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Abstract
In many applications, system positioning is crucial for executing tasks effectively. In particular,
autonomous systems must accurately determine their position while simultaneously monitoring it
under consideration of the estimated uncertainties to ensure safe operation. However, achieving
accurate positioning can be challenging depending on the environment and specific requirements.
Although Inertial Navigation Systems (INS) are well-established in numerous applications, their
limitations can impede further adoption. Without clear sky visibility, Global Navigation Satellite
System (GNSS) observations can yield inaccurate position solutions, potentially compromising
safety and performance. In the field of robotics, alternative approaches are widespread. Inertial
Measurement Units (IMUs) and odometry are commonly employed with additional sensors such as
cameras and Light Detection and Ranging (LiDAR) used to enhance position estimation. To fully
leverage the advantages of all sensors, data fusion processes must accurately weight information
from each sensor. For example, the measurement quality of LiDARs is influenced by atmospheric
conditions, the characteristics of the measured object, and the sensor itself. Consequently, when
integrating LiDAR data into the positioning process, measurement uncertainty directly impacts
positioning accuracy.
This cumulative dissertation addresses the challenge of fusing LiDAR data with other sensor

measurements at various stages of the processing chain. Sensor data fusion requires extrinsic cali-
bration. When LiDAR measurements are involved in the calibration process, the inherent measure-
ment uncertainty influences the calibration results. During sensor data fusion, achieving an optimal
combination of information is crucial for deriving the best positioning solution. This involves two
key aspects: maintaining time synchronization throughout the fusion process and appropriately
weighting observations according to their uncertainties. For LiDAR specifically, the material prop-
erties of measured objects significantly impact measurement uncertainty. Therefore, adjusting the
weighting of observations during positioning is essential to maximize accuracy. Finally, the results
must be evaluated against ground truth data to validate their accuracy and reliability with respect
to their uncertainties. The contributions of this dissertation are outlined as follows:

1. A comprehensive procedure for both intrinsic and extrinsic LiDAR calibration is presented.
This procedure includes determining the transformation parameters between the LiDAR and
its platform, applying corrections to the LiDAR observations, and utilizing Variance Compo-
nent Estimation (VCE) to estimate the variance-covariance structure of the sensor.

2. Enhancements to sensor data fusion within an Error State Kalman Filter (ESKF) are achieved
by implementing pose interpolation. This technique reduces errors associated with map
matching by deskewing LiDAR point clouds. Additionally, an alternative procedure is in-
troduced for propagating measurement uncertainties throughout the entire processing chain.

3. A dual Kalman filter approach is introduced to update the stochastic model of observations
during operation. The second state vector tracks estimated variance components, serving as
a regularization mechanism during the initial epochs of estimation.

The experiments demonstrate that incorporating the estimation of intrinsic parameters significantly
enhances the calibration process. Further improvements are reached by implementing pose inter-
polation, nearly halving deviations depending on the system’s speed. Furthermore, the estimated
stochastic model provides valuable information for further steps. While the uncertainties for the
angle measurements from the calibration prove applicable to other contexts, the corrections and
uncertainties for the distance measurements are estimated in a dual filtering approach. The evalu-
ation is performed in simulation and using real datasets, for which obtaining sufficiently accurate
reference data proves challenging. The dual filtering approach successfully reduces the deviations
in the simulations by up to 50% and consistency measure in the real dataset by up to 30%. For
the real dataset, the recursive estimation of uncertainties and corrections yields plausible results.
Keywords: Gauß-Helmert model, Kalman filter, variance component estimation, adjustment,

