 3D representations (e.g., leveraging 2D generative models to optimize 3D
model parameters) and utilize pre-trained large models for various generative tasks, they
often struggle to ensure geometric consistency in 3D due to inconsistencies across multiple
views. In contrast, other efforts directly generate 3D structures from 3D diffusion models
(A. Nichol et al. 2022; Jun and A. Nichol 2023; Mu et al. 2025; Metzer et al. 2023; M. Liu,
Shi, et al. 2024), inherently maintaining the robust consistency and geometrical integrity of
the learned distributions. These innovations underscore a dynamic and rapidly evolving
field, merging cutting-edge generative modeling techniques with advanced rendering
technologies to push the boundaries of 3D digital content creation.

3.6.3 3D Completion

The preceding discussion highlighted recent advances in deep generative models for 3D
generation, underscoring their applicability not only in direct 3D generation and sampling
but also in 3D reconstruction and completion tasks. These models leverage trained
generative models as prior knowledge, guided by partial measurements or limited-view
images to achieve complete reconstructions.
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Earlier approaches such as Point Completion Network (PCN) (Yuan et al. 2018) and IF-
Net (Implicit Feature Network) (Chibane, Alldieck, et al. 2020) utilize an encoder-decoder
architecture, trained as unified models across various shapes, such as cars, chairs, planes,
etc. The encoder-decoder setup enables the models to adapt to diverse shapes, enhancing
their versatility in handling different object types. PCN, building on the principles of
PointNet (Charles R Qi et al. 2016), completes geometric structures from partial point
clouds (Yuan et al. 2018). IF-Net introduces implicit functions within feature spaces to
refine details and accommodate a broader modality of 3D inputs (Chibane, Alldieck, et al.
2020). Despite their effectiveness, these methods sometimes fail to reconstruct finer local
details.

Decoder-only methods such as DeepSDF (Park et al. 2019) can improve to retain more
details, which offers richer latent codes unrestricted by an encoder. It is also claimed to
use computational resources more effectively by avoiding the need for training encoders.
However, they are inherently more prone to overfitting due to direct latent space optimiza-
tion. Without an encoder to generalize from broad input patterns, auto-decoders might
struggle with generalizing to unseen data. E.g., DeepSDF is often trained on a certain
category. Moreover, when compared to recent diffusion-based models, auto-decoders like
DeepSDF generally demonstrate a diminished capacity to capture finer details.

More recently, a new wave of studies using score distillation sampling (SDS) loss
(Poole et al. 2022) lifts the 2D diffusion priors for 3D completion tasks. Some models use
partial measurements for geometrical guidance by applying additional geometrical losses
to ensure reconstruction accuracy. For instance, Kasten et al. 2024 utilize 2D priors from
pre-trained diffusion models to optimize a complete NeRF representation coupled with
an SDF for 3D shapes, facilitating mesh extraction via Marching Cubes (Lorensen and
Cline 1998). Similarly, Tianxin Huang et al. 2025 complete the shapes with more efficient
GS representations, also derived from 2D priors.

Further innovations have emerged through the use of image-conditioned and view-
conditioned diffusion priors for shape completion. Zero-1-to-3 (R. Liu et al. 2023) intro-
duces an image-conditioned and view-conditioned 2D diffusion which learns to control
the camera viewpoint of the image generation. This method improves geometrical con-
sistency and enables the reconstruction of neural fields conditioned on the input images
without additional loss. Building upon this, M. Liu, Xu, et al. 2024 developed it with a
single feed-forward pass and reduced the computational time.

Addressing the challenges posed by inconsistencies in multi-view images generated
from 2D priors, some approaches have turned to 3D diffusion models as priors. For
example, PVD (L. Zhou et al. 2021) proposed the geometry-conditional 3D diffusion where
the partial points are treated as the input condition and remain unchanged in denoising
to guide the generation of missing parts. PC2 (Melas-Kyriazi et al. 2023) trains an image
projection-conditioned 3D diffusion model, capable of directly reconstructing full 3D
point clouds from given images. SDFusion (Cheng et al. 2023) employs a multi-modal 3D
diffusion model trained for SDF completion and reconstruction, which can be conditioned
on partial shapes, images, and text. One-2-3-45++ (M. Liu, Shi, et al. 2024) enhances the
geometrical consistency of One-2-3-45 (M. Liu, Xu, et al. 2024) by incorporating a 3D
conditioned diffusion model.

With the guidance of the observation loss based on limited views of images, Liao et al.
2024 apply 3D diffusion models trained for NeRF as the 3D prior to reconstruct shapes
while concurrently optimizing the poses. Additionally, adopting a Bayesian perspective,
Mu et al. 2025 develop a 3D diffusion model for GS and address the reconstruction of
incomplete shapes by treating it as a diffusion posterior sampling problem (Chung et al.
2023). The partial information is integrated as the conditional probability in probabilistic
inference with prior knowledge.
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These approaches are very meaningful to solve the common challenge of incomplete
data acquisition and perspective alteration. Yet, there is still a research gap for uncertainty-
aware map generation and reconstruction.
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Chapter 4

Datasets and Preprocessing

4.1 Datasets

In this dissertation, large-scale real-world datasets and synthetic datasets are both used to
validate and evaluate the proposed methods, including real-world large-scale outdoor
point clouds, synthetic point clouds for urban scenes, and synthetic instance-level datasets,
as shown in Table 4.1.

TABLE 4.1. List of datasets used in this dissertation.

Dataset Type Scenario Application
LUCOQP: Riegl (Axmann et al. 2023) Real-world Urban scene Mapping
LUCOQRP: Velodyne Real-world Urban scene  localization

LARD (Senanayake and F. Ramos 2017) Real-world Urban scene Mapping
CARLA simulator (Dosovitskiy et al. 2017)  Synthetic =~ Urban scene Mapping
ShapeNet (Chang et al. 2015) Synthetic ~ Instance-level ~Generation

4.1.1 LUCOOP Dataset

The LUCOOQP dataset is a comprehensive, real-world, multi-sensor dataset, collected in an
urban area of Hanover, Germany. In this thesis, we mainly use the dense 3D LiDAR point
clouds, acquired by Riegl sensors and the sparse 3D point clouds scanned by a single
Velodyne scanner for our experiments.

Reigl Data

The dense LiDAR point clouds were acquired by a Riegl VMX-250 mobile mapping
system, as illustrated in Figure 4.1. The LiDAR system provides dense point clouds with a
measurement precision of 5mm and an accuracy of 10 mm. However, the onboard GPS
sensor exhibits much lower positional accuracy compared to the laser scanner. To mitigate
this limitation, point cloud alignment techniques are employed during pre-processing to
correct the GPS-derived trajectories. The residual alignment error introduces positional
noise, which is characterized by a standard deviation of approximately 2 cm, as reported
in Brenner 2016.

The dataset provides highly dense point clouds, collected from five separate measure-
ment campaigns conducted on different dates over the same urban areas. The aggregated
data yield a mean nearest neighbor distance of approximately 5mm. This high density
supports the reliable construction of ground-truth maps. Out of the complete dataset,
approximately 2.2 million points from one single campaign were used to model the uncer-
tain map in our subsequent experiments, while the remainder (approximately 11.6 million
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FIGURE 4.1. Real world data

(a) One single Velodyne scan (b) Riegl dense point clouds

FIGURE 4.2. Comparison of the Velodyne scan and the Riegl point clouds

points) served as a ground truth for validation and testing. During a single measurement
campaign, the number of points for a single building facade typically exceeded 10,000,
with some reaching up to 450,000 in our dataset. The spatial dimensions of the surveyed
urban area are approximately 167 x 380 x 41 m®.

This dense point cloud is utilized in both Chapter 5 and Chapter 6 to evaluate the
proposed uncertainty-aware 3D mapping frameworks. Additionally, it serves as the
reference point clouds in Chapter 7 for the localization experiments based on the proposed
map representations.

Velodyne Data

The Velodyne dataset provides: (1) LiDAR scans, consisting of sparse point cloud data
collected using a Velodyne VLP-16 sensor equipped with 16 laser beams; and (2) post-
processed vehicle trajectories, which serve as ground-truth poses corresponding to each
LiDAR scan. This dataset is utilized for localization tasks in Chapter 7, where the LIDAR
scans are registered to a reference map through point cloud registration to refine pose
estimates.

The Velodyne VLP-16 scanner provides a typical range accuracy of approximately
3cm. At a distance of 10 m, the vertical spacing between beams is about 35 cm, while the
horizontal spacing is approximately 3 — 5 cm. Figure 4.2a shows an example of a single
Velodyne scan, with colors indicating the intensity. For comparison, Figure 4.2b provides
the Riegl data in the same area, which is significantly denser than the Velodyne data.

Figure 4.3 displays the vehicle’s trajectories and the point clouds used for generating
maps within an urban canyon environment, which are evaluated in the experiment. The
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FIGURE 4.3. Trajectories

FIGURE 4.4. LARD Hilbert Map Dataset

color along the trajectories encodes the temporal progression of the vehicle’s motion.
The displayed point clouds represent the dense map data from the LUCOOP dataset,
with point colors indicating surface normals. This scenario presents a challenge for
localization, as most LIDAR measurements are concentrated along the sides of the driving
route, forming parallel structures, while relatively few measurements are available in the
forward and backward directions. As a result, pose estimation tends to be more accurate
in the direction perpendicular to the vehicle’s motion, but it becomes more difficult to
estimate the pose accurately along the driving direction.

4.1.2 LARD Dataset

The LARD dataset is a real-world dense point cloud used in a benchmark mapping
approach known as the local automatic relevance determination (LARD) Hilbert map
(Senanayake and F. Ramos 2017). According to the reference, the dataset is composed of
about 1.4 million points spread over an area of 400 m?. The accuracy is about 2 cm. We
have also conducted experiments of the uncertainty-aware building models based on this
alternative dataset (Figure 4.4). In this dataset, we utilized 20% of the building points
for training purposes. The remaining data is used to generate the ground-truth map for
evaluation purposes. The dataset is evaluated in Chapter 5 to assess the performance of
the proposed uncertain building models.
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(c) Simulated point clouds

FIGURE 4.5. Simulation in urban scenario

4.1.3 CARLA Dataset

In the experiments, we also evaluate a simulated dataset generated using the Car Learning
to Act (CARLA) Simulator—an open-source platform developed for autonomous driving
research. Built on Unreal Engine, CARLA provides high-fidelity simulation of urban
environments and supports the generation of large-scale, labeled datasets with precise
ground truth, including LiDAR point clouds. For this thesis, we utilized predefined
scenarios available within CARLA. Specifically, as illustrated in Figure 4.5a, simulations
were conducted using a vehicle navigating through the "Synthetic Urban Scenario” to
simulate realistic urban driving conditions. During these simulations, LIDAR measure-
ments were collected to capture the 3D structure of the vehicle’s surroundings, as shown
in Figure 4.5c. Additionally, CARLA provides access to the ground-truth mesh models
of the geo-objects in the scene, as shown in Figure 4.5b, enabling accurate evaluation of
mapping performance.

Note that the simulated LIDAR measurements include Gaussian noise with a standard
deviation of 0.02m. The dataset is used in the experiments presented in Chapter 6 to
evaluate the proposed uncertainty-aware 3D implicit mapping framework.

4.1.4 ShapeNet Dataset

In the subsequent 3D generation experiments presented in Chapter 8, we use the widely
adopted 3D shape dataset, ShapeNet (Chang et al. 2015), as the training set. ShapeNet
provides a large collection of 3D assets represented as continuous, watertight mesh data,
as illustrated in Figure 4.6. The dataset includes over 50,000 unique 3D models across
55 object categories, such as chairs, cars, airplanes, and tables. Each model is aligned
to a canonical pose, centered at the origin, and normalized to fit within a unit cube
(approximately 1 meter in scale). This facilitates training and evaluation in generative
modeling, shape completion, classification, and 3D reconstruction tasks.
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FIGURE 4.6. 3D Dataset: ShapeNet (Chang et al. 2015)

4.2 Data Preparation

421 Preprocessing of LUCOOP Riegl Data for Mapping

The real-world Riegl point clouds are evaluated in Chapter 5 and 6 for mapping tasks. In
Chapter 5, an uncertainty-aware building model is proposed, where only building-related
points are utilized. To obtain the “building” points from the full point cloud, the point
clouds are semantically segmented by a deep learning-based method (Peters and Brenner
2019). In this approach, labelled scan strips are segmented, and then the 2D prediction
is projected to 3D point clouds. Since this leads to various types of label noise due to
occlusions, the point cloud must then be corrected, which was done in this case using a
supervised neural network.

The point cloud labelled as “building” is segmented into individual building instances.
In this step, ground plans from cadastral maps are applied as constraints to separate
them and extract the instance-level building-specific data. However, the ground plans
cannot accurately separate these points directly, as they are not the true footprints of
buildings. For example, the protrusions of different buildings have various distances from
the main walls, which are mostly generalized in the cadastral map. In addition, there are
other objects in urban scenes, e.g., vegetation and cars, close to buildings. It would be
improper to extract all building points by a buffer of ground plan polygons. This is why
the learning-based classification is performed first.

The footprints of buildings are represented as polygons, in WGS 1984 UTM coordinates.
The point clouds are measured in the same coordinate system. The classified "building"
points are assigned to the nearest building instance in the cadastral map, involving a spatial
join. This way, the points are segmented into individual building instances, as shown
in Figure 4.7. To deal with little remaining label noise in the deep learning classification,
points with a distance of more than two meters are ignored.

For the experiments of Chapter 6, it is not necessary to have the above instance-level
segmentation, as the approach is proposed to general geometrical structures.

4.2.2 Preprocessing of LUCOOP Trajectory Data

In the LUCOOP dataset, post-processed vehicle trajectories are provided and serve as
ground-truth pose information. For the localization experiments, we simulate the pose
inaccuracies by artificially introducing perturbations to the data. Specifically, random
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FIGURE 4.7. Building segmentation

biases are added to the ground-truth trajectories as the initial pose errors. The introduced
translational bias ranges from 0.3 to 0.8 meters along the x, y, and z axes, and the rotational
error is randomly sampled within a range of 10 to 20 degrees. These inputs are then refined
through the point cloud registration, yielding the estimated poses used as localization
results.

4.2.3 Pre-processing of ShapeNet Data

In the experiments of 3D generation, the goal is to train a model to generate an implicit
3D Gaussian representation for the object surface. Since the synthetic ShapeNet dataset
provides watertight mesh models, a preprocessing step is necessary to convert the mesh
data into point clouds, which will then be used to construct the proposed 3D /4D GMM
representation described in Chapter 6.

The 3D assets in ShapeNet are provided as meshes, which include both externally
visible surfaces and non-visible interior structures (e.g., seats inside a car). While it is
straightforward to sample points directly from the mesh surface, this approach inevitably
includes interior geometry that would not be observed by external sensors in real-world
scenarios. Since real LIDAR sensors only capture surfaces visible from the outside, these
internal points are undesirable. To generate point clouds that reflect realistic sensor
observations, we instead render depth images of each mesh from multiple viewpoints
and reconstruct 3D point clouds from the visible surfaces. The approach is illustrated in
Figure 4.8.

FIGURE 4.8. Reconstruct 3D point clouds from the mesh
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424 Ground Truth Generation
Ground-truth of Occupancy Map

In Chapter 5, the evaluation of the proposed mapping method is conducted using prob-
abilistic occupancy maps. To ensure a fair and valid comparison, the evaluation setup
involves a separation between the data used for map generation and the data used for
ground-truth construction. Specifically, the evaluated maps are generated using only a
subset of the full dataset, and in contrast, the ground-truth probabilistic occupancy maps
are constructed using the entire dataset with the probabilistic update introduced in Section
2.1.3. This approach ensures that the ground-truth map captures the true occupancy
states with higher confidence and coverage. The same data partitioning and ground-truth
generation strategy is applied consistently for both the LUCOOP and LARD datasets.

Ground-truth of SDF

In the experiment of Chapter 6, the result is evaluated with the implicit map representation
- SDF. In these experiments, the LUCOOP Riegl point clouds and the synthetic CARLA
data are used.

For the real-world LUCOOP dataset, the ground-truth SDF is established by calculating
the distances from a query point to its nearest neighbors within the dense point clouds.
Given that these reference points constitute discrete samples rather than continuous
surfaces, it is crucial to ensure high density to reduce errors in ground truth data. This
requirement is satisfied by the LUCOOP dataset, which aggregates point clouds from
multiple measurement campaigns. The resulting high-density coverage supports accurate
and reliable ground-truth SDF generation..

For the CARLA simulation dataset, the ground-truth SDF is computed from the
provided high-fidelity mesh models. These mesh surfaces are directly extracted from
the Unreal Engine assets, which serve as the geometric ground truth. The SDF is then
calculated based on the shortest distance from each query point in the scene to the nearest
point on the mesh surface. To ensure the accuracy of the ground-truth SDF computation,
each mesh was subjected to a manual inspection and correction process. This step was
crucial as some regions exhibited redundant repetitive meshes of the same surfaces that
could introduce errors into the SDF calculations. By rectifying these inaccuracies in the
mesh geometry, we enhanced the reliability of the simulated data for subsequent analysis
and validation of our model.
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Chapter 5

Urban Building Models using GP and
GMM in a 2.5D Local Frame

5.1 Overview

Outdoor urban environments are highly unstructured and heterogeneous, comprising
a wide variety of objects such as buildings, vehicles, trees, and other infrastructure.
Among these, buildings are particularly important due to their relatively simple and
stable geometric structures, which make them easier to detect and model. Leveraging
building models as a mapping reference is thus highly beneficial for outdoor localization
and navigation. However, existing models—such as 3D CityGML—typically do not
account for model quality or incorporate uncertainty quantification. In the uncertainty-
aware localization applications, often, the uncertainty of building models is not specified
atall, or if it is, it is given in terms of a single, global uncertainty measure only (Ehambram
et al. 2022). Additionally, the 3D CityGML LoD2 models also only simplify the building
fagade with one plane and ignore the extrusions and protrusions. This is not sufficient for
many tasks requiring higher accuracy.

The objective of this chapter is to develop building models tailored for autonomous
robots operating in outdoor settings, with an emphasis on incorporating quantitative
uncertainty estimates for each surface point, as illustrated in Figure 5.1. In the figure, the
regions with sparse or no measurements are denoted by high uncertainty. Specifically, the
mapping task focuses on estimating the fagade surface by determining both the relative
surface depth and its associated uncertainty at arbitrary query points.
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FIGURE 5.1. Depiction of a building model where for each location an
uncertainty can be queried (indicated by color).

In this work, we use Gaussian Processes (GPs) combined with 1D Gaussian Mixture
Model (GMM) priors to develop an uncertain surface model of structured buildings.
Buildings are one of the most important man-made structures for localization in urban
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FIGURE 5.2. Illustration of the surface map

exploration, which have relatively simple geometry and are easy to extract. To enhance the
scalability of the GP approach for large datasets and model sharp transitions on structured
building facades, we segment the entire 3D structure of a building into multiple local
planar patches. Each patch is then modelled within a 2.5D framework, allowing for
local representation and analysis of each plane individually. Initially, GMMs identify the
planar surface layers within each local plane using a few components; subsequently, GPs
refine these models by detailing the irregular regions. In the GP inference process, sets
of local GPs are assigned to specific planar structures to better capture discontinuities
and reduce redundant computations. To further enhance computational efficiency, sparse
kernel approximations and data block partitioning—similar to the techniques used in
prior work (S. Kim and J. Kim 2015; J. Wang and Englot 2016) —are also employed..
This approach harnesses the flexibility of non-parametric methods for modelling detailed
irregular structures and the scalability of parametric methods suitable for large urban
environments.

The mathematical representation of the abstract surface map in a local frame can be
expressed as:

=0 : onthe mean surface,
s=f(x){ <0 : onan extrusion, (5.1)
>0 : ona protrusion.

As an example, Figure 5.2 illustrates a simplified surface map. Red rectangle denotes
the protrusion (e.g., a balcony), while the blue rectangle indicates the extrusion (e.g., a
recessed window).

The surface is modelled as a function with depth values assigned to each point. Given
a point x € IR? on the local projected surface plane, s denotes the distance to the prior
mean surface in this local coordinate. It is important to distinguish this representation
from the SDF. While SDF represents the shortest distance between the surface and the
query point, s represents the surface location (depth) at the query point relative to a prior
surface expectation.

Figure 5.3 illustrates the overall workflow of the mapping process and the evaluation.
In the following sections, these processes will be explained in detail. Firstly, we detail
the segmentation process used to divide 3D buildings into multiple planes, yielding local
2.5D frames. Secondly, each frame is modelled in two stages: (1) regular planar segments
are delineated using a GMM,; (2) deviations from these planar segments are captured
using GPs, allowing for the modelling of arbitrary details. Finally, we generate an abstract
surface map from these models, which is then transformed into a probabilistic occupancy
map. This occupancy map is subsequently evaluated against other state-of-the-art methods
to assess its accuracy and uncertainty.
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FIGURE 5.3. Overall workflow.

5.2 Facade Segmentation

As described, fagade segmentation serves as the initial step in dividing a 3D building into
local 2.5D facades. In the following, we employ and compare two segmentation techniques:
Random Sample Consensus (RANSAC) and GMM segmentation. We provide a detailed
introduction to both methods, highlighting their mechanisms and functionalities.