sensor data fusion





Kurzfassung
In vielen Anwendungen ist die genaue Positionierung von Systemen entscheidend für die erfolgre-
iche Ausführung von Aufgaben. Besonders autonome Systeme benötigen eine genaue Positionss-
chätzung unter Beachtung der Unsicherheiten, um einen sicheren Betrieb zu gewährleisten. Dabei
kann es je nach Umgebung und spezifischen Anforderungen eine Herausforderung sein, die benötigte
genaue Positionierung zu erreichen. Obwohl Inertiale Navigationssysteme (INS) in zahlreichen An-
wendungen bereits etabliert sind, behindern ihre Einschränkungen die umfängliche Nutzung. Ohne
uneingeschränkte Sicht auf den Himmel können Beobachtungen von Globalen Navigationssatelliten-
systemen (GNSS) zu ungenauen Positionslösungen führen, was die Sicherheit und Zuverlässigkeit
des Systems beeinträchtigen kann. Eine Verbesserung der Positionsschätzung kann erreicht werden,
indem Methoden aus der Robotik zum Einsatz kommen, bei denen zusätzliche Sensoren wie Kam-
eras und Light Detection and Ranging (LiDAR) als Unterstützung zu Odometrie und Inertialen
Messeinheiten (IMU) eingesetzt werden. Um die Vorteile aller Sensoren voll auszuschöpfen, müssen
Datenfusionsprozesse die Informationen jedes Sensors korrekt gewichten. So wird beispielsweise die
Messqualität von LiDARs durch atmosphärische Bedingungen, die Eigenschaften des gemessenen
Objekts und den Sensor selbst beeinflusst. Dementsprechend haben die Messunsicherheiten der
LiDAR-Daten einen direkten Einfluss auf die Genauigkeit im Positionierungsprozess.
Diese kumulative Dissertation widmet sich der Herausforderung, die Verarbeitungskette für die

Fusion von LiDAR-Daten mit anderen Sensoren zu verbessern. Die Sensordatenfusion erfordert eine
extrinsische Kalibrierung. Wenn LiDAR-Messungen im Kalibrierungsprozess einbezogen werden,
beeinflusst die Sensorunsicherheit die Kalibrierungsergebnisse. Während der Sensordatenfusion ist
es entscheidend, eine optimale Kombination der Informationen zu erreichen, um die bestmögliche
Positionierung zu erzielen. Dies umfasst zwei Schlüsselaspekte: die Zeitsynchronisation über den
gesamten Fusionsprozess hinweg und die angemessene Gewichtung der Beobachtungen gemäß ihrer
Unsicherheiten. Speziell für LiDAR wirken sich die Materialeigenschaften der gemessenen Objekte
erheblich auf die Messunsicherheit aus. Daher ist es wichtig, die Gewichtung der Beobachtungen
während der Positionierung anzupassen, um die Genauigkeit zu maximieren. Abschließend müssen
die Ergebnisse mit Referenzdaten verglichen werden, um ihre Genauigkeit und Zuverlässigkeit in
Bezug auf ihre Unsicherheiten zu evaluieren. Die wesentlichen Beiträge dieser Dissertation können
wie folgt zusammengefasst werden:

1. Ein Verfahren für die intrinsische und extrinsische LiDAR-Kalibrierung wird vorgestellt. Es
umfasst die Bestimmung der Transformationsparameter zwischen LiDAR und Plattform,
die Korrektur von LiDAR-Beobachtungen sowie die Nutzung einer Varianzkomponenten-
schätzung, um die Varianz-Kovarianz-Struktur des Sensors zu schätzen.

2. Verbesserungen der Sensordatenfusion innerhalb eines Error-State-Kalman-Filters (ESKF)
werden durch die Implementierung der Posen-Interpolation erreicht. Diese Technik reduziert
Fehler, die bei der Positionierung mit Lokalisierungskarten verbunden sind, indem sie LiDAR-
Punktwolken entzerrt. Zudem wird ein alternatives Verfahren zum Fortpflanzen von Messun-
sicherheiten über die gesamte Verarbeitungskette eingeführt.

3. Ein dualer Kalman-Filter-Ansatz wird eingeführt, um das stochastische Modell der Beobach-
tungen während der Filterung zu aktualisieren. Der zweite Zustandsvektor umfasst die
geschätzten Varianzkomponenten und dient als Regularisierung zu Beginn der Schätzung.

Die Experimente zeigen, dass die Einbeziehung der intrinsischen Parameter in die Schätzung den
Kalibrierungsprozess erheblich verbessert. Die Implementierung der Posen-Interpolation führt zu
einer verbesserten Positionierungsgenauigkeit, bei der die Abweichungen in Abhängigkeit von der
Geschwindigkeit nahezu halbiert werden. Darüber hinaus erweist sich das geschätzte stochastische
Modell als wertvoll für die weitere Verarbeitung. Während die Unsicherheiten für die Winkelmes-
sung aus der Kalibrierung übertragbar sind, werden die Korrekturen und Unsicherheiten für die
Distanzmessung in einem dualen Filteransatz weitergeschätzt. Die Evaluation wird mittels Simula-
tionen und Echtdaten durchgeführt, wobei bei den Echtdaten keine Referenzdaten in der notwendi-
gen Genauigkeit zur Verfügung stehen. Der duale Filteransatz verringert die Abweichungen in
den Simulationen um bis zu 50% und verbessert die Konsistenz in den Echtdaten um bis zu 30%.



Die rekursive Schätzung von Unsicherheiten und Korrekturen liefert plausible Ergebnisse bei den
Echtdaten.
Schlagwörter: Gauß-Helmert Modell, Kalman Filter, Varianzkomponentenschätzung, Ausgle-

ichung, Sensordatenfusion
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1 Introduction

1.1 Motivation
Modern society relies on numerous systems that either assist human operators or function with
full autonomy. These systems range from vacuum cleaners in homes to logistic robots in ware-
houses and large vehicles in industrial or public spaces. This wide array of applications highlights
their significance. In each case, accurately positioning these systems is crucial to their successful
operation. While industries continue to drive automation forward to reduce costs and workforce
demands, ensuring safety remains a paramount concern. Larger systems, or those operating in
environments shared with humans and other actors, must ensure the safety of both the system and
its surroundings. Safety can only be assured if the systems’ positions and orientations are known
at all times. This is particularly evident in public traffic scenarios, where different transportation
modes interact. Recently, there has been a significant push towards autonomous driving, with many
manufacturers enhancing assistance functions and offering some fully autonomous driving options
(Mallozzi et al., 2019; Othman, 2021). Although fully autonomous driving in Germany is currently
restricted to highways (Mercedes-Benz Group, 2022), other countries permit autonomous vehicles
in diverse areas, including urban centers (Waymo, 2025). This presents a host of challenges. Ur-
ban environments yield a wide variety of potential scenarios involving other traffic participants at
relatively low speeds. Conversely, roads outside urban areas pose increased dangers due to higher
speeds. In any scenario, vehicles must adhere to their lanes and follow applicable traffic regulations
while avoiding other participants.
To address these challenges, combining different sensors has become a preferred strategy. As

a result, multi-sensor systems (MSSs) are commonly employed for both positioning systems and
detecting obstacles in kinematic systems. The selection of sensors for positioning depends on the
specific application. In outdoor environments, inertial navigation system (INS) are prevalent. By
integrating inertial measurement unit (IMU) with Global Navigation Satellite System (GNSS), a
balance is struck between the inherent limitations of each sensor type. IMUs provides high mea-
surement rates but suffers from sensor drift over extended periods (Titterton & Weston, 2004).
Conversely, GNSS delivers precise global positioning solutions, with newer systems offering high-
frequency position updates (ublox, 2025; JAVAD, 2025). The primary limitation of GNSS lies
in its requirement for unobstructed sky visibility. Positional accuracy diminishes due to obstruc-
tions or reflections, whether from natural or man-made structures (Hsu, 2018), complicating the
use of traditional INSs in urban settings. Indoors, and increasingly in other applications, many
systems incorporate cameras, light detection and ranging sensors (LiDARs), or a combination of
both to facilitate positioning (Pöppl et al., 2023). Their independence of external information and
comparatively high temporal stability make these sensors valuable for this purpose. These exte-
roceptive sensors are naturally well-suited for detecting obstacles and other traffic participants as
well. LiDAR, in particular, offers a direct method for acquiring 3D environmental information. Its
active measurement principle enables functionality independent of external lighting conditions. In
controlled settings like warehouses or offices, point clouds generated by LiDAR can create maps
or position systems with sufficient accuracy for most tasks (Nüchter et al., 2018). However, trans-
ferring these systems to vehicles operating in outdoor environments introduces new challenges. To
enhance positional reliability, pre-constructed maps serve as a fixed reference for estimation. Ve-
hicles travel at higher speeds in more variable conditions, influenced by diverse weather factors.
LiDARs are sensitive to the surfaces they measure and the geometry involved. Highly reflective or
wet surfaces present issues (Velodyne, 2019b), as do measurements taken at steep angles (Soudaris-
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sanane et al., 2009). These factors elevate the requirements for data fusion. Achieving lane-level
accuracy of 10 cm with 95% confidence (Reid et al., 2019) necessitates not only high sensor precision
but also the proper synchronization and weighting of data from multiple sensors.