5.2.1 RANSAC Segmentation

Efficient RANSAC for point-cloud shape detection (Schnabel et al. 2007) is employed for
facade segmentation, which is an advanced variant of the classic RANSAC algorithm,
tailored specifically for efficiently identifying geometric shapes within point clouds. It is
particularly effective in environments where the data contains significant noise or outliers.
RANSAC fits multiple geometric models to the data—such as planes, spheres, cylinders,
and cones—and validates these fits based on the number of inliers. In this work, it is
applied to fit planes. The algorithm iterates, adjusting parameters and refining models to
improve the fit and accommodate the characteristics of complex, real-world data. This
approach implements a hierarchical segmentation strategy that progressively refines the
search for shapes to manage the large point cloud datasets.

In facade segmentation, it is assumed that building structures can be decomposed into
multiple planar primitives. Each fagade plane of an individual building is identified by
fitting planes to the data points, adhering to criteria such as a minimum number of support
points per primitive and a maximum allowable distance to the fitted primitives. Figure
5.4 demonstrates the RANSAC segmentation of a 3D building, depicting the division
into three distinct planes. Figure 5.4a displays the original building points, where colors
represent the normal vectors associated with each point. Figure 5.4b shows the resulting
segmented fagades, clearly illustrating the outcome of the segmentation process.

Note that the planes derived from RANSAC segmentation are characterized by associ-
ated normal vectors representing critical orientation information for each plane, which
are essential in establishing the local frames. However, these normal vectors do not
inherently indicate an outward direction. Therefore, to ensure correct orientation, addi-
tional information regarding the sensor’s location is utilized to adjust the normal vectors
appropriately.

As shown in Figure 5.4a, the blue cylinder represents the LiDAR sensor, and the red
dashed lines indicate the emitted rays that strike the objects. The red vectors represent
the directions from the measured points back to the sensor. These vectors are averaged
to obtain v and then compared with the current normal vector n. More specifically, we
calculate the dot product of the normal and the averaged vector from the measurement
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(a) Original points of a building (b) RANSAC planes

FIGURE 5.4. Example: RANSAC segmentation of a building

points pointing to the sensor: n - v. If the dot product is negative, the sign of the normal
vector will be flipped: n = —n.

5.2.2 GMM Segmentation

3D GMM offers a flexible alternative to RANSAC for segmenting 3D buildings into local
planes. This method represents each local plane as an individual Gaussian component.
Using the training points, a predetermined number of GMM components is utilized
to train a 3D GMM model. Given the 3D point clouds X € R3, a K-component GMM
estimates the spatial distribution of the points with the mathematical expression:

K
p(x) =Y N (x|p, ), (5.2)
k=1

where (71, pi, ) are the GMM parameters for the k-th planar primitive, 77y is the mixing
weight, scaling the component with its importance. p and X are the mean and covariance
matrix of the Gaussian distribution.

The model with the above parameters will be trained by the EM algorithm as intro-
duced in Section 2.2.3. During segmentation, points are assigned to the component for
which they exhibit the highest weighted likelihood (7N (x|py, X)), effectively grouping
points into their corresponding planar segments based on this criterion.

Figure 5.5 provides an illustration of a GMM of a building and its resulting segmenta-
tion. Figure 5.5a shows the ellipsoids representing the 3D Gaussians in the GMM, with
each Gaussian colored differently to denote distinct components; there are three compo-
nents in this example. Figure 5.5b depicts the segmented fagades, where each point is
colored according to the Gaussian component to which it has been assigned.

The normal vectors of planar primitives are derived through the eigen decomposition
of the covariance matrices associated with each 3D Gaussian component in the model.
This process involves calculating the eigenvalues and eigenvectors of the covariance
matrices that describe the distribution of points within each Gaussian component. The
eigenvector corresponding to the smallest eigenvalue typically represents the normal
vector to the plane, as it points in the direction of least variance among the data points,
effectively indicating the plane’s orientation. The orientation of the normal vector is
further adjusted based on the sensor’s location, similar to the method introduced in the
RANSAC segmentation.
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(a) GMM ellipsoids (b) GMM segmented planes

FIGURE 5.5. Example: GMM segmentation of a building

The model selection problem might arise for 3D GMM,, i.e., it is often not easy to
determine the optimal number of GMM components. However, for the specific application
of segmenting large-scale planar primitives of a single building, achieving the exact
optimal number of GMM components is less critical. Since the primary goal is to identify
major planar structures rather than intricate details, a suboptimal choice in the number of
components may still yield satisfactory segmentation results. For example, it can be set to
a large fixed value based on empirical experience (e.g., 10 components per 10 x 10 x 10m°),
or determined adaptively using the hierarchical splitting strategy described in Chapter 6.

In practice, the predetermined number of Gaussian components often exceeds the
optimal count, leading to oversplit segments. To address this, a merging process is imple-
mented based on specific geometric criteria: if the normals of the Gaussian components
are aligned within an angular deviation of fewer than 10 degrees, and the distance be-
tween the centers of these Gaussians along the normal direction is less than 0.1 meters,
the components are merged into a single Gaussian. This method effectively reduces
over-segmentation by consolidating closely aligned and proximate Gaussian components,
enhancing the model’s accuracy and simplicity.

5.3 GMM for Planar Surfaces

After completing facade segmentation, we proceed to construct our surface model within
a local 2.5D frame. As previously discussed, the normal of each segmented plane is
established and subsequently designated as the z-axis, representing the axis of surface
depth with the positive direction oriented outward. The corresponding x- and y-axes are
then defined orthogonally based on the orientation of the z-axis, as shown in Figure 5.6,
ensuring a coherent local coordinate system for modelling and analysis.

In this local frame, a 1D GMM is applied to cluster the points with different depth
values to depth layers. Each depth layer is described by one Gaussian component in the
GMM:

K
p(d) =Y mN (dlp, of), (5.3)
k=1

where d is the surface depth of a point along the local z-axis, K being the number of
Gaussian components; (71, pg, o) are the GMM parameters for the k-th depth layer,
where 71, depends on the number of points belonging to this component. The parameters
{(7tk, px, o%) }X_, are optimized by maximizing the log-likelihood using the EM algorithm.
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FIGURE 5.6. Local frame

In the simplified 1D GMM, the problem of model selection is reduced, and the number
of components, K, is determined through signal analysis. Specifically, K corresponds to
the number of peaks identified in the histogram of depth values. A peak in the histogram
corresponds to a local maximum, representing a depth interval where a significant number
of points are concentrated. These peaks are interpreted as indicating the presence of depth
layers. A detailed experimental analysis will be presented later, where the impact of
histogram interval selection on GMM results is investigated. This analysis will demon-
strate that the GMM'’s performance is robust, showing minimal sensitivity to variations in
histogram interval choices.

In this context, the 1D GMM differs fundamentally from the 3D GMM used in seg-
mentation (Section 5.2.2). Specifically, the 1D GMM is designed to classify varying surface
depths, functioning to differentiate between different levels or layers within a structure.
Conversely, the 3D GMM is employed to segment distinct fagade planes, effectively
partitioning the 3D space into local planar sections.

Figure 5.7 shows an example of the GMM results. The left part shows a fagade profile,
i.e., all scanned points of a facade in a view from the side. Different colors indicate distinct
depth layers, e.g., protrusions and extrusions. As observed, points belonging to the same
layer are concentrated within a narrow depth range and are well-separated from other
layers. The right figure displays the corresponding Gaussian components, with matching
colors representing the associated depth layers. The one with the highest peak (green) is
the main facade plane.

The limits of GMM are: 1) Non-planar surfaces cannot be modelled. 2) If the number of
points on different layers varies greatly, the method may prioritize components associated
with more points—those contributing more to the overall GMM distribution—while
failing to model the small protrusions and extrusions. These detailed structures only have
a few points and can be easily overlooked during the training of GMM using EM. 3)
Non-vertical planes might be simply modelled as a vertical plane. The non-parametric
approach GP, on the other hand, is capable of modelling all of the above structures in a
data-driven fashion. It is, therefore, introduced here to solve these problems.
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FIGURE 5.7. GMM for plane modelling (K = 5)
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5.4.1 Application of GP

AGP f(x) ~ GP(u(x),k(x,x")) is a popular Bayesian regression method in machine learn-
ing. As introduced in Chapter 2, it can be seen as a multivariate normal distribution with
infinite variables in a continuous domain. Its posterior mean function y(x) and covariance
function k(x, x") are employed to estimate the posterior surface depth expectation and the
uncertainty of this estimation. There are many possible choices for the kernel function
and in this application, the ARD kernel is used as the prior GP kernel function. Recalling
Equation (2.54), and considering that the input dimension is 2 in this case, the equation
can be rewritten as:

1 & (xp—x)?
ko(x,x') = (7; exp <—2 Z (12)> , (5.4)
m=1 m

where 8 = (0y,11,12) are the hyper-parameters for the kernel function, as previously
introduced in Chapter 2. They are optimized by maximum likelihood, given a training
dataset.

In the context of modelling surface depth, provided the projected local points D =
(X,y), where X = {x;}}, are N input vectors and y = {y;}, are the corresponding
surface depths measured with additive noise 7; ~ N (0, (T,?), we have the following
likelihood:

p(y[X, 8) = N(y[Ky +;1), (5.5)

where Ky = ko(X,X) is the covariance matrix of the input points with N x N entries
calculated by the prior kernel function.

The prediction space X, can be inferred conditioned on the training observations D.
The posterior GP mean and kernel are calculated by (Rasmussen and C. K. I. Williams
2006):

p(x) = po(x.) + X (K +071) "y — po(X)), (5.6)
k(xs, %)) = ko(x4,x,) — KL (Ky + Ugl)’lk; + (7,?, (5.7)
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where the prior mean po(x) is set to zero, [k.|n = ko(X, x.) and [K,|n = ko(X, x},) are the
prior covariance between the N input training points and the predicting points.

Figure 5.8 shows an example of the surface depth estimation using the standard GP
inference. The right figure presents a 2.5D view of the estimated surface, where color
encodes the inferred surface depth. A full GP model is employed, utilizing all available
measurements as training points. The region contains several fine-scale surface structures,
particularly within the central blue area. As illustrated, the GP approach enables the
modelling of even minor, detailed surface variations. In comparison to GMM, the GP
method offers greater flexibility, accommodating complex surface geometries with fewer
constraints.

The left figure displays a 1D projection for visualization purposes, where x-coordinate
remains constant, i.e., x = 400. Here, the red dots represent the observations used for GP
training. The blue curve represents the GP mean function f(x), which corresponds to the
expected surface depth, while the shaded blue region reflects the associated uncertainty
(95% confidence interval) derived from the GP posterior variance. The mean function
closely follows the training observations and effectively captures local surface variations.
However, two noticeable jumps appear around x = 30 and x = 190, corresponding to
abrupt changes in surface geometry. These discontinuities are undesirable in the context
of continuous surface modeling. Additionally, the associated uncertainty estimates in
these regions are quite low, suggesting a potential underestimation of uncertainty by the
GP model in the presence of sharp transitions.
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FIGURE 5.8. GP for surface modelling

To utilize a GP for generating an uncertain building model from dense point clouds,
there are mainly two problems. First, mapping methods using GPs have to consider
the discontinuity of the environment, while the GP often encodes the continuity and
smoothness assumptions on targets. It is hard to model functions that exhibit arbitrarily
large derivatives with a GP. Unfortunately, large derivatives often appear in environment
mapping. This issue is also addressed in the previous work (O’Callaghan and F. T.
Ramos 2012; J. Wang and Englot 2016), where they tried special kernels to adapt the
discontinuities, e.g. Matérn covariance functions. However, the improvement is limited.
Second, with large training datasets, the GP regression faces a computational problem
due to the inversion matrix calculation having time complexity O(N?). To capture the
discontinuity and reduce the computational cost of GPs, the two strategies utilized in the
following work are: 1) using the GMM results as prior, and 2) partitioning data into blocks.
These strategies are explained in detail in the following sections.
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5.4.2 GMM as Prior

Utilizing the GMM as a prior offers several benefits for modelling building surfaces.
Primarily, the GMM is employed to delineate the planar regions of buildings, allowing
the GP to focus solely on training non-planar and irregular surfaces. These include
the points that deviate from the GMM distribution or do not conform to the geometric
assumptions underlying segmentation. As a result, the prior information provided by the
GMM effectively reduces the number of training points required for GPs, by filtering out
regular, planar points and leaving only the irregular points for modelling.

Furthermore, incorporating GMM as a prior enhances GP modelling by providing
adaptive parameters for prior distributions. Specifically, the mean values (i) estimated
from the GMM serve as prior means in GP modelling, denoting the prior surface depth
expectation of each planar layer. According to GMM clusters, we assign local GPs to
different surface regions that belong to a specific GMM layer. Each local GP model has its
own hyper-parameters and estimates the surfaces only for the corresponding bounded
area. At any location (x) on a certain local facet corresponding to the k-th GMM component,
the surface depth d(x) is modelled by a local GP that incorporates this GMM prior mean.
The local GP surface representation is still estimated by the posterior GP inference using
Equation 5.6. However, unlike in a standard GP where the prior mean jo(x) might
typically be zero, here it equals the GMM-derived parameter j, reflecting the expected
plane depth from the GMM results. Similarly, the variance of the k-th GMM component
parameterizes the prior covariance functions ko(x, x’) in Equation 5.7 and depicts the local
data variability.

All local GPs compose a GP list for inference. Since different mean and covariance
functions adapt GPs to the local facets, the discontinuities on the fagade surface are
captured, which is caused by the sharp change between two depth layers.

Figure 5.9 visualizes this overall GP mapping process with GMM as prior. Figure
5.9a demonstrates how surface depth layers are estimated using GMMs. For each layer
denoted by distinct colors, points falling outside the GMM distribution are selected as
training points for the GP, marked as red in Figure 5.9b.
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FIGURE 5.9. Visualization of different stages of the mapping process.
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FIGURE 5.10. Surface depth layers

The criteria for selecting training points are introduced as following; we classify the
points that cannot be effectively modelled by the GMM into three categories: (1) non-
planar points, (2) non-vertical slopes whose normal vectors deviates considerably from
the normal of the main plane, and (3) points that are significantly outside their Gaussian
distributions, i.e. not within the 95% confidence interval (1.960%) of a certain component.
Figure 5.9b illustrates an example, where the red points are selected as training points for
GP training, while the background colors on the building represent distinct depth layers,
consistent with Figure 5.9a. These points are selected according to the rules regarding the
depth value d and the normal vector n = {n,,n,, 1, }:

|d — ]lk| > 1.960y, (5.8)

nz(x) < cos(ay), (5.9)

where i and oy, are the parameters of the k-th Gaussian layer, and n,(x) is the component
of the normal n, which is perpendicular to the main facade plane. «; is the angle threshold
for the normal n deviating from the normal of the assigned GMM plane. In this thesis,
a, = 25° is applied.

Figure 5.10 visualizes a facade with segmented surface layers in 2D, where colors
indicate different depth layers. Within each depth layer, points belonging to the same
local facet are generally interconnected, while different facets are considered discrete from
one another. Considering each layer as a cluster, within each depth cluster, we further
cluster the points based on their spatial distribution relative to their respective facets. This
is achieved by leveraging image processing techniques to project the points onto a 2D
plane, enabling efficient and rapid clustering. The training points can be selected before
this step and assigned to local facets based on their spatial locations in a 2D plane.

Therefore, each fagade plane is further divided into smaller local facets, as depicted in
Figure 5.9c, where different colors represent distinct local facets. Adaptive local GPs are
employed in corresponding local facets to streamline the complexity of GP training.

Figure 5.9e displays the estimated surface depths and Figure 5.9f denotes the un-
certainties. In uncertainty estimation, regions that are sparse or occluded are inferred
with relatively high prior uncertainty. This prior uncertainty is derived from the overall
surface depth variation of each fagade, which explains the differences in color between the
two fagades. Based on the estimation results, the fagade on the left exhibits larger depth
variation, leading to higher associated uncertainty. The ground truth of this exemplary
building is provided for comparison, as shown in Figure 5.9d.

The estimate for 0, in the kernel of a local GP is set as the standard deviation of the
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FIGURE 5.11. Example of the prior variance

corresponding planar patch oy. Optimization of other hyper-parameters is done on a small
subset of the training data, involving a reasonable choice of the initial estimates:

e The initial {1, [} are set to the same value, i.e. isotropic. We set I; = I, = 0.05m,
observed from the investigation of the impact of the length-scale on kernels and the
empirical value from the existing study (O’Callaghan and F. T. Ramos 2012);

* 0y reflects the precision of the sensors, point cloud alignment noise and random
environmental noise. In this case, 0;, = 0.02m.

There might be cases where there are regions without any training data and not
covered by any local GPs. Then, a global GP prior is included in our GP list. As shown
in Figure 5.11, regions without observations are assigned a prior uncertainty (red). The
prior variance is set as the variance of the entire fagade plane (i.e., compute the variance
from all points on this facade), instead of any individual layer, representing the overall
variability across all layers of the facade surface. The mean value of this GP is determined
by the mean of the Gaussian component with the largest weight in the GMM.

Initially, we considered weighted averaging of the inferred results from adjacent local
GP segments in empty areas, using either BCM (H. Liu et al. 2018) or Product of Experts
(PoE) (Hinton 2002). However, in our case, the fusion did not significantly improve the
results, and the resulting decrease in uncertainty was not desirable. Furthermore, the use
of mixtures of GPs would have impacted efficiency. Therefore, in this work, mixtures of
local GPs are not utilized.

5.4.3 GP-block Techniques

Although we reduced the training points by the strategy introduced in the previous
section, the computational efficiency can be further improved by the data partitioning
and GP-block techniques, which are inspired by (S. Kim and J. Kim 2015). In practice,
the spatial correlation between two points decreases with their distance. This property
is naturally captured by the length-scale hyper-parameter I = (I, 1) in the covariance
functions of the GPs. As points far from each other have negligible influence that can
be ignored in the covariance matrix, only close points have significant covariance and
need to be considered. An idea to exploit this property is to apply a sparse covariance
function (Melkumyan and F. Ramos 2009), by setting the covariance to zero when the
distance is larger than a threshold. It also indicates the possible data partition of the
training data. The entire training dataset can be divided into local blocks within a certain
range, as proposed in (S. Kim and J. Kim 2015; ]. Wang and Englot 2016). In those methods,
the block size is set as the predefined scale value of the sparse kernel. In contrast, our
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approach determines the block size based on the spatial distance at which the covariance
value falls below the threshold ¢, as defined by Equation (5.4). This is computed under
the condition that 0, = 1 and [; = [, = [,

/

2 _ 2
exp (—; ;W) > Coin (5.10)

Iy

where ¢,,;, = 0.0001 in this case. The block size is equal to |x — x’| when it makes both
sides equal. The extended block of a given block is defined as the central block with its
neighboring blocks. In GP regression, the points from the extended block are the training
data for the central block being under consideration.

5.4.4 Outlier Filtering

To generate a GP inference robust to outliers, a model is required for outlier processing.
There might be outliers in the training samples due to false classifications (e.g., points
of road signs in the vicinity of a building). A statistical test on a GP with a Gaussian
likelihood is applied to check the probabilistic significance and identify the outliers, e.g.,
using a Chi-squared test. In this work, the Chi-squared test with one degree of freedom is
applied to remove outliers.

The procedure of outlier filtering is as follows.

1. The GP is trained normally with all training data and the mean and variance of each
training point are inferred.

2. The Chi-squared test-statistic is calculated using v? = (d; — u;)?/0?.

1

3. The test-statistics are compared to the x? value given a certain a-quantile level and
the points with test-statistic values larger than x? value are removed as outliers.

4. The GP is trained again with the filtered training data, and the test points are
predicted with mean and variance.

The above process may as well be repeated to iteratively trim the outliers, which,
however, will lead to an increased computation time. Therefore, in this case, we only
perform the test once in our experiment. The a-percentile level in the test serves as a
threshold to filter outliers, indicating the strictness of outlier detection. High values of
« will see many points as outliers, while a small a gives more tolerance to the points
deviating from the mean and might miss the outliers.

5.5 Experiments

5.5.1 Experimental Setting

The evaluation of the proposed uncertain building model is conducted using real-world
LiDAR point clouds from the LUCOOP datasets (Axmann et al. 2023) and the LARD
dataset (Senanayake and F. Ramos 2017), as introduced in Chapter 4. For the experiments,
only building-related points were utilized. The data preprocessing, data partitioning and
the ground truth generation are detailed in Section 4.2.
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5.5.2 Ablation Study

In section 5.3, the number of the GMM components K is chosen from the number of
peaks in the depth histogram. As described in Section 5.3, these peaks correspond to local
maxima, indicating depth intervals with high point density. To assess the sensitivity of the
choice of the bin width used when constructing a histogram of depth values, we conduct
an ablation study for different bin widths.