Calibration

Evaluation

LiDAR
observations

Reference
Data

Other sensor
observations

Sensor Fusion+ Georeferenced
Point Cloud

Trajectory

Figure 1.1: Overview of sensor fusion process for LiDAR-based MSS.

To enable sensor data fusion that satisfies the outlined requirements, several essential steps must
be carried out. These steps are illustrated in Figure 1.1. With a focus on LiDARs, calibration is
necessary before deploying the system. During the data fusion, LiDAR observations are fused with
data from other sensors, resulting in an estimated trajectory. This trajectory or a georeferenced
point cloud derived from it can be used to evaluate the results. Numerous studies have explored
this issue (Vennegeerts, 2011; Durrant-Whyte & Henderson, 2016; Heinz, 2021; Hartmann, 2023),
each contributing to various aspects of the processing chain.
This dissertation examines the entire processing chain and investigates how the process can

be improved, particularly focusing on the uncertainties introduced by the LiDAR. The widely
used low-cost LiDARs introduce significant uncertainties of unknown magnitude. Addressing these
uncertainties is essential to achieve optimal results. Where applicable, insights from higher accuracy
terrestrial laser scanners (TLSs) and MSSs are applied.
In the initial step, calibration, the first uncertainties are accumulated, which affect the entire

remaining processing. Therefore, accurate calibration of the system, encompassing all sensors,
is a fundamental prerequisite for effective fusion (Glennie, 2007). Specifically, it is necessary to
determine the transformation parameters between the sensors and the platform. Depending on
the sensors used, manufacturer-provided information may not suffice for achieving optimal fusion
results. Thus, intrinsic calibration of the sensor (Glennie et al., 2016; Bergelt et al., 2017; Sánchez
& Pany, 2019) becomes crucial, as it enhances the outcomes of extrinsic calibration when the
sensor’s measurements are incorporated in the process (Heinz et al., 2015; Kümmerle & Kuhner,
2020; Lv et al., 2022). The weighting of observations from different sensors is typically based on
their random measurement uncertainties, making the stochastic model of these sensors a crucial
component in the uncertainty modeling. Consequently, procedures for a combined calibration of
extrinsic and intrinsic parameters, including uncertainties, are necessary.
This information is subsequently utilized in sensor data fusion. Here, the motion of the system

in combination with the various uncertainties poses challenges. Given the system’s movement
during operation, compensating for this motion is essential when georeferencing the LiDAR points.
Various deskewing techniques for LiDAR are available, each offering different levels of flexibility
depending on the application (Qin et al., 2022; Mounier et al., 2025; Hartmann, 2023). As sensors
might exhibit temporal instability and scanning behavior influenced by the geometry and material
of scanned objects, methods to adapt corrections and the stochastic model during operations are
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essential. There are existing strategies for elements of uncertainty modeling during operation, such
as identifying issues between stochastic and functional models (Ettlinger et al., 2018), detecting
reflected observations (Kim & Chung, 2018), or updating the stochastic model (Hu et al., 2025).
A comprehensive modeling approach, updated during operation, is missing so far.
Lastly, the evaluation of the results is crucial to acquire quality measures. Various techniques

are documented in the literature: some apply to point clouds generally, and others specifically
address kinematically acquired point clouds (Stenz et al., 2020; Hartmann, 2023). Introducing the
uncertainties of the entire processing chain strengthens the significance of the results, although it
is often not performed rigorously. In the context of low-cost LiDARs, it is crucial to assess the
accuracy of results relative to sensor and system uncertainties. This dissertation demonstrates the
entire processing chain based on two datasets, one from a robot in a laboratory environment and
one from a vehicle in an urban environment (Axmann et al., 2023). Section 1.2 will outline the
research questions that underpin this thesis.

1.2 Research Questions
The objective of this thesis is to achieve a consistent end-to-end sensor fusion chain for kinematic
LiDAR-based MSSs, covering all relevant steps. This is demonstrated through a position track-
ing application that matches LiDAR observations with a pre-existing environmental map while
accounting for all system uncertainties. Current literature presents unresolved issues relevant for
this application, which this work addresses. One significant issue is the calibration of an MSS,
where the integration of extrinsic and intrinsic calibration for LiDARs often tends to omit either
the stochastic model or the sensor-specific corrections. A consistent data fusion process depends
on several critical factors. Firstly, the asynchronously acquired data must be processed accurately,
necessitating a strategy to compensate for movement during the scanning process and to deskew
the point clouds in a recursive state estimation appropriately. Secondly, the measurement uncer-
tainty of LiDARs is influenced by environmental conditions. A particularly notable factor is the
nature of the scanned object and its material. Different sensors can respond differently to the
same material and may even exhibit temporal drift in their measurements, thus requiring an online
estimation process to appropriately weight and correct observations. Finally, the outcomes need to
be evaluated with an understanding of the estimated uncertainties inherent in the fusion process.