In practical experiments, the choice of the histogram bin width is affected by the
quality and density of the data, which inherently contain noise that limits the distance
resolution at which surface layers can be reliably distinguished. This resolution can be
quantified as the minimum distinguishable distance, denoted d;. For example, if the
standard deviation of the measurement noise is ¢ = 2cm, then d; = ¢ x 1.65 =~ 3.3cm,
where the factor 1.65 corresponds to a 90% confidence level. This implies that, due to
sensor uncertainty, the minimum distinguishable distance between two depth layers is
approximately 3.3cm. The histogram bin width directly affects the method’s ability to
resolve distinct surface layers. To preserve the mapping resolution, the bin width should
not exceed this minimum distinguishable distance; otherwise, it would artificially merge
nearby layers, reducing segmentation accuracy. Therefore, d; serves as an upper bound
for choosing the bin width.

However, choosing a bin width that is too small (e.g., < 1mm) can lead to overly jagged
histograms due to insufficient point counts per bin, making peak detection unreliable. To
avoid this, we assume a practical lower bound of Imm for the bin width.

Figure 5.12 shows depth histograms for three facade examples, with depth on the
x—axis and frequency on the y—axis. The depth range (x) varies across examples due to
differing surface depth variations. Red crosses mark the detected peaks. For each example,
the bin width (interval) is varied from 0.001m to 0.025m.

Experimental results show that the choice of histogram bin width has minimal impact
on the outcome. Note that we only consider the number of red crosses, which determines
the number of Gaussian components. There are a couple of reasons behind this observation:
Firstly, a depth layer typically contains a substantial number of points, making it relatively
easy to capture the essential characteristics. Secondly, our primary objective is to identify
a reasonable number (K) of peaks for the GMM training. Even if the exact number
is not perfectly determined, the subsequent steps involving GP can help correct any
inadequately modelled aspects. For instance, consider the limiting case where K = 1.
Even in this scenario, GP regression remains capable of modeling the underlying function,
as demonstrated in Figure 5.8.

5.5.3 Evaluations

In the local facade frame, the planar points are used as i.i.d. samples to optimize the
parameters of the GMM. Training points selected according to Equation (5.8) and (5.9) are
used to derive the posterior GP-based models. For different building fagades, the number
of training points varies. Depending on the building structures, around 20% of the points
are selected as training points in the experiment. The initial hyper-parameters are given
based on the rules in Section 5.4.2. The initial ¢, is chosen as 2 cm according to the data
noise.

Figure 5.13 shows the qualitative result of modelled buildings with their associated
uncertainties. Figure 5.13a displays the overall results, including areas with high uncer-
tainty, while Figure 5.13b illustrates the regions with standard deviation smaller than 0.1 m.
In the original measurements, certain areas are occluded, where the inferred surfaces
exhibit high uncertainties in Figure 5.13a. The uncertainty in occluded regions varies



68 Chapter 5. Urban Building Models using GP and GMM in a 2.5D Local Frame
interval: 0.001 interval: 0.002 interval: 0.003 interval: 0.004
400 800 - 1500 A
1000 A
300 4 6001 1000 -
200 4 400 - 500 -
500
100 + 200 4
O ﬂ T T o A T T o L T T 0 L T T
0.25 050 0.25 050 0.25  0.50 025 050
interval: 0.007 interval: 0.01 5000 interval: 0.02 interval: 0.025
2000 4 3000 4 4000
4000
2000
1000 - | 2000 A
1000 4 2000
D L T T 0 L T T 0 A T T 0 L T T
0.25  0.50 025 050 0.25  0.50 025  0.50
(a) Example 1
interval: 0.001 interval: 0.002 interval: 0.003 interval: 0.004
= 10000
2000 4 4000 | 6000 4 7500 4
4000 A 5000 4
1000 4 2000
2000 2500 4
04 T T T 07 T T T 07 T T T 04 T T T
1 2 1 1 2
interval: 0.00?’ intewa2l: 0.013 ilntervazl: 0.05 interval: 0.023
r 40000
15000
20000 - 30000 40000
108001 20000 -
10000 - 20000
5000 - 10000
O‘ T T T 0_ T T T O_ T T T 0‘ T T T
1 2 3 1 2 3 1 2 3 1 2 3
(b) Example 2
interval: 0.001 interval: 0.002 interval: 0.003 interval: 0.004
2000 |
600 A
1000 1500 2000 +
400 A
1000
500 - 1000 4
200 A 500 1
0 L T T 0 A T T 0 L T T 0 A T T
2.00 2.25 2.00 2.25 2.00 2.25 2.00 2.25
interval: 0.007 interval: 0.01 interval: 0.02 interval: 0.025
4000 1 6000 -
7500 1 10000 -
3000 1 4000 1
5000 A
2000 4 2000 - 5000 -
1000 A ‘ 2500 A
D L T T 0 A T T 0 L T T 0 A T T T
2.00 2.25 2.00 2.25 1.8 2.0 2.2 1.8 2.0 2.2
(c) Example 3

FIGURE 5.12. Examples of peak detection for different histogram intervals.
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across buildings due to differences in their assigned prior variance, which serves as the
uncertainty estimate in areas lacking observations. This prior variance is computed from
the overall facade variance, reflecting the expected surface variability and, consequently,
the potential reconstruction error. For example, occluded regions on simpler facades with
lower depth variation are assigned smaller prior variances. In general, the buildings that
have been observed with denser measurements are modelled with lower uncertainties.
In practical localization applications, users are able to select only the accurate part
of maps in Figure 5.13b or use the entire map in Figure 5.13a with associated weights
indicating the uncertainty. The benefits of only using maps with low uncertainties in
occupancy maps are investigated in the following evaluation (see Section 5.5.3).
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FIGURE 5.13. Qualitative results of the building models: uncertainties are
denoted by colors. Redder colors indicate higher uncertainties while blue
colors denote low uncertainties.

Quantitative Evaluation

To evaluate the proposed method, several state-of-the-art mapping approaches are adopted
as benchmarks, including OctoMap (Hornung et al. 2013), GPOM (J. Wang and Englot
2016), BGKOctoMap (Doherty et al. 2017), LARD Hilbert map (Senanayake and F. Ramos
2017), and the GPIS map (B. Lee et al. 2019). For a fair comparison, the proposed surface
map is converted into a 3D occupancy representation. This transformation is achieved
using a probabilistic least-squares classification approach, where occupancy probabilities
are inferred through a cumulative Gaussian density function, following the methodology
presented in prior studies (O’Callaghan and F. T. Ramos 2012; S. Kim and J. Kim 2015).
Full implementation details are provided in (S. Kim and J. Kim 2015).

Evaluation metrics include (1) Precision-Recall (PR) curves and (2) Area Under the
Curve (AUC). While some earlier works have used Receiver Operating Characteristic
(ROC) curves and corresponding AUC values, ROC-based evaluation is known to be
suboptimal for highly imbalanced datasets. In particular, when the number of negative
(free space) samples vastly exceeds the number of positive (occupied space) samples,
changes in false positives have a diminished effect on the false positive rate, which limits
the utility of ROC curves (Davis and Goadrich 2006). This issue is especially relevant in
outdoor mapping scenarios, where the class imbalance is severe. As noted in previous
studies (Miao et al. 2021; Davis and Goadrich 2006), PR curves provide a more informative
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evaluation in such cases, particularly when the primary concern is the accurate detection of
occupied regions. PR curves emphasize the trade-off between precision (false positives vs.
true positives) and recall, with the optimal performance corresponding to the upper-right
corner of the plot.

Figure 5.14 presents a comparative analysis of AUC scores for all evaluated methods at
two spatial resolutions(0.1 m and 0.05 m grid sizes). Overall, GP-based mapping methods
demonstrate superior performance, with the proposed method (depicted by green and
orange curves) achieving the highest AUC values and exhibiting robustness to finer
resolutions. The green curve represents the scenario in which only regions with high-
confidence predictions (low uncertainty) are retained, using a variance threshold of 0.01
(Figure 5.13b). Regions with predictive variance exceeding this threshold are treated
as unknown. The observed performance improvement in this setting underscores the
value of incorporating uncertainty into map representations. In particular, the enhanced
performance of high-confidence mapping (green curves) demonstrates the benefit of
uncertainty-aware modeling and highlights its potential utility in downstream tasks such
as localization, path planning, and navigation under uncertainty.

The evaluation of uncertainty is performed by analyzing the variation in AUC values
under different uncertainty thresholds and distances between query points and their
nearest observations. The proposed method is compared against the GPIS map baseline,
with the results illustrated in Figure 5.15. The results reveal a clear monotonic relationship
between the AUC and the uncertainty threshold: as the threshold increases, more uncertain
regions are included in the evaluation, leading to a gradual decrease in performance.
Notably, the proposed method demonstrates larger robustness in regions farther from
the observed data, where predictive uncertainty is inherently higher. In these regions, it
maintains consistently high AUC values, indicating reliable estimation beyond directly
observed areas.

In contrast, the GPIS map achieves higher AUC scores only when predictions are
restricted to a small number of query points that lie close to the training data, as shown in
Figure 5.15b. As the distance increases, its performance drops significantly. This indicates
a reduced ability to provide accurate inference in less observed or unobserved regions.
Conversely, the proposed method retains strong performance even when a larger set of
predictions is evaluated, highlighting its capability to provide reliable and uncertainty-
aware estimations across larger spatial extents.
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FIGURE 5.14. PR curves and AUC comparison: the AUC value of each
curve is given in the legend.
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FIGURE 5.15. Uncertainty evaluation: change of AUC with varying uncer-
tainty thresholds and distances between the predicted points and original
training points.

The comparative evaluation of these mapping methods on an additional dataset,
originally utilized in the work of the LARD Hilbert map, also confirms our findings in the
LUCOOP dataset (Axmann et al. 2023). In both cases, our proposed method consistently
outperformed competing approaches. This consistency in performance superiority is
visually depicted in Figure 5.16. This auxiliary dataset is characterized by its limited
size and relative simplicity. Such attributes typically mitigate modeling challenges, and
consequently, contribute to the generally improved results observed for all approaches
compared to those obtained with more complex urban datasets.
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FIGURE 5.16. PR curves and AUC comparison of the LARD Dataset.

5.5.4 Computational Time Comparison

Regarding computational time, BGK and GPOM reach the fastest speed for mapping, as
shown in Figure 5.17. Our proposed method demonstrates comparable training times to
benchmarks, thanks to the assistance of the GMM prior. During testing, it may require
more time than BGK, GPOM, and LARD but remains faster than GPIS. While we acknowl-
edge the importance of efficient online mapping, our goal in this chapter is to deliver
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a mapping framework that prioritizes accuracy and uncertainty awareness, enhancing
map-based localization tasks.
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FIGURE 5.17. Computational time.

5.5.5 Discussion

The GPOM and BGK models rely on fixed hyperparameters for prior variance, observation
noise, and kernel length scale, which may limit their ability to capture spatial correlations
and represent local variability in the data. The use of fixed prior variance and kernel
parameters makes it challenging for these models to adapt to abrupt changes in voxel
occupancy, potentially leading to suboptimal posterior occupancy estimates. Similarly,
the GPIS benchmark employs pre-defined values for the prior mean and variance, which
can introduce inaccuracies in surface estimation—particularly in regions distant from
observations. The fixed variance assumptions can also result in either overestimation
or underestimation of predictive uncertainty, making the model’s performance highly
sensitive to the choice of prior settings.

Our experimental results indicate that LARD exhibits similar performance to the
BGK map; both methods demonstrate vulnerability to low resolutions. As a kernel-
based approach, the LARD Hilbert map is also strongly influenced by the choice of
hyperparameters, such as the kernel length scale, the number of clusters and the number
of neighbors. There is limited prior information available to guide the selection process of
ideal hyperparameters. Furthermore, the clusters obtained through k-means clustering
may not adequately capture the underlying distribution of planar points, further affecting
the performance of LARD.

In contrast, the proposed method addresses these limitations by using a GMM to
derive data-adaptive priors for both the mean and variance, and by applying localized GP
inference to better model spatial correlations and uncertainty. This combination enables
the method to more accurately estimate fagade surfaces, especially in complex or sparsely
observed regions, while providing well-calibrated uncertainty estimates that reflect the
confidence of the inference.

5.6 Summary

In summary, this chapter presents a method for generating accurate and uncertainty-aware
building surface models from dense LiDAR point clouds. The proposed framework inte-
grates 1D GMMs and local GPs to jointly model both planar and non-planar components
of building facades. The GMM captures the dominant planar structures, while GPs are
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employed to model local surface variations and geometric details. To improve computa-
tional efficiency and support surface discontinuities, we introduce local GPs combined
with spatial data partitioning strategies.

In the experimental evaluation, the resulting surface models are converted into proba-
bilistic occupancy maps and benchmarked against state-of-the-art methods. The results
demonstrate that our approach-using local GPs with GMM-based priors, achieves the
highest AUC scores, highlighting its effectiveness in modeling building surface structures
and uncertainty estimation.

Although this method is specifically designed for structured, man-made environments,
such as building facades, the next chapter extends the framework to more general and
complex geometries. This is achieved through higher-dimensional GMM priors and a
fully 3D representation using implicit signed distance fields, allowing for a broader range
of surface modeling applications.

*The results presented in this chapter are adapted from (Zou and Sester 2021) and (Zou
and Sester 2022) published in the International Archives of the Photogrammetry, Remote
Sensing and Spatial Information Sciences (ISPRS Archives), and (Zou, Brenner, et al. 2023)
published in IEEE Robotics and Automation Letters (RA-L).
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Chapter 6

Uncertain Implicit Surface Mapping
Using GP and HGMM

6.1 Overview

This chapter focuses on 3D implicit surface modelling with uncertainty quantification,
wherein a SDF is inferred as the implicit map representation. A probabilistic mapping
approach is proposed, utilizing GP inference with derivative observations, which is
effectively integrated with four-dimensional (4D) hierarchical GMR.

The motivation for this work stems from the need for accurate, scalable, and uncertainty
aware 3D mapping in complex urban environments, as well as the limitations of the previ-
ous approach that rely on simplified surface assumptions for buildings. While effective
in structured urban environments, the previous methods struggle with more complex
geometries commonly encountered in general 3D scenes. Modeling rich, continuous
surfaces with associated uncertainty in full 3D space is essential for applications such
as localization, robotic navigation, and autonomous decision-making in unstructured
environments. Therefore, we aim to develop a more general, expressive, and efficient
mapping framework that extends beyond the previous planar assumptions.

In Chapter 5, we introduced a GP-based mapping approach tailored to structured
buildings, utilizing a 1D GMM as a prior for uncertain surface depth estimation, where
the surface was primarily assumed to have large planar geometries. The surfaces were
segmented into planes, and each local plane was modelled in a local 2.5D frame rather
than a full 3D representation.

In this chapter, we extend the previous methods to accommodate more complex struc-
tures by employing 4D GMMs to define the model prior. Note that in this context, "4D"
refers to the three spatial dimensions augmented by an additional dimension represent-
ing the signed distance field. The use of higher-dimensional GMMs, along with direct
regression of the SDF, allows for the transition from local 2.5D surface representations
to comprehensive 3D models. This approach reduces geometric constraints, enabling
its application to a wider range of surfaces and scenarios, including cases where local
2.5D representation is insufficient. Furthermore, the mapping process is streamlined by
eliminating the need for local surface segmentation, thereby reducing training time and
minimizing potential segmentation errors. Thus, the seamless connection between 4D
GMMs and GP framework contributes to enhanced accuracy, efficiency and robustness
compared with the mapping using GP and GMM in a 2.5D local frame.

When GMMs are extended to higher dimensions, the issue of model selection (choice
of the component number) arises. Therefore, a hierarchical GMM (Hierarchical Gaussian
Mixture Model (HGMM)) technique is employed to determine the number of components
and speed up GMM training. GP inference is followed to refine the HGMM priors where
they do not comply with the original training points. Incorporating the observations of
derivatives, it also provides the capability to estimate the normal of distance fields.
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Figure 6.1 depicts the overall mapping workflow, illustrating the integration of the
HGMM within the GP framework. Since the GMR technique is used to directly regress
SDF from 3D spatial coordinates, a 4D GMM—comprising three spatial dimensions and
one additional dimension for the distance field—is required. This necessitates data aug-
mentation. After augmentation, the GMM is adaptively split and trained hierarchically.
The resulting HGMM parameters define the prior mean and kernel functions for GP
training. Training points for GPs are selected from the original input point cloud data.
Specifically, SDFs are regressed for all surface measurements, and points exhibiting sig-
nificant deviations from the HGMM predictions are chosen as training points. The GP
inference in this chapter differs from that in Chapter 5 in two key aspects: it utilizes
non-stationary prior functions and incorporates derivative observations into the infer-
ence process. Further details on each component of the workflow are provided in the
subsequent sections.
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FIGURE 6.1. Overall workflow.

6.2 4D Hierarchical Gaussian Mixture Regression

6.2.1 Hierarchical Structure

First, we revisit a standard 3D GMM composed of K Gaussian components, described by
a set of parameters © = { (7, px, Zx) }X_,, as given in:

K
= Z nkN(x‘,uk/ Zk)r (61)

k=1

where 71y, is the prior weight, p; and X are the Gaussian parameters.

Given a perfect K, the components will properly approximate the object surface.
Assuming the surface can be decomposed with many planar patches, each component
estimates one planar patch, and the 3D manifold degenerates into a nearly 2D structure.
This implies that performing an eigenvalue decomposition on the covariance matrices of
the respective components results in their smallest eigenvalues approaching zero.

However, a 3D GMM cannot completely degenerate into 2D. Instead, what can be
achieved is the optimization of the model by targeting very small values for the principal
curvatures or the eigenvalues associated with the smallest dimension. It is non-trivial
to select the proper number of GMM components to achieve this goal. The idea of
HGMM is to create a hierarchical tree structure for GMM models. This structure initiates
modelling with a small number of Gaussian nodes to encapsulate the data. Subsequently,
the complexity of each node is evaluated to select the nodes that should be split. Here,
their complexity is assessed based on the deviation from a near-2D (or 'flat’) structure.
Nodes exhibiting a complexity beyond a predefined threshold are then subdivided into
more nuanced sub-nodes at the next level of the hierarchy; i.e., new Gaussian components
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and GMM training. The complexity of the Gaussian node is quantified by the principal
curvature, given by:

— A«n

2?21 Ai ’
where A; is the i-th eigenvalue of the principal components, A, is the smallest eigenvalue.
When the smallest eigenvalue approaches zero, it indicates that the variance along one
principal axis is minimal. The N-dimensional manifolds are nearly degenerated into
(N-1)-dimensional manifolds. However, absolute eigenvalues are sensitive to the scale of
the object (e.g., surface size). The principal curvature is introduced as it is dimensionless
and scale-invariant, making them more robust across datasets with different spatial
resolutions. If the absolute value of the principal curvature is close to zero, the surface
can be approximated as planar. In practical experiments, the threshold of the principal
curvature is set to the same empirical value as the previous work (Eckart, K. Kim, Troccoli,
etal. 2016).

Figure 6.2 visualizes an example where GMM structures gradually split at hierarchical
levels. In the lower right regions of the building, where there are some protruding
balconies, Gaussian components split from one green Gaussian (level 1) into smaller
Gaussians (level 3) to fit the local, smaller surface structures.

c (6.2)

(a) Data (b) Level 1 (c) Level 2 (d) Level 3

FIGURE 6.2. Visualization of the error ellipsoids of Gaussian components
in HGMM. (a) is the data. (b) shows four initial Gaussians, and they split
into the next level in (c). The new components are checked by the principal
curvature to see if they should be further split. (d) presents the final models.

Despite the extension of the hierarchical model from 3D to 4D and the consequent
changes in the interpretations of complexity and split criteria, these criteria remain appli-
cable and suitable in the 4D context. If the smallest eigenvalue approaches zero, the same
dimension degeneration will occur. This condition typically leads to a tighter correlation
between the variables involved. Consequently, in our case, the regression of the fourth
dimension (surface distances) based on point coordinates will likely exhibit less noise and
can be expected to be more accurate. In addition, it often forces the first 3D variables to
have a more flat structure as well.

6.2.2 Surface Distance Regression

To infer the surface distance with HGMM, the original 3D HGMM is extended to the 4D
space, and the GMR technique is employed. Given LiDAR measurements X = {x; €
R3}N |, the 3D variables (coordinates) are appended by a fourth dimension representing
surface distances, denoted as Y = {y;}Y,, forming the complete dataset for training:
D = (X,Y). Following the EM training, the parameters ® = {(7ty, pix, L) } &, are derived
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and each k-th component is a joint Gaussian, given by:

nx xx ZXY]
= VX = , 6.3
Mk [P‘Y]k k [ny Ty, (6.3)
_ Axx Axy
A, =X 1 — . 6.4
k k |:AYX Ayy]k 64)

where Ay is the precision matrix.

In GMM regression, the rule of conditionals of multivariate Gaussian distributions is
applied to estimate the queried surface distance conditioned on the 3D coordinates. For
each component, the posterior conditional distribution reads as:

p(ylx) = N (yluyix, Zyix), (6.5)
Hyix = By — A;;Ayx(x —px), (6.6)
Syix = Ay, 6.7)

where jiy|x can be denoted as jix(x« ), representing the expected surface distance for the
queried point x,, and 07 (xx) = Yy |x is the associated uncertainty.