This leads to the following research questions:

• Research question 1: How can the consistent estimation for the calibration parameters of
a LiDAR be accomplished?

• Research question 2: How can the processing pipeline for referencing kinematically ac-
quired point clouds be modeled to provide consistent predictions of point uncertainties?

• Research question 3: How can remaining systematic deviations of an MSS be estimated
from kinematically acquired point clouds, and can these deviations be assigned to specific
components of the model?

An overview of the relevant publications, including their context with respect to the research
questions, is given in Figure 1.2. While this dissertation is cumulative, summarizing publications A
to D, Chapter 4 includes additional investigations contributing to answering the. research questions.
3.
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Research Question

1: Consistent
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calibration parameters

2: Consistent
prediction of point

uncertainties

3: Determination of
systematic deviations

A: Ernst et al. (2022)
Analysis of Multiple Positions for

the Intrinsic and Extrinsic
Calibration of a Multi-Beam LiDAR

3.1 Calibration

3.2 Sensor Data
Fusion

3.3 Uncertainty
Evaluation

4. Additional
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B: Ernst et al. (2023)
Error State Kalman Filter with

Implicit Measurement Equations for
Position Tracking of a Multi-Sensor

System with IMU and LiDAR

C: Ernst et al. (2024)
Monte Carlo variance propagation
for the uncertainty modeling of a

kinematic LiDAR-based multi-
sensor system

D: Ernst et al. (2024)
Empirical uncertainty evaluation

for the pose of a kinematic LiDAR-
based multi-sensor system

Publication Section

Figure 1.2: Overview of the publications for this cumulative thesis. The flowchart shows how each
publication addresses specific research questions. Arrows indicate the content of the
publications contributing to the sections in this chapter and the next.

1.3 List of Publications and Outline
The presented cumulative dissertation contains methodological contributions and investigations
concerning the uncertainty modeling of kinematic LiDAR-based MSSs. The relevant publications
of the author are listed in Chapter 7. These publications were all checked by peer-review and
published in well known journals or conferences. The relation with respect to the research questions
in presented in Figure 1.2. Four publications set the foundation for this dissertation:

• Publication A:
Ernst, D.; Alkhatib, H., Neumann, I. & Vogel, S. (2022). Analysis of Multiple Positions for
the Intrinsic and Extrinsic Calibration of a Multi-Beam LiDAR. In 2022 25th International
Conference on Information Fusion (FUSION), Linköping, Sweden, 1 - 8.
https://doi.org/10.23919/FUSION49751.2022.9841366

• Publication B:
Ernst, D., Vogel, S., Neumann, I. & Alkhatib, H. (2023). Error State Kalman Filter
with Implicit Measurement Equations for Position Tracking of a Multi-Sensor System with
IMU and LiDAR. In 2023 13th International Conference on Indoor Positioning and Indoor
Navigation (IPIN), Nuremberg, Germany, 1 - 6.
https://doi.org/10.1109/IPIN57070.2023.10332480

• Publication C:
Ernst, D.; Vogel, S., Alkhatib, H. & Neumann, I. (2024). Monte Carlo variance propagation
for the uncertainty modeling of a kinematic LiDAR-based multi-sensor system. Journal of

https://doi.org/10.23919/FUSION49751.2022.9841366
https://doi.org/10.1109/IPIN57070.2023.10332480
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Applied Geodesy, 18(2), 237–252.
https://doi.org/10.1515/jag-2022-0033

• Publication D:
Ernst, D., Vogel, S., Neumann, I. & Alkhatib, H. (2024). Empirical uncertainty evaluation
for the pose of a kinematic LiDAR-based multi-sensor system. Journal of Applied Geodesy,
18(4), 629–642.
https://doi.org/10.1515/jag-2023-0098

The individual contributions for these publications are as follows:

Publication A

• D. Ernst (main author): Conception and design of study, conducting the experiment, data
analysis, writing the manuscript, correspondence during review process.