The overall surface regression is the mixture of different Gaussian components. In fact,
not all components in the GMM have effective impacts on the estimation of a queried area;
rather, only some neighboring Gaussians are important, and we call these components the
active components. Thus, | components will be selected as active components according
to the marginal probability density p;(x«|pjx, Zjxx)-

Mixing all active Gaussian components in GMM, the regression is a mean function of
all active yj(x«) averaged with the mixing weights w;(x.), or responsibilities, given by
(Sung 2004):

me) = ) wi(e)p (), 68)

.
Hl‘\'
—_

mipi(x
wj(xs) = ]JPJ# 6.9)
21':1 ﬂipi(x*)
and the uncertainty of the expected surface distances is specified as the variance or
standard deviation:

w; () {0 (x)7 4 i (x4)7} — ()%, (6.10)

M-

P (x) =
j=1

Although the hierarchical strategy in HGMM helps to adaptively find the number of
Gaussian components and quickly optimize them, the performance is still sensitive to the
thresholds of the complexity and the size of the modelling objects. Using a big threshold
of the principal curvature sometimes ignores the details of large objects, while it might
oversplit the nodes with a small threshold. Also, one single threshold may affect the ability
to fit the scene with both large and small objects, and the threshold can become too small
with a higher hierarchy of smaller nodes. Therefore, HGMM is an approximation of the
ideal GMM with the best fidelity, which can be further improved. Rather than selecting
the perfect number of components, GP-based mapping is followed to refine the results
from HGMM. More specifically, parameters optimized in HGMM are used as priors for
GP training, which will be introduced in section 6.3.
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6.2.3 Data Augmentation

As illustrated above, the signed distance value y of each data point is required in the GMM
training process. However, the measurements are all collected when the scanning ray hits
the surface, i.e., y = 0 for all measurements. To obtain valid covariances between spatial
coordinates and surface distances, the original dataset is augmented with virtual points
along the normal direction of the hit points and at a small distance from the surface. As
illustrated in Figure 6.3, the red dot represents the virtual points, and the purple points
are the actual measurement points. The dashed line denotes the virtual distance along
the direction of the surface normal. An ablation study is presented in Section 6.6.3 to
analyze the impact of this virtual distance. The extension of GMM dimension for map
regression was originally proposed in the prior work (Srivastava and Michael 2018). The
key differences are: 1) the proposed method applies a “top-down” strategy with faster
computation speed; 2) SDF is regressed instead of occupancy.

In the practical implementation of HGMMs, we augment the original observations by
introducing virtual points adjacent to either side of the surface interfaces. To enhance the
efficiency of the training process, we employ a strategy where the point clouds are sub-
sampled, and virtual points are subsequently generated based on these reduced data sets.
While it is intuitively assumed that denser datasets generally yield superior performance
due to more comprehensive spatial information, our experimental results indicate only
marginal variations in performance across the different sub-sampling resolutions tested.
(We have conducted this ablation study and displayed the results in Section 6.6.3.) This
suggests that the HGMM methodology exhibits considerable robustness to data sparsity,
maintaining effectiveness even with significantly thinned datasets. Such robustness is
advantageous for applications where acquiring dense point cloud data is impractical or
resource-intensive.

In the process of data augmentation, another critical factor is the spacing (virtual
distance) between virtual points and actual hit points on the surface, which should be set
based on multiple considerations, including the model’s accuracy and its ability to infer
distances along the normal to the surface. The sub-sampling rate primarily addresses the
resolution on the surface, reflecting surface detail retention in the processed dataset. In
contrast to the sub-sampling resolutions, the spacing influences the extent of the model’s
predictive capability in the direction normal to the surface. As the distance between
a virtual point and the actual surface increases, the confidence in the distance field of
the virtual point diminishes, suggesting that excessively large spacing is undesirable.
Conversely, overly small spacing can limit the model’s capacity to estimate the distance
field over larger spatial extents. Empirical observations have shown that reducing the
spacing between points can improve the model’s precision near the surface but may
compromise accuracy at further distances. Thus, selecting the optimal spacing involves
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balancing these considerations to achieve a desirable trade-off between near-surface
accuracy and the ability to model distance gradients effectively over larger areas.

An alternative option involves incorporating virtual points at multiple spacings, rang-
ing from small to relatively large distances from the actual hit points. This method
enhances the training dataset by providing a broader spectrum of spatial relationships,
potentially improving both the model’s accuracy and ability to further predictive distances.
However, the expansion in dataset size consequent to this strategy may impact the model’s
computational efficiency. Consequently, while this approach can enrich the training data
and potentially refine the model’s performance, it also requires careful management of the
computational resources to maintain a balance between accuracy and efficiency in model
training.

6.3 GP Inference with HGMM as Priors

6.3.1 GP Regression with Non-stationary Priors from HGMM

Supposing a training dataset with location inputs X = {x; € R*}Y | and the corresponding
target distance values y = {y;}}\; measured with additive noise 15; ~ N(0,07). The
inference of the testing space X, can be estimated from the posterior GP mean and kernel
(Rasmussen and C. K. I. Williams 2006):

p(x) = po(x.) + X (Kn +071) "y — po(X)), (6.11)
k(xs, %)) = ko(xs, ) — KL (Ky + (7,?[)’1kfk + (7,?, (6.12)

where po(x) and ko(x,x’) are denoted as the prior mean and kernel function. Ky =
ko(X,X) is the covariance matrix of the N input points calculated by the prior kernel
function. [ki]n = ko(X, x.) and [K,|n = ko(X, x,) are the prior covariance between the N
input training points and the predicting points.

In a standard stationary GP, the prior mean function is often set to a constant number,
e.g., zero, and the kernel function depends only on the distance between points in the
input space and not on the specific locations of those points, e.g., the squared exponential
kernel or Matérn kernel. For instance, a 3/2 Matérn kernel is used as the prior GP kernel
function.

As a stationary kernel, the hyper-parameters ¢, and [ in the above equation should
remain invariant at different input locations. In this thesis, however, the prior mean and
prior variance come from the outcomes of HGMM, which vary across different inputs. It
indicates that the stationary GP assumption does not hold anymore and the GP regression
transforms into a non-stationary case.

To integrate both methodologies seamlessly, we utilize surface distance estimation
derived from HGMM as the prior mean for GP. The GMM regression function (Equation
(6.8)) is employed as the prior mean function during the training of the GP: uo(x) = m(x).

Accordingly, the estimated standard deviation computed in Equation (6.10) serves
as 0y in the kernel function. Since the hyper-parameter ¢}, varies with different inputs,
Equation (5.4) also changes into:

. A
ko(x,x') = (Tpa;g (1 - W) exp (_\/ﬂxgx]) , (6.13)

where 0y, is the prior standard deviation and [ is the length scale parameter.
To fully exploit the HGMM results obtained from HGMMSs and reduce the model size
of GP training, we select only the points that are not well-modelled on the surface to be
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(c) Training points (d) GP surface

FIGURE 6.4. Selected training points for GP: (a) shows 16 Gaussian com-

ponents of GMM. (b) presents the differences between estimated signed

distances and measured surface points. The green color indicates small

errors as shown in the color bar. The points with large errors are selected
for GP training in (c). (d) shows the GP inference results.

the training points, as shown in Figure 6.4. The selection criteria are given by:
[m(x)| > d, (6.14)

where d, is the allowed maximal discrepancy between the real observation and the
HGMM estimation of surface distance. As measurements hit the surface, the real obser-
vation is always zero. This criterion indicates the HGMM estimation should be smaller
than a given threshold. Otherwise, the point will be selected for GP training. This value is
dependent on the required accuracy for the surface.

6.3.2 GP with Derivative Observations

Leveraging derivatives of the targets (distance fields) presents a potentially valuable
approach for enforcing known constraints (Rasmussen and C. K. I. Williams 2006); i.e., a
more robust inference of the signed distance fields can be made based on the gradients
of the distances. In this case, the normal vectors of the points represent the derivative
observations at the local surface. The distances increase along the normal direction.
Therefore, we augment the original 4D training dataset with additional normal infor-
mation about each point, yielding a new dataset D = {x;,y;, Vy;}I¥ ;. The inference can
be made based on the joint Gaussian distribution of the signed distances and the gradients
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of distances. Accordingly, the joint covariance matrix k(x, x') involves N(3 + 1) entries
(L. Wu, K. M. B. Lee, Gentil, et al. 2023; Rasmussen and C. K. I. Williams 2006):

/ / T
F(x,2) = k(x,x") k(x,x" )V,

T Vik(x,x) Vik(x,2) V] (6.15)

where Vyk(x,x’) is the gradient of the covariance function with respect to x, i.e., the co-
variance between target values and the partial derivatives. Vyk(x, x’ )V;r, is the covariance
between partial derivatives.

The gradients or the normal vectors are estimated by PCA for each point. Given
the training data D with derivative information, we can change the standard inference,
substituting ko(-, -) in Equation (6.11) and (6.12) by Equation (6.15):

p(x,) = [v’:g’(cx))] + KT (Ry +021)! [Vz B @Z(()x)} , (6.16)
k(xs,x)) = k(x.,2)) — kI (Ky + (7,?1)_112; - 0',?, (6.17)

The technique of GP inference with derivative observations has been employed in the
existing work (B. Lee et al. 2019; L. Wu, K. M. B. Lee, Gentil, et al. 2023). They applied an
additional 2D observation GP and occupancy tests to estimate the normals of measurement
points. Unlike that, normal vectors are estimated by PCA directly here.

6.3.3 Integration with LogGP

The integration framework that combines GMM with GP extends beyond conventional
GP models to encompass various GP variants, such as the approach involving logarithmic
transformations of GP inference - LogGP (L. Wu, K. M. B. Lee, Gentil, et al. 2023). In the
specific case of LogGP, the model dynamics involve transforming the inferred values from
a standard GP. Here, the heat model denoted as v is directly inferred using the posterior of
a GP. Subsequently, the Euclidean distance field d is derived from v through a logarithmic
transformation, mathematically represented as::

d = —/tlog(v) (6.18)

where t is a smoothing hyper-parameter.
Based on the gradient of the distance field d with respect to the heat model v, the
variance of the distance field can be formulated as follows:

— Vo], (6.19)

where V[:] denotes the variance.

To effectively incorporate a GMM as a prior within the LogGP framework, it is nec-
essary to transform the distance fields and their uncertainties generated by the GMM
into a format as the heat model by an exponential function, reversing the logarithmic
transformation used in LogGP:

—|do|
N
2

Vlog] = %ag (6.21)

Up = exp (6.20)
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where vj serves as the prior mean function in the GP inference of the heat model v ~
GP(u(x), k(x,x")), which is calculated based on the prior distance dy and its prior standard
deviation oy obtained from GMMs.

After this transformation, the prior heat model can be integrated into the GP inference
with the same mechanism as the normal GP in Section 6.3.2, substituting m(-) and Vm(-) in
Equation (6.16) and (6.17) by v(-) and Vo(-). Finally, the inferred heat model is converted
back to the distance model using Equation (6.18) and (6.19).

6.3.4 Octree-based GP Block

The use of GPs for inference, especially when incorporating derivatives, presents sig-
nificant scalability challenges with large datasets due to the computational complexity,
which scales cubically with both the number of data points N and the dimensionality D,
represented as O(N>D?). While the adoption of GMM priors can effectively reduce the
requisite number of training points, enhancing scalability, further optimizations remain
necessary. Recognizing that distant points exert minimal influence on local GP inference
outcomes, a practical approach in fully 3D scenarios involves segmenting the data into
blocks using an Octree structure (Hornung et al. 2013). This partitioning facilitates more lo-
calized and efficient processing of data clusters, significantly mitigating the computational
demands by circumventing the extensive cubic complexity associated with processing all
data points simultaneously.

6.4 Uncertainty in SDF Estimation

There are two inherently different sources of uncertainty, which are often referred to as
aleatoric and epistemic uncertainty. This section aims to clarify the distinctions between
aleatoric and epistemic uncertainty within the contexts of SDF estimation using HGMMs
and GPs, emphasizing their relevance and operational mechanisms.

Epistemic uncertainty reflects the similarity between the query point and the training
data, i.e., their distance in the input space or feature space. In the context of GMMs, the
similarity between training and query data can be quantified by the overall probability
density or the distances from the query point to the means of the GMM components,
which encapsulate the generalized information of the training data. For GPs, epistemic
uncertainty is an inherent property of the posterior distribution based on noise-free
observations, determined by the distances between inputs and training data and the
corresponding kernel function. In contrast, the aleatoric uncertainty of GPs is captured by
adding a noise term to the model’s likelihood.

In this research, GMR is first utilized to estimate surface distances before GP inference,
where the inherent variance of the regression, due to the distributional nature of GMMs,
is naturally computed in Equation (6.10). However, this variance does not represent epis-
temic uncertainty within the GMM framework. The regressed distance is the expectation
of the distance distribution conditioned on the 3D spatial coordinates and does not account
for whether the 3D point is in/out of the GMM distribution. Instead, it represents aleatoric
uncertainty as it does not vary with the similarity or distance between the query point
and the training samples.

The actual epistemic uncertainty measure of GMR can be indicated by the overall
density of a GMM, considering all components with the corresponding weights. A notable
increase in epistemic uncertainty occurs in out-of-distribution (OOD) scenarios, where
the query point deviates significantly from any training data, highlighting substantial



84 Chapter 6. Uncertain Implicit Surface Mapping Using GP and HGMM

uncertainty due to a lack of knowledge. In this work, the Mahalanobis distance is com-
puted to test if the query point (x € IR%) is OOD. If so, we are not confident in the whole
regression, where the regression uncertainty (Eq. (6.10)) does not make sense. However,
the epistemic uncertainty here only indicates how confident we are about the regression,
but it cannot provide a direct statistical quantitative uncertainty measure for the surface
distance, e.g., the variance of the regressed distance. That is the reason why a default large
uncertainty of the regression is set for OOD.

Unlike that, the epistemic uncertainty in GP can directly represent the quantitative
uncertainty for the regressed surface distance. However, a prior variance is also required
for the OOD of GP. When using GMM as prior, the OOD of GP is still in the distribution
of GMM and thus the variance from GMM works until it goes further and reaches the
space that is OOD of GMM.

6.5 Incremental Update

As there may be new measurements forthcoming;, it is essential to establish an effective
strategy for incrementally updating the existing 3D map. Given that the map is constructed
using probabilistic methods, it is appropriate to update the map in a Bayesian manner,
reflecting its probabilistic nature.

Within the framework of the proposed GMMGP surface mapping, the process of
updating the map draws inspiration from prior studies (Engel and Heinen 2010; Srivastava
and Michael 2018). The updates are conceptualized under two distinct scenarios, with
each treating the existing map as a probabilistic distribution:

¢ Update case A - updating Previously Unknown Areas: When new measurements
introduce completely novel information, typically in previously unexplored areas, it
may be necessary to integrate new Gaussian components. These new components
are designed to represent and model these newly observed regions. This process
aligns with methodologies discussed in Section 6.2, where the introduction of new
components accommodates the expansion of the spatial model to incorporate fresh
data inputs.

¢ Update case B - refining Existing Distribution Parameters: In situations where new
data are collected in areas that have already been mapped, the existing distribution
parameters require updates to reflect the new information. In this scenario, the
parameters of the old distribution are adjusted to better fit the combined data set,
enhancing the accuracy and detail of the map in these known regions. This update
process must handle the potential ambiguities arising from integrating the old and
new datasets, doing so in a probabilistic manner to maintain the integrity and
reliability of the model.

To address the above issue while updating the existing GMM, we adopt an incremen-
tal EM optimization strategy. Incremental GMM parameter optimization follows
an adapted version of the traditional EM algorithm, enabling real-time updates of
mixture model parameters as new data is introduced.

Similar to the standard EM procedure, the update begins with an Expectation (E)
step, where the posterior probabilities of the mixture components for a given data
point, also referred to as responsibilities, p(z | x), are computed. These are obtained
using Bayes’ theorem, leveraging the current conditional probability p(x | z) along
with the prior probabilities of the components. In the subsequent Maximization (M)
step, the parameters of the Gaussian mixture model—including the updated means
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('), covariance matrices ( X’ ), and mixing coefficients ( 7r’ )—are refined to better
represent the updated data distribution. The updated parameters can be expressed

as:
N,
Ni = N+ Z v(zik), (6.22)
i=1
1 N,
p = ﬁ(Nkﬂk + Y y(zi)x]), (6.23)
k i=1
4 1 S / INg S INT
Zk = ﬁ;i(Nka + Z’)/(ij)(xi — ‘uk)(xi — .”lk) ), (6.24)
i=1
Ty = N (6.25)
KT N+N’ -

where N and N, represent the number of training points in the existing map and the
newly acquired measurements, respectively. The term 7;.denotes the responsibility
assigned to component k for the i-th newly observed point, computed as per Equa-
tion 2.37 in Chapter 2. N is the effective number based on the current parameters of
the existing model, given by Ny = N7t;. Similarly, N] denotes the updated effective
number, incorporating the influence of new measurements.

Both scenarios necessitate a careful consideration of how new data influence the exist-
ing probabilistic models, ensuring that the updates not only expand the map’s coverage
but also refine its details and accuracy, thereby enhancing the overall utility and reliability
of the 3D map.

Figure 6.5 illustrates the process of incremental map updating, comparing the existing
map with the updated version incorporating new measurements. Figure 6.5a presents the
initial reconstructed model, which exhibits significant missing regions, particularly on
the right facade and the upper left corner of the central facade, where occlusions prevent
complete data acquisition. The introduction of new measurements successfully covers
these previously missing areas.

By integrating the newly acquired data, the existing map is incrementally updated,
resulting in a more complete and refined reconstruction, as shown in Figure 6.5b. Beyond
filling in missing sections (Update case A), the update also enhances the level of detail
in previously captured regions, particularly on the central facade, where finer structural
features become more discernible (Update case B).

Figures 6.5¢c and 6.5d depict the uncertainty estimates associated with the reconstructed
surfaces, where the color encoding represents the magnitude of uncertainty. These visual-
izations provide insight into how the newly incorporated measurements influence both
the completeness and the confidence of the reconstructed model.

6.6 Experiments

6.6.1 Experimental Setting

To validate our method, we conducted evaluations on complex 3D urban environments
using the real-world LUCOOP LiDAR dataset and the synthetic CARLA dataset (see
Chapter 4). The real-world data offers a robust basis for assessing the model’s performance
in natural settings. The simulated dataset supplements this with idealized buildings and
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(c) Uncertainty of the surface (d) Uncertainty of the updated surface

FIGURE 6.5. Update of the map surface

a manually checked ground truth. The ground-truth SDF is established and explained in
the Section 4.2.4

6.6.2 Evaluation Metrics

For the evaluation of our model, two key metrics were employed to assess performance
quantitatively: 1) Root Mean Squared Error (RMSE) for the accuracy of the distance field;
2) Predictive log-likelihood for the uncertainty evaluation.

RMSE is used to evaluate the accuracy of the estimated distance field. RMSE quantifies
the average magnitude of the error between the predicted distances from our model and
the ground truth distances across a set of testing points. The formula for RMSE is as
follows:
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1 &
- | — Y]
RMSE N Z(yl i) (6.26)

where N is the number of the testing points X, y; is the ground truth distance, i; is the
posterior estimation from Equation (6.16). A lower RMSE value indicates higher accuracy
in distance estimation.

Predictive log-likelihood is a widely utilized metric for assessing the quality of uncer-
tainty estimates in probabilistic models. It measures the extent to which the estimated
probability distribution conforms to the true distribution observed in the data. This metric
evaluates not only the discrepancies between the estimated values and the ground truth
but also considers the model’s estimated variance or covariance. Importantly, a model
that either underestimates or overestimates the uncertainty associated with its predic-
tions will incur penalties under this metric, as it fails to accurately represent the error
distribution between the predicted and actual values. A higher predictive log-likelihood
value indicates superior performance in uncertainty quantification, suggesting that the
model’s uncertainty estimates are both appropriate and informative. In the context of
this study, the log-likelihood values are normalized by the number of testing samples to
facilitate comparison across different datasets or model configurations. The mathematical
formulation for this normalized predictive log-likelihood is expressed as:

1 N o
LL = — Y log p(pil#;, 07) (6.27)

* =1

where &2 is the posterior uncertainty obtained from Equation (6.17).

6.6.3 Ablation Study

As outlined in Section 6.2.3, the dataset undergoes augmentation to facilitate the devel-
opment of a valid 4D GMM for SDF regression. This process involves sub-sampling
the point clouds to strategically generate virtual points at predefined virtual spacings
from the query points. In this section, we present a series of ablation studies designed
to evaluate the impact of various sub-sampling resolutions and virtual distances on the
performance of the SDF regression model. These experiments are crucial for determining
the optimal parameters that balance computational efficiency with the accuracy of the
regression model. The findings will help elucidate how changes in sub-sampling strategies
and virtual spacing influence the model’s effectiveness.

To systematically assess the impact of varying sub-sampling resolutions on model
performance, we conducted experiments using sub-sampling resolutions ranging from 0.02
to 0.5 meters. This resolution represents the minimal distance between points, reflecting
the point density after sub-sampling. The results of these experiments are depicted
in Figure 6.6, where each sub-sampling resolution is represented by a distinct color.
The experimental findings indicate minimal variation in performance across the tested
sub-sampling resolutions. This consistency underscores the robustness of the HGMM
approach, demonstrating its substantial resilience to variations in data density. Such
robustness is particularly advantageous in applications where data may be sparse or
unevenly distributed, suggesting that the HGMM methodology can reliably perform
under diverse operational conditions without significant loss of accuracy.

Figure 6.7 displays the performance of the GMM-based SDF regression evaluated
over a range of spacing distances from 0.02 to 0.5 meters. The figure employs a color-
coded scheme to delineate different spacing intervals, with the purple curve specifically
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FIGURE 6.6. RMSE with different sub-sampling resolutions
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FIGURE 6.7. RMSE with different spacing distances

illustrating the performance at the spacing distance of 0.25 meters used in our experiments.
The result demonstrates a distinct trade-off in model performance relative to spacing
distance: smaller spacing intervals lead to higher accuracy at proximal distances but result
in decreased performance at more considerable distances. Conversely, larger spacing
intervals enhance the regression accuracy at larger distances but reduce accuracy at closer
proximity.

6.6.4 Surface Reconstruction

The implicit surface representation provided by the SDF is converted into an explicit
surface mesh through the application of the Marching Cubes algorithm (Lorensen and
Cline 1998). This algorithm facilitates the extraction of a surface mesh by identifying and
rendering the zero crossings within the SDF, where the sign of the distance field changes,
indicating the boundary of the object.
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We conducted a comparative analysis of surface reconstructions derived from different
modeling approaches: 1) employing HGMM regression alone; 2) utilizing a comprehensive
3D mapping framework that integrates HGMM and GP, denoted as GMMGP; and 3)
applying a previous mapping method (Chapter 5) that combines GMM and GP within
2.5D local frames (GMMGP2.5D). Figure 6.8 showcases the qualitative results of this
surface reconstruction, accompanied by the corresponding uncertainties associated with
each surface estimation. The visualization is organized into two rows for clarity: the
tirst row displays the estimated surfaces, and the second row represents the uncertainties
related to these surfaces. The uncertainty values are encoded using a color gradient where
warmer colors (redder) indicate higher uncertainty levels, and cooler colors (bluer) signify
lower uncertainty levels, as shown in the color bar.

Notably, the surfaces derived from the integrated GMMGP approach exhibit significant
advancements in surface detail and accuracy, as shown in Figure 6.8b, when compared to
surfaces reconstructed using HGMM alone (Figure 6.8a). In the HGMM-only approach,
surface regions lacking in detail correlate with higher uncertainty. Both GMMGP and
GMMGP2.5D frameworks capture finer details than the HGMM-only approach, as they
integrate GPs to model local, fine-grained surface structures. In particular, the GMMGP
framework effectively improves the accuracy and reduces uncertainty in these poorly
detailed areas. This improvement is evident in the broader areas of surfaces displayed
in the GMMGP outputs, which exhibit lower uncertainty levels, signaling a boost in the
model’s overall reliability and predictive confidence.

Additionally, the previous GMMGP2.5D method introduced in Chapter 5 uses seg-
mented local 2.5D frames, resulting in increased surface discontinuity in reconstruction. It
performs better in primarily planar areas but occasionally presents discontinuous recon-
struction errors. Moreover, it generally underestimates the uncertainty relative to HGMM
and GMMGP.

(c) surface of GMMGP2.5D

var 01 E

(d) Variance of the HGMM (e) Variance of the GMMGP (f) Variance of the GM-
surface surface MGP2.5D surface

FIGURE 6.8. Qualitative results extracted by the marching cubes algorithm

Overall, the GMMGP method not only improves surface detail and accuracy but also
enhances the consistency and reliability of the uncertainty estimates, offering a more
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robust and trustworthy model compared to both the HGMM-alone and the previous
GMMGP2.5D methods.

6.6.5 Quantitative Evaluation
Real-world point clouds

To evaluate both the mapping accuracy and the reliability of the uncertainty measures,
the introduced GMMGP method is benchmarked with existing state-of-the-art mapping
approaches: GMMGP2.5D (Zou, Brenner, et al. 2023), GPIS map (B. Lee et al. 2019),
Log-GPIS (L. Wu, K. M. B. Lee, Gentil, et al. 2023) and Kernel-Inverse GP (KIGP) (Gentil
et al. 2024), which all provide uncertainty measures along with the mapping results.
The uncertainty measure of KIGP is a proxy and does not align with our quantitative
evaluation, hence it is excluded from comparison. We compared the SDF of the testing
points between GMMGP2.5D, GPIS and the proposed HGMM and GMMGP. Given that
Log-GPIS and KIGP only provide unsigned distance fields, EDF was compared.

Figure 6.9 and 6.10 present a comprehensive comparison of RMSEs and log-likelihoods
for estimated surface distances, encompassing both established benchmark methodologies
and our proposed GMMGP as well as standalone HGMM mapping. Both metrics are
plotted against varying distances between the query points and the original training
points. With a growing distance from the observations, a decline in performance is noted
across all methods, characterized by increasing RMSEs and diminishing log-likelihoods.
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FIGURE 6.10. Uncertainty evaluation with Log-likelihood.
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In the analysis of the SDF accuracy (Figure 6.9a), GMMGP exhibits the best perfor-
mance with the smallest RMSEs across the entire range of distances. The discrepancy
between GMMGP and HGMM is particularly pronounced in regions proximal to the
surface. Here, GMMGP demonstrates an enhanced ability to accurately infer the surface
and its adjacent distance fields - a distinction in the qualitative results is compared in
Figure 6.8, where Figure 6.8b shows more details on the reconstructed surface than 6.8a.
Since the GMMGP2.5D is proposed for structured building models, more arbitrary and
complicated shapes can cause improper segmentation for local planes. It shows worse
robustness and accuracy than the proposed GMMGP in full 3D. Although GPIS shows
accurate inference for query points near the surface, its RMSEs notably increase as the
distance from the surface increases. Mirroring this pattern, GMMGP tends to align with
the GMM’s outcomes for query points located at larger distances, indicating a convergence
towards the prior model in areas far from the observational data.

Within the context of EDF outcomes, GMMGP generally achieves higher accuracy.
For distances less than 0.1m, the outcomes from the KIGP are marginally superior. At
proximities close to 0.2m, GPIS shows the lowest RMSEs. This result arises because GPIS
tends to converge towards the prior beyond a certain threshold, with the experimental
setup defining this prior distance as 0.2 meters. Given that signs are disregarded in EDF
calculations, this prior setting intrinsically aids GPIS in obtaining accurate estimations
for query points around the 0.2-meter mark. However, as distance increases, the error
associated with GPIS exceeds that of the proposed GMMGP method, highlighting the
limitations of relying on the fixed prior in distance estimation tasks.

In the assessment of uncertainty, the proposed GMMGP demonstrates promising
performance. When evaluating SDF, both the GMMGP and HGMM outperform GPIS and
the previous work GMMGP2.5D, exhibiting higher likelihoods. For EDF, the uncertainty
quantification provided by Log-GPIS proves to be more dependable at proximal distances,
with log-likelihoods diminishing rapidly as distance increases. Overall, the GMMGP
method exhibits the most consistent and robust performance relative to the alternative
approaches considered.

The predetermined priors in GPIS lead to diminished accuracy at larger distances
from observed data. To solve this problem, log-GPIS introduced a heat model in the
standard GPIS, which modifies the regression target as the exponential transformation of
the original surface distances. This converts the target value at the surface from zero into
one, and transitions the prior mean from a fixed value to infinity ~ —log(0). However,
Log-GPIS encounters constraints related to the choice of the length scale parameter; e.g.,
a small length scale parameter leads to more accurate results at the expense of surface
smoothness. Additionally, the small length scale parameter also limited its capability to
infer further distances. Although KIGP mapping employs kernel reverting functions to
improve Log-GPIS, it is not scalable to the large 3D dataset, as it applies full GP inference.
Thus, in this case, the data must be partitioned into cells for large urban scenes, which,
however, affects its accuracy.

In contrast, our proposed method addresses these challenges by integrating the
HGMM to obtain a calibrated prior, and employing local GPISs with non-stationary
mean and kernels. This enhances the accuracy of signed distance field estimations and
achieves more dependable uncertainty measures.

Simulated Point Clouds

The evaluation of the simulated dataset demonstrates performance metrics that are compa-
rable to those obtained from real-world dense point cloud data. Specifically, the proposed
GMMGP method outperforms other techniques in terms of both accuracy and uncertainty
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quantification. These results are quantitatively illustrated in Figure 6.11, which details the
RMSEs across different shortest distances from the testing points to the observation points,
and Figure 6.12, which shows the log-likelihood measures of predictive uncertainty.

A notable observation from the analysis is the Log-likelihood performance degra-
dation of the Log-GPIS method at shorter ranges. This degradation is attributed to an
underestimation of uncertainty by the Log-GPIS method at closer distances. The tendency
of the Log-GPIS method to underestimate uncertainty likely stems from its inherent model
estimation procedures, where the GP inferred heat variance has to be further transformed
to the actual SDF variance, i.e., multiplied by -, which is an approximation of the non-
linear uncertainty propagation of a non-linear function. This indirect estimation might
affect the robustness of the uncertainty quantification.
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FIGURE 6.12. Uncertainty evaluation with Log-likelihood.

Integration of LogGP with HGMM

As detailed in Section 6.3.3, the integrated framework involving HGMM and GP extends
its applicability to various GP variants. In this section, we conduct an evaluative compar-
ison of mapping results derived from the integration with normal GP and Logarithmic
GP (GMMLogGP), as depicted in Figure 6.13. This figure presents the RMSE and Log-
likelihood metrics resulting from different GP inferences, employing the same HGMM
prior.

The RMSE curves for both GMMGP and GMMLogGP are similar, demonstrating the
framework’s capability to generalize across different GP variants in terms of EDF accuracy.
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FIGURE 6.13. Evaluation of the GMMGP framework with LogGP variant.

However, the analysis of log-likelihood reveals that the log-transformed GP inferences
exhibit inferior performance. This reduction in performance is likely attributable to the
robustness issues associated with the transformation process between heat variances and
EDF variances.

6.6.6 Computation Time Comparison

Regarding computation time, the proposed GMMGP and HGMM generally reach a faster
performance, as shown in Figure 6.14. The introduction of the HGMM prior reduces the
GP model size in GMMGSP, facilitating rapid GP training nearly coinciding with HGMM.
Similarly, GMMGP2.5D scales well with large datasets. However, the hierarchical structure
and avoidance of segmentation in the proposed GMMGP enhance its efficiency compared
to the earlier 2.5D version. During training, the time complexity of GPIS, Log-GPIS and
KIGP increases significantly with the number of data points, while the proposed methods
remain at a low level. This increase for GPIS and Log-GPIS is primarily attributed to their
inherent normal estimation. During the prediction, KIGP incurs high computational costs,
whereas performance differences among other methods are less pronounced. Nonetheless,
both GPIS and LogGPIS occasionally exhibit significantly higher computational costs,
while the proposed methodology maintains a consistently lower and more stable level
of time consumption. The HGMM method is often faster, suggesting its viability as a
standalone approach for more time-efficient modelling. It is also observed that the total
time complexity of GMMGTP is highly affected by the HGMM regression; a more optimized
spatial structure (like efficient spatial partitioning or indexing) for GMR computation will
further reduce the computational time.

6.6.7 Discussion

Based on the experimental results, the HGMM method demonstrates high efficiency
due to its "top-down" hierarchical strategy and its robustness to different sub-sampling
resolutions (see Section 6.6.3). This indicates it can potentially act as a standalone solution
for time-efficient modeling, e.g., real-time localization.

However, its accuracy lags behind that of the integrated HGMM-GP framework, as the
hierarchical approximation may overlook finer structural details. Although the hierarchi-
cal strategy in HGMM helps to adaptively find the number of Gaussian components and
quickly optimize them, the performance remains sensitive to the threshold of the principal
curvatures and the size of the modelling objects. For instance, setting a large threshold for
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FIGURE 6.14. Computational time: note that blue triangles show the
HGMM prior estimation while the orange triangles denote the total compu-
tation time as the sum of HGMM and GP.

the principal curvature may overlook details in large objects, whereas a small threshold
can lead to excessive partitioning of the scene into overly fine nodes. Also, a single fixed
threshold may affect the model’s ability to fit the scene with both large and small objects.
In deeper hierarchies, the effective threshold can become disproportionately small, further
exacerbating over-segmentation.

Therefore, HGMM is an approximation of the ideal GMM with the best fidelity, which
should be further improved. To enhance model accuracy and reliability, the GP refinement
is needed. Instead of exhaustively searching for an optimal number of Gaussian com-
ponents, the HGMM output is used to initialize priors for subsequent GP training. This
hybrid strategy allows the expressiveness of GPs to complement the efficiency of HGMM.

6.7 Summary

In this chapter, we extend the work presented in Chapter 5 to a more general 3D map-
ping framework for urban environments, utilizing continuous SDF as the underlying
representation. A 4D HGMM is integrated with GP inference, incorporating derivative
observations within a Bayesian framework. This combination enables the construction
of an accurate and computationally efficient implicit surface model with well-calibrated
uncertainty estimates. Additionally, we explore the integration of HGMM with alterna-
tive GP variants (i.e., LogGP) and introduce a probabilistic update strategy based on the
proposed mapping approach.

The framework is evaluated using both real-world LUCOOP LiDAR point clouds
and synthetic data from the Carla simulator. Qualitative surface reconstruction results,
along with the corresponding uncertainty estimates, are presented and compared across
HGMM-only, the proposed 3D GMMGP method, and the previously introduced GM-
MGP2.5D (from Chapter 5). Furthermore, the proposed methods are benchmarked against
state-of-the-art approaches in terms of accuracy, uncertainty quantification, and com-
putational efficiency. The results demonstrate that our approach outperforms existing
methods, achieving superior accuracy and uncertainty estimation with efficient runtime
performance.

In the following chapters, we further explore the application of this 3D uncertainty-
aware map representation in localization, as well as in 3D generation and completion
tasks.
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(*The results presented in this chapter are adapted from (Zou and Sester 2024), published
in IEEE Robotics and Automation Letters (RA-L).)






97

Chapter 7

Uncertainty-aware Localization Using
Uncertain Maps

7.1 Probabilistic Localization with GMMs

In the realm of LiDAR-based localization, a prevalent technique involves the alignment or
registration of two point clouds: a reference map and the noisy LiDAR scans captured
from a potentially erroneous position. Probabilistic localization utilizes statistical models
to estimate the alignment based on the likelihood of data given certain positions or
transformations. It is the task of estimating the positions within an environment while
considering the associated uncertainty. This approach is based on probability theory
and is essential for real-world scenarios, which are dominated by imperfect sensors and
measurement noise. The key concepts are often connected to Bayesian Filters and the
Markov assumption. The existing probabilistic localization techniques include Monte
Carlo Localization (MCL), Kalman filter, Extended Kalman filter, etc.

The process of registering new sensor data against a map can also be probabilistic.
NDT, for example, represents the map as a grid of cells, modeling the point distribution
within each cell as a single Gaussian. Scan matching is then achieved by finding the
transformation that maximizes the log-likelihood of a new scan’s points fitting into this
probabilistic map, which is a form of registration with an uncertain map. While NDT
provides a probabilistic framework, its single-Gaussian-per-cell model can be limiting. In
this section, we introduce an approach that builds on this concept, using GMM to model
the uncertain map instead of a single Gaussian distribution for point cloud registration.

In traditional NDT approaches, the physical space is partitioned into fixed-size cells,
each represented by an individual Gaussian distribution. This method, however, presents
several challenges, including the selection of an appropriate cell resolution and the in-
herent issue of discontinuous distributions between adjacent cells, which might fail to
accurately represent the continuity of real-world spaces.

To address these limitations, we proposed the utilization of 3D HGMMs as a more
sophisticated alternative to single Gaussian representations. GMMs offer improved perfor-
mance in environmental modelling by facilitating a more flexible and detailed representa-
tion of spatial distributions, which is particularly beneficial for complex and heterogeneous
environments.

In large-scale environments, space discretization is still required for computational
efficiency. The use of GMMs allows for much larger cell sizes, thereby mitigating boundary
errors typically encountered between adjacent cells in traditional NDT setups. This
flexibility of GMM structures significantly diminishes the sensitivity of the localization
process to the specific dimensions of the cells used, thereby making the cell size a less
critical factor in the overall performance of the algorithm.
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7.1.1 GMM Transform

To effectively localize an agent within an environment, we first construct a probabilistic
map using GMM based on the point clouds collected from the surroundings. This process
involves training a 3D HGMM according to the methodologies outlined in Section 6.2.
Note that as SDF is not regressed and the additional dimension for SDF is not needed, 3D
GMM is trained instead of 4D. Once this probabilistic map is established, incoming point
clouds from a vehicle are matched against this reference map to determine the vehicle’s
position by maximizing the likelihood of the data given the map, akin to point cloud
registration processes.

In this case, the registration process involves optimizing the transformation of vehicle
poses to ensure that the observed point clouds align with the probabilistic distribution
modeled by the GMM, which essentially is a point-model association task.

NDT provides a strategy to optimize the transformation to align points to a single
Gaussian distribution. In contrast, the introduction of a mixture model complicates the
process due to the presence of multiple Gaussian components in the overall distribution.
If the model is accurately trained, it is typical that one primary Gaussian component
predominantly represents a local area, while the influence of other components remains
marginal. This is the assumption of HGMM, where the environmental surface is primarily
modeled by planar Gaussian components. Thus, it’s feasible to approximate the model by
focusing predominantly on this primary Gaussian component for likelihood maximization,
employing a strategy similar to NDT optimization.

To identify the primary Gaussian component that a point x most likely belongs to, we
evaluate the weighted probability of each component for the given point. The primary
component is identified as follows:

ki = argmkax nkP("‘.ukr Zk)r (71)

Thus, the likelihood function within the GMM framework can be approximated by
focusing on the primary component k,:

K
p(x) =) mN (x|pr, Zk) ~ cip(xlz = ki) + 2 (7.2)
k=1
where c; and ¢; are constants calibrated such that the total probability mass of p(x) is
normalized to one within a specified neighboring space.

Given a set of point clouds X = {x; € R3}Y , utilizing the techniques introduced in
Section 2.3.3, the final approximation of the negative log-likelihood of all points with the
transformation (R, t) reads:

x; = Rx; +t (7.3)

N d B
LR = X~ exp (=5 (5 ) 2y o - ) ) 7.4
i=1

where L(-) is the score function. The constants d; and d; are specified in Equation (2.79).

The transformation parameters in the score function can be iteratively optimized with
Newton’s algorithm, as introduced in Section 2.3.3.

7.2 Localization with Uncertain Implicit Surfaces

Instead of the probabilistic distributions of points, the uncertain map used in localization
can also be represented as an implicit surface map with uncertainty measures, e.g., SDFs.
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FIGURE 7.1. SDF-based alignment

In this section, we elaborate on how to apply the proposed uncertain implicit fields in the
localization and the value of the uncertainty measures.

Compared to localization methodologies that employ probabilistic distributions for
map representation, the use of SDFs shifts the focus from probabilistic likelihood max-
imization to the minimization of geometric distances. While traditional localization
approaches, such as the ICP, require the identification of nearest point pairs between
datasets and subsequent optimization of their distances to achieve alignment, SDF-based
methods provide a distinct computational advantage. With SDF, the localization process
can be streamlined significantly. Rather than searching for the nearest point counter-
parts, the SDF method allows for the direct computation of the shortest distances to the
surface from a given query point through a straightforward regression based on the 3D
coordinates:

d= f(x) (7.5)

As illustrated in Figure 7.1, the black dots represent the points that need to be aligned
to the surface, while the red gradient indicates the distance field. Given the positions
of these points, their distance fields can be estimated using the implicit representation
derived from the map. The objective is to iteratively adjust the point positions to minimize
the magnitude of their corresponding distance values, thereby aligning them with the
zero-level set of the surface. This eliminates the need to identify the closest neighbors,
thereby simplifying the localization process. Moreover, this approach circumvents the
potential biases that often arise from nearest-neighbor assignments.

7.2.1 Pose Optimization

The objective is to align the erroneous LiDAR points to the surface, which means their SDFs
should equal zero. Thus, the objective function is the norm of the distances, which should
be minimized. Considering the transformation parameters R and t, the minimization of
the distance function can be expressed as:

N
R t=argmin} ||f(Rx; +t)||* (7.6)
7 i=1

If we assume that the rotation angles are small, the rotation matrix R € SO can be
approximated in terms of a skew-symmetric matrix associated with an infinitesimal
rotation vector ¢. It can be expressed in the form:

R(dgp) ~ 1+ [dg]. (7.7)

where the small rotation vector is a 3D vector: d¢p = (d¢x, d¢,, d¢.). Therefore, there are 6
transformation parameters to be optimized: 0 = [ty, t,, t-, dpx, dey, de,]".
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The objective function can be rewritten as:

N
dp,t = argr;grgZ I (i + 4 [dep] x| (7.8)
=1

For simplicity, we define the updated term in Equation (7.8) as §; = t + [d¢] xx;. As
we assume the transformation of the point is small, using the Taylor transformation, the
distance function of the transformed point reads:

flxi+6) ~ f(xi) + Vf(xi) ' 6 (7.9)
= f(x) + Vf(x:) "t + VF(x;) " [dgp] i (7.10)
= )+ [T x V)] | ] 7.11)
= f(x;) —a;0 (7.12)

where we define the vectora; = — [Vf(x;) T (x; x Vf(x;)) "] and Vf(x;) represents the
gradient of the SDF function.
Equation (7.8) is further reformulated as a quadratic problem of the Least-Squares
optimization:
6 = argmin(f(X) — A0)" (f(X) — AB) (7.13)

where f(X) represents the vector [f(x1), f(x2), ..., f(xn)] ", and A is the coefficient matrix:
[al, a, ..., aN]T.