• H. Alkhatib: Review and checking of manuscript, methodological advice.

• I. Neumann: Review and checking of manuscript.

• S. Vogel: Review and checking of manuscript, methodological advice and technical expertise.

Publication B

• D. Ernst (main author): Conception and design of study, coding of simulation envi-
ronment, conducting the experiment, data analysis, writing the manuscript, correspondence
during review process.

• S. Vogel: Review and checking of manuscript, methodological advice and technical expertise.

• I. Neumann: Review and checking of manuscript.

• H. Alkhatib: Review and checking of manuscript, methodological advice.

Publication C

• D. Ernst (main author): Conception and design of study, conducting the experiment, data
analysis, writing the manuscript, correspondence during review process.

• S. Vogel: Review and checking of manuscript, methodological advice and technical expertise.

• H. Alkhatib: Review and checking of manuscript, methodological advice.

• I. Neumann: Review and checking of manuscript, methodological advice and technical
expertise.

Publication D

• D. Ernst (main author): Conception and design of study, conducting the experiment, data
analysis, writing the manuscript, correspondence during review process.

• S. Vogel: Review and checking of manuscript, methodological advice and technical expertise.

• I. Neumann: Review and checking of manuscript, methodological advice and technical
expertise.

• H. Alkhatib: Review and checking of manuscript, methodological advice.

https://doi.org/10.1515/jag-2022-0033
https://doi.org/10.1515/jag-2023-0098
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These publication set the foundation to answering the first two research questions (c.f. Sec-
tion 1.2). Publication A addresses the calibration of LiDARs on MSS platforms. Publications B
and C deal with the sensor data fusion necessary for the second research questions. Additionally,
publications C and D expand on the uncertainty evaluation to check the consistency of the results.
In Chapter 3, the contents of the four listed publications will be summarized and the main aspects
identified. Remaining issues of the relevant publications and the third research question are ad-
dressed in the additional investigations (c.f. Chapter 4). The thesis continues with the conclusion
and outlook in Chapter 5. Chapter 6 lists more publications, which are not directly relevant to
this thesis. In Chapter 7, the four relevant publications are included. The appendix in Chapter 8
includes the algorithms used.



2 Scientific Context

This chapter situates the thesis within its broader scientific context and provides the conceptual
basis for the subsequent analyses. As multi-sensor fusion is a widely used strategy, a wide array
of works can be found in the literature, focusing on different aspects of the process. Section 2.1
provides an overview of relevant works highlighting aspects related to this thesis. Afterwards, the
necessary prerequisites for understanding this thesis are introduced. First, Section 2.2 introduces
the necessary notation and terms used. Finally, the utilized datasets are presented in Section 2.3,
ranging from a fully simulated dataset to two real datasets from an indoor and an urban dataset.

2.1 State of the Art
Multi-sensor fusion is a complex task with numerous applications, alongside significant challenges.
Consistent with the overall focus of this dissertation, the emphasis is on LiDAR-based MSSs. While
systems incorporating other exteroceptive sensors, such as cameras or radar, are acknowledged, they
are discussed only when relevant. This section aims to provide an overview of the current state of
the art concerning the aspects of this thesis. While the relevant papers each contain their respective
state of the art, an overview is provided here, with a special focus on the additional investigations
in Chapter 4. Due to the complexity of the topic, the overview here has no claim to be exhaustive.
Initially, the spotlight is on the calibration of MSSs in Subsection 2.1.1. Subsequently, Subsec-
tion 2.1.2 examines data fusion for georeferencing systems. The final Subsection 2.1.3 addresses
the evaluation of MSSs.

2.1.1 Calibration
The calibration of MSSs can be approached in various ways. Given that an MSS comprises multiple
sensors mounted on a shared platform or positioned in proximity, their relative translation (lever
arms) and orientation (bore angles) must be known to process sensor data consistently. Deter-
mining the transformation parameters between individual sensors is essential for every MSS and
constitutes the extrinsic calibration. Additionally, intrinsic calibration can be conducted to correct
the measurements of individual sensors. This process is common across various sensor types, such
as cameras (Luhmann, 2000) or GNSS antennas (Kröger et al., 2021), and is equally applicable to
LiDARs, which are of particular interest in this dissertation. This section addresses both extrinsic
and intrinsic calibrations, as well as their combination.
Extrinsic calibration can be conducted either between the frames of two sensors or between