Since we applied the proposed GMMGP as the surface map, the distance function and
its gradient can be obtained according to Equation (6.16); i.e., the coefficient matrix A and
£(X) can be derived from that. Assuming that AT A is non-singular, a solution to the above
linear Least Squares problem is given by:

0= (ATA)TATE(X) (7.14)

As we approximate the non-linear optimization problem in Equation (7.6) with a linear
optimization setting, the target states should be updated iteratively until a convergence
condition is satisfied.

In the iterative update, the poses are first initialized by a coarse vector, which can
be obtained from a GNSS positioning solution or by the global localization method, e.g.,
MCL. At each iteration step, the transformation parameters 0 are updated by a small
incremental term 60, which is estimated in Equation (7.14) at every step. To keep the
displacement update J; stay small during iterations, we update the points x;  based on
the 0; at each k-th iteration:

Xik = Rixio + b (7.15)
where Ry and t; are the rotation matrix and translation vector computed from the k-th iter-
ation. They can be interconverted to 6y, each representing the equivalent transformation.

The transformation is updated by:
R, = UR;_; (7.16)

t, = Uity + oty (7.17)
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where Uy and 6t represent the equivalent rotation matrix and translation of the transfor-
mation 0. It can be denoted as:

Ut = T(56k) (7.18)

The iteration stops when the update of the transformation parameters |66y | is smaller
than a pre-defined convergence threshold.

7.2.2 Uncertainty-aware Optimization

In the described pose estimation framework, all scan points from the SDF are treated
with uniform significance, as there is no prior information. Given that each point’s SDF
is inferred with an associated uncertainty in the GMMGP framework, it is reasonable to
integrate this uncertainty into the pose estimation process, assigning varying levels of
importance to each SDF based on its reliability.

Therefore, we leverage the variance of the inferred SDFs during the optimization
process by transitioning from a standard least squares formulation to a weighted least
squares approach. Denote the set of all considered SDFs as Y = f(X), with their associated
uncertainty matrix Xy. This adjustment is mathematically represented by modifying the
objective function to incorporate the variances as weights, as shown below:

0 = arg rnein(f(X) — A0) "I (£(X) — AB) (7.19)

Accordingly, the estimation of the transformation update is then computed using the
generalized least squares solution:

60 = (ATZ'A) TTATES(X) (7.20)

Here, since we are only interested in the variance of the SDF inference, each SDF output is
assumed as independent, yielding a diagonal covariance matrix Zy.

This approach not only refines the accuracy of pose estimation by factoring in the
varying uncertainties of the SDF measurements but also enhances the robustness of the
estimation against less reliable data. Thus, SDFs with lower uncertainty exert a larger
influence on the determination of 8, optimizing the pose estimation process to yield more
reliable outcomes.

7.2.3 Uncertainty Propagated from Maps

In the final pose estimation, various error sources contribute to uncertainty, one of which
is the uncertainty inherent in the mapping data. The mapping from SDFs to pose esti-
mation can be expressed in Equation (7.20) for the last iteration. The Jacobian matrix of
this transformation, defined as J = (A'L,'A)'ATE] !, facilitates the propagation of
uncertainty from the SDFs to the pose estimates. Thus, the propagated uncertainty in the
pose estimation 0 is quantified by:

I =JEy]' (7.21)
= (AT 'A) ! (7.22)

Note that this is only calculated for the last iteration.
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SDF Independence

In linear least squares estimation, when the measurements—here, the estimated SDFs—are
considered informative (i.e., neither identical nor highly correlated), each additional
measurement incrementally contributes to a more robust understanding of the system
being modeled. This progressive accumulation of information systematically refines
the parameter estimates. Consequently, the uncertainty associated with each parameter
estimate typically diminishes as the number of samples grows, resulting in increasingly
precise estimations. This reduction in uncertainty is most pronounced when the error
terms in the model are independent and identically distributed (i.i.d.), which maximizes
their informativeness.

This can also be explained by the key term in the formula for the covariance of
the estimation: (ATZy 'A)~1. As more measurements are added, ATy A typically
becomes larger in magnitude because each row of A weighted by the inverse of its
respective variance contributes positively to the overall matrix. The determinant of
ATZ; LA increases, making the inverse matrix (which is the covariance matrix of the
parameter estimates) smaller in magnitude.

In practice, we assume the map uncertainty Xy to be a diagonal matrix, positing that
errors are independent. This simplification leads to an underestimation of the uncertainty
in parameter estimates due to the inherent dependencies within the data. In reality, a
significant correlation exists between the SDFs, particularly among neighboring points.
This correlation implies the presence of redundant or non-informative samples, which
distorts the accuracy of our uncertainty estimates. This uncertainty underestimation due
to the simplified independence assumption is illustrated in the experiment section.

In fact, in our uncertain SDF-based method, it is possible to approximate a full co-
variance matrix of the SDF. Typical techniques primarily provide variance estimates for
outputs but fail to capture the correlations between two different outputs, f(x;) and f(x;).
Our method extends these capabilities by treating GMR results as the prior of GP, enabling
the computation of a full covariance matrix, inspired by the kernel-based approach. For
instance, if the Matérn kernel is employed, the covariance matrix can be expressed as:

Y = k(x;, x;) = 005 (1 + \[‘xl x]\> exp ( \f‘xl x]\> . (7.23)

Other kernels, such as squared exponential kernels, can also be employed.

However, if the SDF correlation is incorrect, the solver can degrade in performance —
sometimes more than in the simpler diagonal case. Over-parameterizing the covariance
with spurious or mis-estimated correlations can lead to numerical instability and poor
conditioning. Additionally, using a full covariance will introduce additional complexity
and computation. A full N x N covariance for N measurements can be expensive. For
large point sets, this becomes O(N?) in storage and manipulation. The computation of the
inverse of the large covariance matrix is O(N?).

Prior Fusion

If we already have an initial pose with the covariance X, it can be treated as a prior in a
Bayesian sense. The result is akin to prior fusion:

p(0]X) o p(X|6)p(6) (7.24)

log p(0]X) = log p(X|0) + log p(6) + const (7.25)
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Therefore, the objective function changes, and the prior gives an additional cost:

0= argmein[(f(X) —A0) T H(£(X) — AB) + (6 —0p) ", (60— 0p)] (7.26)

The corresponding estimation of the transformation update is written as:

60 =(ATZ A+ E ) THATET(X) — 2,1 (6 — 60)) (7.27)
with the resulting posterior covariance Zg_’ ;17 osteri Orcalculated by:
Z'f),]zzosterior = (AnglA + 2‘071)71 (7-28)

Hence, the resulting posterior covariance Zg osterior typically does not exceed the covari-
ance obtained if there is no prior.

Empirical Residual

The pose uncertainty can be underestimated or overestimated if the initial SDF covariance
includes an overall mismatch in the global noise level. The empirical residual check can
be helpful in this case. Often in classical least squares, after solving 6, the final empirical
residuals are checked to estimate how large the measurement noise actually is. It can
be incorporated to refine the assumption about the measurement noise level, i.e., the
estimated SDF noise in this task, as the SDF uncertainty might have been too optimistic or
too pessimistic. The calibration factor of the empirical residual is calculated by:

(R te)();\—l):_y;()f(RGX +1)) (7.29)

where s denotes the final calibration scale based on empirical residuals, and it is unitless.
If the initially estimated o4 (x) is significantly larger or smaller than the final residual,
a scaling can be applied to the final covariance matrix:

ZQ,scale =5 ZG~ (730)

However, the residual is only an approximation of the potential uncertainty. The
quality of the pose covariance estimation can still be affected by the local minima or non-
Gaussian outliers. If there are correlated errors in the SDF or outliers, empirical residuals
might not reflect the real noise variance. In that case, scaling the entire covariance could
be misleading.

Non-linear Issues

Furthermore, the uncertainty propagation through a linearized model merely accounts for
the direct transformation of input uncertainties (Xy) via the model’s linear approximation.
This approach fails to capture additional uncertainties that arise from the model’s nonlinear
behavior and the possibility of encountering multiple local minima. These factors are
crucial in understanding the comprehensive uncertainty landscape and require more
sophisticated modeling to address adequately.
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7.3 Experiments

7.3.1 Experimental Setting

In the experimental evaluation of our proposed localization methods, we utilize the real-
world LUCOOQOP dataset (introduced in Chapter 4), which provides dense reference map
point clouds and sparse LiDAR scans acquired from a Velodyne sensor. The experiment is
conducted in the challenging urban canyon environment. Initially, the dense point cloud
is employed to create a map incorporating uncertainties. Subsequently, points captured
from the Velodyne scanner are aligned with this map to refine the pose estimation. We
assessed the accuracy of our localization method by comparing the estimated poses
against these ground truths and computed the Mean Absolute Error (MAE) and RMSE.
These metrics were also used to evaluate the performance relative to established NDT
localization techniques.

7.3.2 Accuracy Evaluation

In Table 7.1, we present a comparative analysis of localization accuracy among our pro-
posed GMM Transform (GMMT), GMMGP-based localization, and the traditional NDT.
We employ both RMSE and MAE as metrics. The metric RMSE is more sensitive to outliers
compared to MAE. The results demonstrate that the GMMGP-based approach yields the
lowest RMSE and MAE values, suggesting fewer outliers and higher overall accuracy,
thereby indicating superior precision and robustness. Conversely, the larger RMSE values
associated with NDT suggest a higher prevalence of outliers, potentially compromising
its reliability under similar conditions.

TABLE 7.1. Localization Accuracy

RMSE (m) | X Y Z 3D
NDT 0.032 0.158 0.043 0.166
GMMT 0.061 0.062 0.094 0.128
GMMGP 0.008 0.042 0.033 0.055
MAE (m)

NDT 0.014 0.070 0.019 0.078
GMMT 0.026 0.052 0.058 0.082
GMMGP 0.006 0.037 0.029 0.051

7.3.3 Uncertainty Investigation

The evaluation of pose uncertainty associated with the proposed SDF-based, uncertainty-
aware localization method was conducted as described in Section 7.2.3. To enhance our
understanding of the model’s performance, the ground truth trajectory is compared with
the estimated trajectory, which includes associated covariance ellipses representing pose
uncertainty. Figure 7.2 displays the 3D errors in the trajectory, mostly at the centimeter
level. For a more detailed analysis of the pose uncertainties and corresponding errors,
attention is directed to specific points along the trajectory, as shown in Figure 7.3. The blue
trajectory represents the estimated poses, while the green trajectory indicates the ground
truth. The red ellipses depict the uncertainty as error ellipses at a 99% confidence level.
If the uncertainty estimation is accurate and well-calibrated, the ground truth trajectory
points are expected to fall within these ellipses. In this figure, the first row highlights
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FIGURE 7.2. Errors in pose estimation

scenarios where the true poses are well-contained within the error ellipses (denoted by
red ellipses), indicating accurate uncertainty estimation. Conversely, the second row
illustrates instances where the pose uncertainty is underestimated, as evidenced by the
true poses extending beyond the boundaries of the error ellipses.

In the second row, there are some results slightly exceeding the error ellipses. As
depicted in Figures 7.3d and 7.3e, larger discrepancies predominantly occur along the
trajectory direction. This pattern is typical in urban canyon environments, where the
measurements of building facades on either side of the street are mostly aligned in parallel
structures.

The third row of Figure 7.3 illustrates cases with large localization errors that sig-
nificantly exceed the extent of the corresponding uncertainty ellipses. For visualization
purposes, the scale of the coordinates differs from that in the first two rows, where the
grid cell width is of 2 cm instead of 1cm. Again, these large deviations primarily occur
along the trajectory direction. Although the uncertainty ellipses do not fully encompass
the errors, their elongated shape accurately reflects the dominant uncertainty along the
y-axis, aligning with the direction of the primary error.

To assess the accuracy of the pose uncertainty estimates quantitatively, the Chi-square
statistic was calculated, comparing the pose errors to the predicted distribution of pose
errors. Histograms of these statistics are presented in Figure 7.4. For 3D data, the critical
values for the Chi-square statistic at 95% and 99% confidence levels are 7.9 and 11.3,
respectively. As shown in Figure 7.4, the x-axis denotes the magnitude of the Chi-square
statistics. The results indicate that a substantial proportion of the computed statistics
still exceed these thresholds by reaching magnitudes in the hundreds. This suggests that
the pose uncertainty estimated by the model is significantly underestimated. Specifically,
because the model’s estimated uncertainty is quite small—on the millimeter scale—relative
to some centimeter-level errors as shown in the figure, the computed statistics frequently
surpass the critical values.

The systematic underestimation of pose errors suggests a limitation in using a diagonal
SDF covariance matrix to account for the final pose estimation. It may be necessary to
refine and adjust the covariances to better capture these directional uncertainties and
improve overall pose accuracy. To investigate the bias introduced by the simplified mean-
field diagonal covariance, an experiment is conducted in which the full covariance matrix
of the SDF is employed, as computed using Equation (7.23). Subsequently, the Chi-square
statistic is recomputed based on the localization results obtained with the full covariance
matrix. As shown in Figure 7.5, the results yield smaller Chi-test statistic, suggesting that
using a full covariance can improve the realism of the pose covariance estimate. Although
the uncertainty is slightly larger than the method only using the diagonal matrix, it is still
underestimated relative to the pose errors, with the test statistics much larger than the
limit of the 99% confidence - 11.3. This suggests that the underlying correlations may not
be fully captured or adequately represented in the current model. Since the covariance
matrix of the SDF is derived using kernel-based methods in GPs, the modeled correlation
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depends primarily on the spatial distance between point pairs. In Chapters 5 and 6, a
small length-scale parameter was chosen to prevent overly smooth predictions, resulting
in a rapid decay of correlation with distance, e.g., falling to near zero for points more
than 0.5 meters apart (see Section 2.2.5). However, in the context of localization, this
distance-based correlation may not adequately capture the true geometric dependencies.
For instance, two distant points lying on the same planar surface may still exert similar,
strongly correlated influences on the pose estimation due to the structural alignment,
which is not reflected by the kernel function. Given a large number of those points, the
estimated pose uncertainty is largely affected, and thus, it remains underestimated.

It also has to be mentioned that, with the improved accuracy and uncertainty quan-
tification, there is a price of efficiency. The iterative computation with the full covariance
matrix is quite expensive, 107.66 times slower than the one with the diagonal matrix.

In the experiment, empirical residuals were calculated to assess the appropriateness
of the scale at which the SDF uncertainty was modeled. Figure 7.6 displays the scaling
factor derived from SDF residuals of the transformed scan points, with all scaling factors
of the empirical residuals being smaller than 1.0. This observation suggests that the SDF
variances were likely overestimated. However, this is contradictory to the underestimation
of the actual pose uncertainty, denoted as Xg. Therefore, the underestimation of the pose
uncertainty cannot be attributed to an underestimation of the SDF uncertainty X.

7.3.4 Discussion

While the proposed map framework has led to improvements in localization accuracy, the
associated uncertainty estimates remain insufficient, resulting in an underestimation of
the true pose uncertainty. To address this limitation in future work, several directions can
be explored.

e First, the covariance structure can be enhanced by incorporating geometric relation-
ships between points—for instance, accounting for planar or structural consistency
when constructing the covariance matrix. As mentioned above, the points on the
same plane and with similar effects on the pose estimation should have high cor-
relation. This would allow better modeling of spatial correlations and reduce the
problem of underestimation of the pose uncertainty.
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* Second, although the use of a full covariance matrix for the SDF did not completely
capture the errors in the current experiments, it nonetheless indicated the value of
modeling inter-point correlations. Compared to simplified mean-field assumptions,
the use of the current covariance matrix slightly improves the uncertainty estimation
of pose estimation. This suggests that further refinement of the correlation structure
could enhance the robustness of uncertainty estimates in localization.

¢ Lastly, ambiguities in point-to-surface associations—especially in challenging scenar-
ios such as urban canyons with repetitive and parallel structures—should be further
investigated. These ambiguities often lead to poorly conditioned optimization.
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Chapter 8

Probabilistic Diffusion Models for 3D
Gaussian Generation

8.1 3D Geometry Generation

Generative models for 3D modeling have emerged as a rapidly advancing research area
with broad applicability across various domains, including autonomous driving (scene
reconstruction for navigation and perception), robotics (training in simulated environ-
ments), and AR/VR gaming (enhancing immersive experiences). A critical aspect of
applying generative models in these tasks is selecting the appropriate map representation
for generation and reconstruction, tailored to the specific requirements of each application.

For instance, in some safety-critical applications such as autonomous systems, an
uncertainty-aware map representation is essential to ensure reliability and robustness
in decision-making under uncertain conditions. In large-scale outdoor environments,
where computing resources and memory are often limited, a scalable mapping framework
becomes crucial to efficiently manage and process extensive datasets. Additionally, in
scenarios where GPU acceleration is unavailable, such as embedded systems or low-
power robotic platforms, developing CPU-compatible mapping representations is equally
valuable.

In the previous chapters, we introduced an uncertainty-aware 3D mapping framework
based on probabilistic inference and demonstrated its effectiveness in outdoor localization
tasks. This framework is specifically designed to model complex urban environments
with high accuracy, robustness, and computational efficiency, while explicitly representing
spatial uncertainties. However, given the inevitable incompleteness of real-world mea-
surements, a key question arises: can shape completion using deep generative models
help to fill in missing regions and produce realistic surface reconstructions—ideally, with
quantifiable uncertainty?

In this chapter, we extend our uncertainty-aware map representation by integrating
it with modern 3D deep generative models. This integration aims to leverage the proba-
bilistic structure of the proposed map to improve both the fidelity of shape completion
and the reliability of uncertainty estimation in generative 3D reconstruction. We begin by
developing and investigating methods for indoor, instance-level objects, and subsequently
discuss the potential for transferring these methods to outdoor scenes with more complex
and large-scale geometries.

Recently, image rendering-based map representations leveraging implicit radiance
fields have gained significant attention as an alternative to direct geometric modeling.
Notable approaches such as NeRF (Mildenhall et al. 2021) and 3D Gaussian Splatting
(BDGS) (Kerbl et al. 2023) prioritize radiance field modeling and rendering accuracy
over explicit geometry reconstruction. These methods provide a novel representation
that enables photorealistic rendering and can relax the need for direct, precise geometric
reconstruction in certain downstream applications.
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However, geometry reconstruction remains of high interest, particularly for applica-
tions requiring accurate 3D spatial understanding. To address this issue, recent studies
(P. Wang et al. 2021; Z. Yu et al. 2024) have integrated SDFs and geometry modeling into
NeRF and 3DGS frameworks to improve surface reconstruction capabilities. While these
advancements enhance geometric fidelity, they still suffer from key limitations: (i) a lack of
uncertainty quantification, making it difficult to assess confidence in reconstructed struc-
tures, and (ii) scalability challenges, as these methods remain computationally expensive
and memory-intensive, particularly when applied to large-scale environments.

Addressing these limitations requires further research into developing more efficient,
uncertainty-aware geometric modeling approaches that can integrate with implicit repre-
sentations while maintaining scalability for real-world applications. In contrast to NeRF,
which requires a large number of neural parameters, and 3DGS, which models millions of
Gaussians even for small scenes or objects, the proposed mapping framework in this thesis
offers a more scalable and memory-efficient solution while simultaneously providing
uncertainty quantification for geometric estimation.

To further explore generative 3D modeling, we employ a deep generative diffusion
model to generate 3D probabilistic geometry based on Gaussian representations (see
Chapter 6). Similar to other implicit representations, the generated outputs require
additional post-processing steps to extract explicit meshes for downstream applications. In
this work, we adopt the Marching Cubes algorithm (Lorensen and Cline 1998) to convert
the implicit representation into an explicit surface mesh, facilitating further analysis and
visualization.

8.1.1 Diffusion Model for 3D Gaussian

In light of recent breakthroughs in denoising diffusion probabilistic models (DDPM) (Ho
et al. 2020), we have developed a methodology for modeling the distribution of our 3D
Gaussian maps by employing a diffusion-based generative model. A diffusion model for
3D Gaussian generation can generate a continuous point distribution for the 3D geometry,
which provides the possibility to sample any desired resolution from the continuous
distribution. In contrast, the original point cloud generation, e.g., Point-E (A. Nichol et al.
2022), only generates a fixed quantity of the points, and requires up-sampling for a more
dense point cloud.

Prior to the training process for the 3D diffusion model, it is essential to preprocess the
original training dataset. This preparation involves the generation of implicit 3D Gaussian
maps from the mesh data or point clouds. This step transforms the spatial geometric data
into a format that is compatible with the diffusion model’s requirements, ensuring that the
model can effectively learn the underlying distributional characteristics of the 3D objects
represented in the dataset. Specifically, we utilize a modified version of the previously
proposed 3D Gaussian framework (see Chapter 6) to generate implicit 3D Gaussian maps
from the training dataset: we standardize the number of Gaussian components to a fixed
constant (e.g., K = 512). This modification ensures compatibility with the diffusion model,
which requires a consistent input and output structure in terms of the number of 3D
Gaussians.

Additionally, it is essential to parameterize the Gaussian in a manner that aligns with
the deep generative diffusion model. A single 3D Gaussian is characterized by its mean
vector in 3D space, its 3 x 3 covariance matrix, and its associated mixing weight. By
normalizing the mean u € R® and the mixing weight w € R to conform to the standard
normal distribution N (0, I), the normalized mean and weight can be directly utilized
as features within the diffusion model framework. In contrast, parameterization of the
covariance matrix & € R3*3 would be more complicated due to the requirement that
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FIGURE 8.1. 3D Gaussian representation

covariance matrices remain symmetric and positive-definite. Naive parameterization by
individually setting its diagonal and off-diagonal elements does not inherently guarantee
positive definiteness. This constraint depends on all elements of the matrix in a complex,
non-linear way (through the eigenvalues). Ensuring that directly during optimization is
difficult. To address this, we adopt a parameterization strategy based on the eigenvalues
and eigenvectors of 2:

Y = QAQ" (8.1)

where A = diag(A) is a diagonal matrix, denoting the eigenvalues. It can be represented
by the vector s = +A%°. Q € SO(3) is an orthogonal matrix with a positive determinant,
composed of eigenvectors. Q can be seen as a rotation matrix, and represented by a
quaternion g = (w, uy, uy, u;). In summary, the covariance can then be parameterized by
a 7-dimensional vector (g, s).

To generate 3D Gaussians with diffusion, we developed a 3D diffusion framework
using a transformer-based network as the denoising backbone to encode the parameters
for each Gaussian component. In particular, we represent a training dataset as a tensor of
shape K x 11, where K is the number of Gaussian components. Within this framework,
the representation of a 3D Gaussian mixture is analogous to a point cloud, enriched with
complex feature sets. The data contain 3D (x, y, z) coordinates, seen as the means of the
Gaussians, as well as other features 0 = (g, s, w) parameterizing the covariance matrices
and the component mixing weights. Once the diffusion model is trained, we can generate
these tensors directly with diffusion, starting from random noise of shape K x 11, and
progressively denoising it. Additionally, the Gaussian parameters can also be interpreted
as latent features for the 3D geometry. From this perspective, these parameters are intricate
latent features that manifest complex dependencies and spatial relationships, thus offering
a nuanced approach to modeling and generating 3D structures.

To illustrate this process, Figure 8.1 presents a case where the 3D point cloud is initially
modeled using a mixture of 3D Gaussian distributions. Subsequently, the parameters
of these Gaussian mixtures are encapsulated into a tensor zp with dimensions (K x 11),
which will be fed to the diffusion model as the training sample.

Figure 8.2 illustrates the diffusion process implemented in our model, which is the
last block in Figure 8.1. The variable z, represents an actual sample from the underlying
true data distribution p(z), whereas zr denotes the diffused noisy sample at timestep T.
q(z¢|z¢—1) and pg(z¢—1|z¢) mathematically describe the forward and reverse transforma-
tions of the 3D Gaussian parameters through the diffusion process, respectively, with the
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FIGURE 8.2. An illustration of the 3D Gaussian Diffusion framework with
the forward diffusing process and the reverse denoising process

arrows indicating the direction of these transformations.

During the training phase, noise is incrementally introduced to the 3D Gaussian
parameters following the specified diffusion equation. By minimizing the discrepancy
between the added noise and the noise predicted by the model using the DDPM loss
function, the neural model effectively learns the noise characteristics at each timestep. The
denoising phase starts from the noisy sample zr and progressively reconstructs a new
sample zg of the 3D Gaussian mixtures, according to the denoising equation depicted in
the figure, employing the learned noise models at each step.

8.1.2 Diffusion Model for 4D Gaussian

In Section 8.1.1, we introduced a novel framework utilizing a diffusion model to generate
3D Gaussian mixture distributions, facilitating the continuous representation of point
distributions in 3D geometrical space. Building upon this foundational work, this section
delineates our progression to employing diffusion models for generating 4D Gaussian
mixtures, encompassing three spatial dimensions and one SDF dimension, represented as
(x,y,z,d). In this 4D setting, a direct inference of SDF based on the 4D Gaussian mixtures
becomes feasible.

Transitioning from 3D to 4D necessitates a significant modification in our parameteri-
zation strategy. While the approaches for parameterizing the means and weights remain
unchanged, the method for parameterizing the covariance matrices undergoes a critical
adjustment. Originally utilizing eigen-decomposition for its beneficial properties in direct
geometrical interpretation, we shift to employing Cholesky decomposition in the 4D
context. This change addresses the increased complexity and computational demands
associated with parameterizing the orthogonal group Q € SO(4) in four dimensions.
Although the Cholesky decomposition can be less intuitive, it offers a more computation-
ally efficient and stable method for ensuring the positive definiteness required for the
covariance matrices in higher-dimensional spaces, as outlined below:

Y=LL" (8.2)

where L is a 4 x 4 lower triangular matrix with positive diagonal entries. It can be
defined by its diagonal elements 1; = [lo, 11, I22, I33] and its off-diagonal elements Lij =

(110, 120, 121, 130, 131, 132] -
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Therefore, we process the training data of 4D GMM:s as a tensor of K x 15, with the
inner dimension including 4-dimensional mean values, one-dimensional weight, and 10-
dimensional covariance parameters. All features are normalized to the standard Gaussian
distribution.

By minimizing the difference between the true added noise and the neural approxi-
mation, we trained the neural parameters in the denoising networks. In the generation
step, a 4D GMM can be generated from the random noise of shape K x 15. Based on the
SDF inference, surface meshes can be obtained through the same method introduced in
Chapter 6, using the marching-cube algorithm.

8.1.3 Loss Functions

The collection of parameter matrices across all training samples defines the target data
distribution for our diffusion model. As described in Chapter 2, the denoising network,
parameterized by 0, is trained to match this distribution by minimizing the KL divergence
(or cross-entropy) between the true data distribution and the model’s reverse-diffusion
distribution, thereby maximizing the evidence lower bound. In practice, these training
objectives can be unified and written as:

Le = Eprs(0,1),20mp(z0)e~N(0,1) L€ — €0 (ze, ) [1%], (8.3)

In this formulation, the model is optimized to predict the injected noise: at each
diffusion timestep t, the neural network learns to predict the noise €y that has been added
to the original data.

Alternatively, one can train the network to regress the denoised sample directly rather
than the noise. In that case, the loss function takes the form:

L2y = Erota(01) 20~p(zo)e~n(0,1) 120 = 200(z1,1)%], (8.4)

8.1.4 Denoising Backbones

The 2D diffusion model for image processing utilizes a U-Net architecture, a type of
convolutional neural network originally designed for biomedical image segmentation.
The U-Net is distinguished by its symmetric structure, comprising a contracting path to
capture context and a symmetric expanding path that enables precise localization. This
architecture effectively facilitates the gradual denoising of images through the diffusion
model’s iterative refinement process.

To extend this denoising framework to 3D space and accommodate the complexity of
unstructured data representations, such as the rich point clouds in this case, it is necessary
to adapt the underlying neural network architecture. For this purpose, we can utilize
advanced architectures - the transformer-based networks (Vaswani et al. 2017) and the
established 3D point cloud learning frameworks, such as Point-Voxel CNN (PVCNN)
(Z. Liu et al. 2019).

Transformer-based models for 3D Gaussian denoising in the diffusion introduce an
innovative approach by employing self-attention mechanisms that directly capture the
global dependencies between Gaussian parameters in the samples. Unlike traditional
convolutional methods, transformers compute responses at a position based on weighted
contributions from all positions, thus inherently adapting to the irregular and sparse
nature of 3D Gaussian parameters. This offers superior flexibility and scalability for
3D Gaussian representation with rich information and complex dependencies between
features.
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PVCNN (Z. Liu et al. 2019) was originally proposed for 3D point clouds with color
features, which leverages the efficiency of voxel-based processing while retaining the fine-
grained detail provided by point-based processing, making it well-suited for handling the
nuanced spatial relationships inherent in 3D data. The Gaussian mixture parameters in
our case can be seen as the 3D point clouds with richer information, i.e., more features. By
aggregating point features within each voxel, PVCNN preserves fine-grained details while
employing convolutions over the voxel grid to capture broader contextual information.

Incorporating the advanced architectures into the diffusion model framework allows
for robust handling of the high-dimensional, information-dense, and unstructured nature
of 3D Gaussian representation. Such adaptations ensure that the diffusion process can
accurately model and reconstruct complex spatial structures. In the experiments, we
provide a comparison of using these two different backbones for diffusion models.

8.2 Reconstruction with Partial Measurements

8.2.1 Posterior Sampling

As discussed earlier, incomplete measurements of an object often arise due to occlusions
or limited viewpoints. Deep generative models can leverage learned prior knowledge to
reconstruct the full map representation from partial observations. Several strategies exist
for addressing this problem: (1) training a conditional diffusion model where partial mea-
surements serve as conditioning inputs during training, (2) performing posterior sampling
using an unconditional diffusion model, and (3) employing an optimization-based ap-
proach to distill the knowledge of the trained model. In this section, we illustrate how the
posterior sampling can be utilized in the completion task with our trained unconditional
3D Gaussian diffusion models, where point clouds are the partial measurements.

Completion tasks involving partial measurements can be formulated as an inverse
problem, where the objective is to reconstruct the complete map parameters from incom-
plete observations. Within a Bayesian framework, this process corresponds to posterior
inference, where the goal is to estimate the full representation given the observed partial
measurements and prior knowledge about the underlying distribution:

p(z[x) e p(x|z)- p(z) (8.5)

where z denotes the model parameters and x represents the incomplete observations, e.g.,
point clouds.

In the context of reconstruction using generative probabilistic models, the prior distri-
bution p(z) is derived from the learned knowledge encoded within the diffusion model,
while the likelihood p(x|z) is determined by the available partial observations. The stan-
dard diffusion sampling process considers only the learned data distribution, where each
step in the reverse denoising chain generates a new latent sample z;_; conditioned on the
previous step: p(z¢—1|z¢). The mathematical formulation is given by Equation 2.89.

In posterior sampling, measurement likelihood p(x|z;_1, z;) is incorporated into the
diffusion denoising process, which extends the standard diffusion framework by con-
ditioning each step of the sampling process not only on the previous latent state but
also on the observed partial measurements x. However, the term p(x|z;_1,2;) can not
be solved in closed form due to its dependence on time. Approximating this term by
p(x|2o), Diffusion Posterior Sampling (DPS) (Chung et al. 2023) is introduced, leading to
the following formulation:

p(zi1lzt, x) & p(x|zi-1,2¢) p(ze-12t) = p(x|20,4) p(2i-1]2t) (8.6)
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where 2o = ﬁ (zt — /1 — &s€g(zt, 1)) represents the estimated clean parameters at time
0.

Since the diffusion denoising process estimates samples using the score function at
each step, the posterior sampling can similarly be expressed in terms of the score function:

V: log p(zt|x) = Vz log p(x|z¢) + V:, log p(zt) (8.7)
= VZt log P(X|20/t) + VZt log P(Zt) (88)
where the score function V., log p(z¢) = —eg(zt,t)/0; can be estimated by the trained

neural net.
Thus, at each time step, the new sample z;_; is derived by incorporating both the prior
information from the learned diffusion model and the measurement likelihood:
PRI WLl 2
zi1 =21+ Ap T Ve og p(x|2oy)
where Z;_; denotes the updated part from the unconditional diffusion prior p(z;_1|z;) and
the latter term ensures that the generated samples are conditioned on the observed partial
data.

In our setting, where partial measurements are represented as point clouds, the likeli-
hood function can be modeled as a point distribution estimated using a Gaussian mixture:
log p(x|z) = log ¥} 71N (x[p, ).

Although this approach aims to steer the sampling process toward regions of the
latent space that are consistent with both the learned prior and the observed data, the
practical effectiveness of this method can be influenced by the characteristics of the
likelihood function and the number of inference steps allocated. In the experimental
section, we present results from applying diffusion posterior sampling to 3D completion
and reconstruction tasks. Specifically, we evaluated the performance of posterior sampling
using Gaussian Mixtures as the likelihood function. The results indicate that this approach
yielded unsatisfactory performance, suggesting that the direct GMM likelihood may not
be well-suited for these applications. This highlights the need for exploring alternative
likelihood formulations or refining the integration of likelihood into the diffusion process
to improve reconstruction quality.

8.2.2 Optimization-based Completion

Optimization-based completion distills the knowledge embedded in pre-trained deep
generative models and leverages the alignment between the generated 3D model param-
eters and the prior distribution learned through diffusion, using certain loss functions.
Additionally, a geometric loss function serves as a constraint, ensuring that the recon-
structed 3D model not only adheres to the learned prior but also remains consistent with
the available partial measurements.

Among optimization-based approaches, the Diffusion Score Distillation Sampling
(SDS) loss has emerged as one of the most influential techniques for distilling prior
knowledge from pre-trained deep generative models for 3D generation. This approach
was first introduced by DreamFusion (Poole et al. 2022), which extends the knowledge
learned in large-scale 2D diffusion models, such as Stable Diffusion (Rombach et al. 2022),
to optimize 3D parameters by rendering images from the 3D representation. The primary
advantage of this approach is its ability to harness the rich knowledge contained in large-
scale 2D models for 3D generation. Building upon this foundation, subsequent research
has expanded beyond pure 3D generation to applications in 3D completion, where partial
measurements are incorporated as an additional constraint in the objective function. In
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these methods, geometric loss or image-guidance loss is introduced to enforce consistency
with the observed data. Common 3D representations used in such approaches include
NeRF and 3DGS.

Inspired by this framework, we extend SDS-based optimization to our completion task
using the proposed uncertainty-aware Gaussian representation, employing a pre-trained
4D Gaussian diffusion model introduced in the previous section. Unlike the original SDS
formulation, which is primarily designed for 2D-to-3D optimization, our method directly
operates in 3D, thereby mitigating the multi-view inconsistency issues often encountered
in 2D-to-3D synthesis.

In our approach, the trained diffusion model serves as a frozen prior, where its neural
parameters 6 remain unchanged. The 3D parameters to be optimized are denoted as
2o, representing the clean data sample within the diffusion framework. During the
optimization process, instead of updating the diffusion model itself, we iteratively refine
the clean data sample zp at the timestep fy using a gradient-based optimization. The
gradient of the loss function is formulated as:

Vz, Lsps(z0) = VzEte {w(f) leg(zt,t) — €H2} (8.9)

d€g(z, t) %]

— . [W(t)-(eg(zt,t) —e) T, (8.10)

where z; = /&;zg + +/1 — &:€. Note that the last term ng can be absorbed into the weight-

ing function w(t). The term % denotes the deep neural gradient of the Transformer

or U-Net. According to the original SDS loss (Poole et al. 2022), the neural gradient item
oeg(z,t)

5. can be ignored. Therefore, the gradient formulation can be simplified as:

V., Lsps(z0) = Er e [w(t) (ea(ze t) — e)}, (8.11)

The aforementioned SDS optimization guides the model parameters to align with the
prior knowledge learned by 3D diffusion models. However, to effectively solve the inverse
problem p(zp|x), additional constraints are necessary to enforce consistency between the
optimized model parameters and the observed data. To achieve this, an additional loss
term representing the observations must be incorporated into the optimization framework.
Similar to posterior sampling, the constraints imposed by the partial measurements
can be formulated as the negative log-likelihood of the observed points, expressed as

—log p(x|zo):

LPDF ZQ Z[IOgZTCJ x]yk,Zk ] (812)

The observation loss can also be calculated based on the SDF of the measured points
under the assumption that the distance field satisfies f(x) = 0 for the points measured on
the surface. Mathematically, this can be expressed as:

Lspr(zo) ZHf x;20) | (8.13)

where the SDF function f(x) is defined by the Equation 6.8 in Chapter 6.
The overall loss function can then be written as:

L(z0) = AsasLsps(z0) + ApagLppr(20) + AsafLspr(zo)-
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where Aggs, Apgr and Agy¢ are hyper-parameters that balance the contributions of different
loss components to the overall optimization objective.

In the experimental section, we evaluated the performance of the optimization-based
method on the completion task, which employs our proposed map representation and
utilizes a pre-trained Gaussian diffusion model as a prior. We conducted a comparative
analysis of diffusion models trained with sample-based versus noise-based objectives. Our
findings indicate that, in contrast to 2D-to-3D SDS optimization, the noise-based objective
does not yield satisfactory results for shape generation, while the sample-based objective
supports the generation process.

8.3 Experiments

8.3.1 Experimental Setting

In the experiments, we employed the widely used 3D shape dataset - ShapeNet (Chang
et al. 2015) as our training set. Initially, the mesh is converted into 3D point clouds
as introduced in Section 4.2.3. These point clouds are subsequently modeled using 4D
GMMs.

Upon inputting the 3D point clouds derived from 3D assets, we employ the intro-
duced 4D HGMMs to create an implicit representation of the surfaces. This approach
enables the reconstruction of surfaces equipped with probabilistic uncertainty measures.
Figure 8.3 showcases some examples of GMMs generated for these 3D objects, where
the uncertainty and the reconstructed explicit surfaces are also provided. The first row
displays the ellipsoids of the Gaussians corresponding to the 3D training assets, with
colors representing the mixing weights of the Gaussian components. The second row
highlights the uncertainty of the reconstructed surface, with a color gradient from blue
(low uncertainty) to red (high uncertainty). Note that the ShapeNet dataset is normalized
to a unit scale of approximately 1 meter. Consequently, the reported uncertainty (standard
deviation) reflects this normalized scale and does not correspond to the actual physical
size of the objects. The uncertainty in all subsequent generation results is also expressed
with respect to this normalized scale. The final row illustrates the reconstructed surface
rendered as an explicit mesh. High uncertainty often appears at the edges of the surface
and in regions with large curvatures. The Gaussian parameters as training samples are
normalized globally across the whole training dataset.

8.3.2 Diffusion Generation

This section will present the generation results from our trained 3D diffusion model.
Specifically, the two backbones of PVCNN and Transformer will be compared qualitatively
and quantitatively.

As a qualitative evaluation, Figure 8.4 and 8.5 present the generated 3D geometries
from the diffusion model based on the Transformer-based backbone and PVCNN back-
bone, respectively. The first row displays the 3D Gaussian ellipsoids of the GMMs, with
colors representing the mixing weights of the Gaussian components. The second row is the
points sampled from the generated distribution. The third row highlights the uncertainty
(standard deviation o) of the reconstructed surface, with a color gradient from blue (low
uncertainty) to red (high uncertainty). The final row illustrates the reconstructed surface
as an explicit mesh.

The qualitative results include the visualization of 3D Gaussian ellipsoids, point clouds
(N = 10000) sampled from GMM distribution, reconstructed mesh, and the associated
uncertainties. In Figure 8.4, the Transformer-based model shows an effective generation
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GMM

Uncertainty

Mesh

FIGURE 8.3. GMMs training samples

of 3D geometries from the diffusion model. The global features of the 3D geometry
for the trained chair category are well captured and generated. Although the surfaces
reconstructed from the GMMs look jaggy and not as smooth as the originally modeled
surface in the training data, the jaggy parts are often assigned a higher uncertainty
measure to indicate the generation quality. In contrast, the generated results from the
PVCNN backbone in Figure 8.5 are less robust and with lower fidelity. The Transformer
backbone shows superiority in processing 3D geometry with rich information, yielding
more complete and smoother surfaces.

Although the Transformer-based model exhibits increased uncertainty in regions with
poor surface quality (e.g., jagged areas), suggesting a reasonable correlation between
uncertainty and reconstruction fidelity, both methods generally produce low overall
uncertainty levels. This may indicate a tendency to underestimate uncertainty.

One possible reason is that the uncertainty encoded in the generated Gaussian rep-
resentations primarily reflects the model’s intrinsic uncertainty, while the quality and
potential errors introduced by the diffusion process itself are not adequately captured. Fac-
tors such as an inappropriate model backbone (as illustrated in Figure 8.5) or incomplete
training can significantly affect the model’s ability to accurately learn the underlying data
distribution and generate realistic 3D structures, yet these sources of uncertainty remain
unaccounted for in the final output. Quantifying the uncertainty inherent to the generative
model itself remains a non-trivial challenge. Therefore, selecting an appropriate backbone
architecture and a well-designed training pipeline is essential to ensure that the generative
model captures the data distribution effectively.

Nevertheless, even if the uncertainty estimates primarily reflect the model’s intrinsic
uncertainty rather than the full range of generation errors, they still provide valuable
insight into the quality of the reconstructed geometry—offering a partial but informative
measure rather than no uncertainty characterization at all.

To quantitatively evaluate the performance of different backbones in generating 3D
points, we employ three metrics: 1-Nearest Neighbor Accuracy (1-NNA), Coverage (COV),
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(b) Point clouds sampled from the generated model

Ad =

(c) Uncertainty of the reconstructed surface, visualized by colors
] g TR

(d) Reconstructed surface (mesh)

FIGURE 8.4. 3D geometry generation with Transformer backbone
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(d) Reconstructed surface (mesh)

FIGURE 8.5. 3D geometry generation with PVCNN backbone
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and Minimum Matching Distance (MMD). These metrics are calculated using both
Chamfer distance (CD) and Earth Mover’s Distance (EMD) to quantify the similarity
between the generated shapes and the reference dataset, assessing both the quality and
diversity of the outputs (Zeng et al. 2022).

¢ COV quantifies the proportion of the reference point cloud that is "covered" by the
closest points in the generated point cloud. It is a measure of diversity, indicating
the extent to which the generated points represent the variability in the reference set.
A higher percentage suggests better coverage. The equation for Coverage is:

[{p € P:argmin,.,d(p,q)}|

COV(P,Q) = B

(8.14)

where P and Q denote two sets of point clouds, and in this task, P represents the
generated point cloud and Q is the reference dataset. d(p,q) is a distance metric
(either CD or EMD) between points p and 4.

* 1-NNA is used to evaluate the distributional similarity between the generated and
reference datasets. It is computed as the percentage of points in the generated set
for which the nearest point in the reference set is a correct "match" under some
classification criterion. The formula for 1-NNA is typically given by:

Yper INN(p) € P) + 350 1(NN(g) € Q)

1-NNA(P, Q) = |P|+ Q]

(8.15)

where 1(+) is the indicator function that returns 1 if the condition is true, and 0
otherwise. Here, NN(-) represents the nearest neighbor of a point.

An accuracy of 50% suggests perfect indistinguishability under the 1-NN rule,
assuming the sizes of the two point sets are equal. This implies that the generative
model produces outputs so similar to the real dataset that, on average, each point
is just as likely to have its nearest neighbor from within its class as from the other.
Accuracy significantly higher or lower than 50% indicates distinguishability between
the real and generated datasets.

For consistency in comparisons with the existing baselines, all metrics are computed
on point clouds rather than meshed outputs. We also calculated these metrics for a subset
of the training dataset to serve as a baseline. The results, detailed in Table 8.1, indicate
that the Transformer-based method achieves lower 1-NNA scores and higher Coverage,
compared to the PVCNN-based backbone and the other popular baselines, highlighting
its superior performance in terms of both quality and diversity in generated 3D point
distributions. Note that the results labeled as “Training samples” refer to the evaluation
metrics computed on real data samples. These results serve as a baseline and are expected
to demonstrate strong performance.

Although this experiment is a pure generation application on our proposed 3D Gaus-
sian representation, the experimental results also show the potential of the inverse problem
using the proposed 3D Gaussian to reconstruct unseen parts with a guided 3D diffusion
model, and in the meantime, provide the uncertainty of the reconstruction.

8.3.3 Completion

In this experiment, we reconstruct the complete representation from partial observations,
specifically point clouds. The partial point clouds are generated by rendering depth
images of the test 3D mesh sample from a single viewpoint, as illustrated in Figure 8.6.
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TABLE 8.1. Quantitative comparison of 3D point cloud synthesis

1-NNA ({, %) COV (1, %)

CD EMD | CD EMD
Transformer-backbone 58.67 55.08 | 46.00 49.83
PVCNN-backbone 80.33 81.83 | 41.83 39.67
Training samples 59.67 60.67 | 53.00 54.67
PointFlow(Yang et al. 2019) 62.84 60.57 | 4691 48.40
SoftFlow(H. Kim et al. 2020) 59.21 60.05 | 41.39 4743
SetVAE (Jinwoo et al. 2021) 58.84 60.57 | 46.83 44.26
DPF-Net (Klokov et al. 2020) 62.00 5853 | 4471 48.79
DPM (Luo and Hu 2021) 60.05 74.77 | 4486 35.50
r-GAN (Achlioptas et al. 2018) | 83.69 99.70 | 24.27 15.13

¢ ;

[ e

FIGURE 8.6. Examples of incomplete measurements

We evaluate and compare two approaches for reconstruction: posterior sampling and the
optimization-based method introduced in Section 8.2.

Posterior Sampling

In practical experiments, posterior sampling using GMM likelihood as geometric con-
straints for point cloud generation does not work well. The likelihood function as a loss
function for optimization is highly non-convex and contains numerous local minima.
Thus, optimizing GMM parameters using a gradient-based method is quite sensitive to the
parameter initialization. Since the current initialization is a random sample of the distribu-
tion, which might be far from the optimal case, the gradient-based optimization for the
likelihood function can take many more steps than the limited steps in diffusion models.
Thus, the posterior sampling process may become trapped, potentially compromising the
quality of the results.

Also, in the diffusion model, only limited inference steps are used for the reverse
sampling process (e.g., around 1000 inference steps are commonly used). While this
step count is often sufficient for the standard diffusion process, it might be suboptimal
when optimizing the GMM likelihood function. If the likelihood requires a finer-grained
iterative process—meaning that its gradients need more iterations to effectively guide the
posterior toward the global optimum—then a fixed budget of 1000 steps may not provide
enough resolution for the sampling process to fully converge.
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As an illustrative example, Figure 8.7 presents the optimization of a GMM using a
purely gradient-based stochastic gradient descent (SGD) approach. The first five subfig-
ures depict the evolution of the Gaussian components—represented as ellipsoids—over
different optimization steps, with color indicating the relative mixing weights of each
component. The final subfigure shows the GMM obtained via the EM algorithm, serving
as a reference for comparison. As observed, even after 10,000 steps of gradient-based
optimization, the GMM parameters remain suboptimal relative to those obtained through
EM. This highlights the challenges associated with optimizing GMMs using standard
SGD, particularly due to the highly non-convex nature of the likelihood landscape.

Figures 8.8 and 8.9 illustrate two cases of diffusion posterior sampling guided by
GMM likelihoods, using the same sample data as shown in Figure 8.7 for conditioning.
From left to right, the subfigures visualize the denoising trajectory at time steps t =
1000, 800, 600,400, 200, and the final generated sample xy at t = 0. When employing a
small-scale factor for the GMM likelihood guidance, the influence of the likelihood on the
generative process is negligible; the final output remains largely governed by the prior
diffusion model and bears little resemblance to the input partial observation. In contrast,
when a larger scale factor is applied, the denoising process deviates from the learned
data manifold, resulting in samples that no longer resemble the training distribution. In
both scenarios, the generated outputs fail to meaningfully incorporate the information
from the partial observations, indicating a limitation in directly applying GMM likelihood
guidance within the diffusion sampling process.

s fan

-

t=0 t=1000 t=2000 t=5000 t=10 000

FIGURE 8.7. GMM optimization

t=1000 t =800 t=600 t =400 t=0

FIGURE 8.8. Posterior sampling: A, = 0.5

Optimization-based Completion

Experimental results of SDS-based optimization in the 3D setting reveal a key difference
between diffusion models trained with different objectives. Specifically, 3D diffusion mod-
els trained with sample reconstruction loss are able to encode a meaningful shape prior,
which can be recovered through SDS optimization in the absence of observation guidance.
In contrast, models trained with noise or score-based loss fail to yield meaningful shapes
under the same optimization procedure. These results are visualized in Figures 8.10 and
8.11, which show the evolution of the Gaussian parameters representing the 3D model
from iteration 0 to 30,000.
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FIGURE 8.9. Posterior sampling: A, =5

% N

FIGURE 8.10. Pure SDS optimization with a diffusion model trained on
sample errors

Figure 8.10 demonstrates that the diffusion model trained on sample-based loss cap-
tures a prior that can be effectively leveraged through SDS loss to obtain coherent 3D
structures. Conversely, Figure 8.11 shows that optimization using the SDS loss on a model
trained with noise-prediction loss does not converge to a plausible shape, indicating that
the learned prior in this case is not readily extractable through this method.

Based on these findings, the model trained with sample-based loss was adopted for all
subsequent SDS optimization experiments involving observation guidance.

The above qualitative results highlight the effectiveness of leveraging a 3D diffusion
model in conjunction with SDS loss as a shape prior for 3D completion tasks. To further
evaluate this approach, we present completion results that incorporate both the learned
diffusion prior and partial observation guidance. Figure 8.12 illustrates a representative
example.

In this experiment, the objective is to reconstruct the full 3D representation of an object
(chair) from a partial point cloud observed from a single viewpoint. The first sub-figure of
Figure 8.12 shows the input observation, where noticeable portions of the object’s surface
are missing due to occlusion or limited visibility. The middle panel displays the result of
the optimization process, which combines the SDS loss from the diffusion prior with a
likelihood loss based on the partial observation. The Gaussian parameters are initialized

FIGURE 8.11. Pure SDS optimization with a diffusion model trained on
noise errors
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FIGURE 8.12. SDS optimization with the guidance of the partial observa-
tions

to roughly capture the observed shape: means are set by subsampling the observed
points, covariances are initialized as isotropic Gaussians scaled according to the distance
to nearest neighboring points, and mixing weights are uniformly initialized as 1/K. The
right panel provides the ground-truth 3D Gaussian representation for comparison, with
color indicating the magnitude of the mixing weights.

As shown, the optimization is able to recover the overall shape structure, including pre-
viously missing regions such as the right surface of the chair. However, while the method
demonstrates promising reconstruction capability, the final result remains suboptimal and
does not fully capture the fine geometric details of the ground-truth representation.

8.3.4 Discussion

The experimental results presented in Section 8.3.2 demonstrate that the proposed 3D
Gaussian representation, when combined with a Transformer-based diffusion model,
yields strong performance in pure 3D generation tasks on instance-level objects. The asso-
ciated uncertainty measures provide valuable insights into the quality of the generated
geometries. However, the reported uncertainty primarily captures the intrinsic uncer-
tainty of the Gaussian representation itself, while the errors introduced by the generative
diffusion model, such as distributional mismatch, mode collapse, or underfitting, are not
explicitly accounted for in the final uncertainty estimates.

To address this limitation, two complementary directions can be explored: (1) develop-
ing methods to quantify the uncertainty inherent in the diffusion models themselves, and
(2) minimizing generative errors by improving the design and training of the diffusion
backbone.

Quantifying uncertainty in diffusion models remains an open and challenging area
of research. Since the sampling process involves stochastic differential equations or
discrete noise transitions, modeling uncertainty propagation throughout the generative
process requires advanced techniques such as ensemble methods and Bayesian diffusion
formulations.

On the other hand, improving the generative quality requires massive and diverse
training data, as well as a carefully constructed architecture and training pipeline that
ensures stable and expressive generation. Beyond standard diffusion models, explor-
ing alternative generative architectures—such as hybrid models that combine diffusion
and autoregressive mechanisms—may offer additional benefits in improving generation
quality.

As detailed in Section 8.3.3, the task of partial map completion using the proposed
3D Gaussian representation poses significant challenges. This is primarily due to the
probabilistic and uncertainty-aware nature of the underlying GMM representation, which
makes it difficult to directly employ point-wise probability as a guiding loss function
during generation. In particular, optimizing the GMM likelihood is highly non-convex,
resulting in instability and limited reliability of gradient-based optimization methods.
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In contrast, much of the current research in differentiable 3D rendering leverages
the straightforward Mean Squared Error (MSE) loss in the image domain. This loss
function, due to its smoother and more convex landscape, enables more stable and efficient
optimization. This advantage stems from the differentiable rendering pipeline, which
connects 3D representations to 2D image observations.

However, in tasks where modeling the uncertainty of the prediction is essential, rather
than producing a deterministic point estimate, MSE loss is often inadequate. In such
scenarios, log-likelihood-based losses offer a principled way to learn from probabilistic
representations. Therefore, developing a more stable and smooth surrogate loss tailored to
distribution-based map representations remains an important direction for future research.

Furthermore, in our experiments, we observed that SDS-based optimization for sample
generation using diffusion models only succeeded when the diffusion model was trained
to minimize data sample error. In contrast, training based on noise prediction led to
poor generation performance. This discrepancy highlights a fundamental difference in
optimization behavior and underscores further investigation into the characteristics of
diffusion models under different training objectives.

To extend the 3D generation framework from instance-level objects to large-scale
outdoor environments, we consider two distinct scenarios.

The first scenario involves transferring to structured building models. This is a natural
progression, as buildings can be treated as detailed objects like other instance-level objects
used in the previous experiments. A crucial step in this case is to curate or simulate a large,
diverse set of clean and complete geometric data representing various building types and
styles.

The second scenario addresses the more complex and unstructured urban environment.
Successfully managing this task requires the development of a more sophisticated world
model capable of capturing heterogeneous and irregular geometries under real-world
variability. A world model refers to a generative or predictive system that encodes the
underlying spatial and temporal structure of the environment, often in a compact or
latent representation. Training such a model typically requires massive, diverse datasets
and substantial computational resources. Nevertheless, integrating a world model into
this task represents a promising research direction for enhancing the robustness and
expressiveness of 3D generative mapping and the completion of missing areas in complex
environments.
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Chapter 9

Conclusion and Outlook

9.1 Summary and Conclusion

In recent advancements in spatial mapping and 3D representation, there has been a grow-
ing need for robust, uncertainty-aware methodologies that can adapt to complex urban
environments and dynamically update in response to new data. Traditional mapping tech-
niques often struggle with accurately quantifying uncertainty and efficiently processing
large-scale data, particularly in structured urban areas where precise and reliable maps
are crucial for various applications, such as localization and autonomous navigation.

Building on this need, our previous chapters introduced an innovative 3D map rep-
resentation that combines GMMs with GPs in a Bayesian framework. This approach
leverages the strengths of both methods: GMMs act as informative priors for capturing
the global distributions of environmental features, while GPs enable precise modeling of
local fine-grained surface structures along with well-calibrated uncertainty estimates. This
integration is further optimized through hierarchical structures, derivative observations,
and spatial decomposition techniques, such as Octree partitioning, which enhance both
the accuracy and computational efficiency of large-scale 3D mapping in urban scenes.

The research begins with the development of an accurate and uncertainty-aware build-
ing model tailored for structured objects in urban environments, as introduced in Chapter
5. This method segments buildings into local coordinate frames, where the local surface
is modeled using a 2.5D representation. Within each frame, 1D GMMs are employed to
capture dominant planar surface structures, followed by local GPs to refine non-planar
regions, thereby enhancing the overall geometric fidelity. The resulting models can be
converted into probabilistic occupancy maps, enabling evaluation against benchmark
approaches using real-world LiDAR point clouds. Experimental results demonstrate that
the proposed method achieves the highest AUC scores, validating its effectiveness in both
surface modeling and uncertainty quantification.

In Chapter 6, the proposed approach is extended to full 3D representations using
implicit SDFs, enabling the modeling of more general and complex geometries beyond
the constraints of structured building surfaces. Compared to the previous method, this
extension incorporates higher-dimensional GMMs with hierarchical structures and direct
regression of the SDF, facilitating the transition from local 2.5D surfaces to comprehensive
3D models. The hierarchical GMMs serve as non-stationary priors for gradient-aware GP
inference within a Bayesian framework. The integration is also compatible with alternative
GP variants, such as the Logarithm-GP. Additionally, an incremental update mechanism
is introduced, allowing new observations to be efficiently incorporated into the map.

Furthermore, the surface reconstruction process and the associated uncertainty derived
from the proposed 3D map representations are rigorously analyzed. The Marching Cubes
algorithm is employed to extract explicit mesh surfaces from the implicit SDF representa-
tions, enabling an evaluation of reconstruction quality and uncertainty quantification.
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Comprehensive experiments using both the real-world LUCOOP dataset (Axmann
et al. 2023) and synthetic data from the CARLA simulator demonstrate the proposed 3D
mapping framework’s strengths. The results show that the method achieves the lowest
RMSE for surface accuracy, the highest log-likelihood scores for uncertainty estimation,
and competitive efficiency in terms of training and inference time when compared to
state-of-the-art methods.

Applications of this 3D mapping framework have been extended to uncertainty-aware
localization tasks, as well as to 3D generation and completion tasks aimed at filling missing
regions with associated uncertainty estimates.

In the localization tasks, using the 3D Gaussian maps achieves superior accuracy
compared to the standard NDT approach. Detailed analyses are also provided and reveal
insight into the propagation of map uncertainty into pose estimation.

To explore the proposed map framework’s potential in 3D generation and comple-
tion, we integrate it with state-of-the-art deep generative modeling. A diffusion-based
generative model is employed to produce probabilistic 3D geometries using the proposed
Gaussian representations. Evaluations on public synthetic instance-level datasets show
state-of-the-art performance in terms of generation quality. Furthermore, experiments
are conducted to use the model as a prior for reconstructing 3D shapes from partial
data, and the results suggest both the challenge and the potential of using the proposed
method in this task. Although the experiments are evaluated on synthetic, instance-level
datasets, the results clearly demonstrate the framework’s potential for future application
and transferability to real-world outdoor environments.

9.2 Qutlook

To provide a comprehensive and enriched outlook for future research based on the in-
novative proposals of 3D mapping techniques discussed in this thesis, and considering
the rapid advancements in uncertainty-aware 3D mapping of urban scenes, a broadened
perspective on potential research avenues is presented in the following.

Uncertainty-Aware Neural Rendering

With the advent of deep-learning methods and innovations in neural radiance fields,
exploring uncertainty-aware mappings for rendered radiance fields presents an exciting
frontier. This could involve extending popular representations such as NeRF and GS to
include robust uncertainty quantifications, enabling more accurate and reliable visual ren-
derings. Such developments could revolutionize fields such as virtual reality, augmented
reality, and cinematic visual effects by providing more realistic and physically accurate
scenes.

Enhancing 3D Generation with Deep Generative Models

As discussed in Chapter 8, despite strong performance in 3D generation, the proposed
method has the limitations: the uncertainty estimates exclude diffusion-specific errors (e.g.,
mode collapse), and GMM-based optimization suffers from non-convexity, necessitating
more stable surrogate losses. Future work should integrate uncertainty quantification
for deep generative models (e.g., via Bayesian frameworks), enhance generative quality
through hybrid architectures (e.g., integrate diffusion with autoregressive models) and
diverse datasets.
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Scaling Generation to Real-World Outdoor Environments

Additionally, building on the current use of object-level 3D generation, extending deep
generative models to handle large-scale outdoor scene reconstructions offers a vast re-
search domain. First, by collecting and preparing a sufficient training dataset of outdoor
buildings, the method can be transferred directly from the object-level 3D assets to struc-
tured 3D buildings. Second, in more challenging and unstructured urban environments,
a world model with strong generative and predictive capabilities can be employed to
provide rich, irregular, and complex prior information for 3D reconstruction and comple-
tion. Although training such models demands large-scale, diverse datasets and significant
computational resources, the potential benefits are substantial. Incorporating a world
model into 3D generative mapping frameworks—capable of reconstructing and complet-
ing large-scale scenes with a high degree of uncertainty awareness—would represent a
major advancement, with profound implications for safety-critical autonomous systems.

Improving Uncertainty Estimation in Localization

As analyzed in Chapter 7, the proposed mapping framework significantly improves
localization accuracy, yet the associated uncertainty estimates are underestimated. This
issue arises in part from the presence of highly correlated points, particularly those lying
on the same planar surface and exerting similar influence on pose estimation. In future
work, a more in-depth investigation is needed to address this limitation.

One promising direction is to develop covariance models that explicitly incorporate
geometric relationships between points—such as planar alignment or structural consis-
tency—rather than relying solely on distance-based correlation. This could help to better
capture the true uncertainty by accounting for redundancies in the data.

Also, a principled framework should be explored that minimizes optimization-induced
errors while leveraging the probabilistic nature of the map representation and its spa-
tial correlations. For instance, reducing the number of effective points used in opti-
mization—without compromising pose accuracy—could improve both computational
efficiency and uncertainty estimation.

Toward Dynamic Environment Mapping

The current 3D mapping predominantly focuses on static scenes. There is a significant
opportunity to extend these methodologies to dynamic environments, where objects and
structural elements evolve over time. Incorporating models that represent the evolution of
scenes over time can improve predictive accuracy and planning in autonomous systems.
This temporal dynamics within the mapping framework can also be captured by the world
model mentioned above.

Enhancing Scalability and Computational Efficiency

While the current framework provides a solid foundation, scaling to accommodate larger
datasets remains a challenge. Future work could focus on leveraging GPU optimization
effectively for the proposed mapping framework, which entails refining existing algo-
rithms and exploring advanced parallel computing techniques. Utilization of cloud-based
architectures could also be a pivotal area, potentially enhancing data processing speeds
and reducing the computational load on local systems. This would not only improve the
efficiency but also expand the applicability of the 3D mapping solutions to more extensive
and complex datasets.
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Multimodal Sensor Integration

The integration of heterogeneous sensor data, such as LiDAR, radar, and visual inputs,
within the proposed 3D mapping framework is another promising direction. Enhancing
sensor fusion capabilities could significantly support the robustness and accuracy of the
models, especially in environments with complex sensory inputs. Advanced sensor fusion
techniques would allow the framework to provide more reliable and detailed mappings,
critical for applications in areas with high sensory variability.
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