a sensor and a designated platform frame. Utilizing a separate platform frame can be beneficial,
especially when sensors are frequently swapped or are inaccessible due to the platform’s config-
uration. Extrinsic calibration between sensors can involve various sensor combinations, such as
LiDAR-camera (Zhang et al., 2025) or LiDAR-IMU. The LiDAR-camera scenario is not covered
here, as cameras are not consistently included in kinematic systems, unlike IMUs, which are inte-
gral to such systems. For smaller setups, Mishra et al. (2021) propose a method to kinematically
calibrate a LiDAR and an IMU using an extended Kalman filter (EKF), where the system moves
through a targetless environment on a trajectory, and both the trajectory and transformation
parameters are optimized simultaneously. In larger environments, Li et al. (2023) implement a
vehicle-mounted configuration, incorporating additional raw GNSS observations and performing
kinematic measurements to jointly estimate trajectory and transformation parameters. In this in-
stance, the height component is disregarded as the vehicle operates on a horizontal plane. For
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calibrating a LiDAR with a platform frame, several approaches exist. In static scenarios, where
the platform is oriented in specific ways within a calibration environment containing dedicated
reference geometries, Strübing & Neumann (2013) presents a method for a rail surveying vehicle,
demanding high precision profile scanners due to the application’s stringent requirements. The
reference geometries are recorded using a hand scanner to meet these standards. Other researchers
adopt similar strategies with varied types of reference geometries: Hartmann et al. (2017) use a
laser tracker (LT) to capture reference panels, while Vennegeerts (2011) employs a close-range pho-
togrammetry setup for reference information. This calibration principle demands careful design
of the calibration field to achieve optimal results (Hartmann et al., 2019). Kinematic calibration
between LiDAR and a platform is also possible. Hillemann et al. (2019) use geometric features
as a measure of point cloud consistency in targetless environments, optimizing by computing a
georeferenced point cloud based on a predefined trajectory and minimizing feature values through
adjustments in extrinsic calibration. Esser et al. (2024) use a similar approach, specifically focusing
on omnivariance, catering to applications in agricultural environments where stable features are
absent, and thus, reference geometries are strategically positioned in the scene. In this scenario,
additional observations from a total station and TLS enhance trajectory estimates. In all these
instances, the precision of trajectory estimates significantly influences the quality of the calibration
results.
Intrinsic calibration is essential for applications with stringent accuracy requirements or for

sensors lacking manufacturer-provided calibration. Geodetic sensors can undergo calibration to
meet high accuracy standards, whether for all measurement components, as with TLS (Medic,
2021), or specifically for distance measurement in kinematic tasks (Hartmann et al., 2023). In
kinematic applications, calibrating smaller LiDARs is generally beneficial, as manufacturers often
do not offer calibration, or the calibration must be performed regularly. Glennie et al. (2016),
Bergelt et al. (2017) and Sánchez & Pany (2019) explore the intrinsic calibration of Velodyne
Pucks. Sánchez & Pany (2019) employ a laboratory setup for precise reference data, whereas
Glennie et al. (2016) utilize an open environment with planar structures and various positions to
derive corrections. Both studies confirm the manufacturer’s specifications for distance measure-
ments, yet Glennie et al. (2016) note instability in the distance offset over time. Similar intrinsic
calibration methodologies exist for both older (Glennie & Lichti, 2010) and newer scanner models,
such as the approach presented by Brazeal et al. (2021) for corrections using Ripley prisms. In
addition to functional corrections, a sensor’s stochastic model is crucial for subsequent process-
ing tasks. For geodetic sensors, the intensity-based stochastic model for distance measurements is
well-documented and broadly applicable, ranging from single TLSs (Wujanz, 2016) to calibrations
across various sensor types (Schill et al., 2025) and other scanners like small profile laser scanners
for unmanned aerial vehicles (UAVs) (Dreier et al., 2024). However, for lower-cost mobile LiDARs,
these models are less applicable due to uncalibrated and quantized intensity information (Velodyne,
2019b). Studies focusing on calibrating LiDAR intensity data typically emphasize high-contrast
scenes for object distinction without relying on prior measurements (Levinson & Thrun, 2010),
thus hindering the creation of stochastic models akin to those used for TLSs.

To conclude this section, combined calibration approaches are considered. For calibrating two
LiDARs, Kim et al. (2021) propose a stop-and-go method that estimates intrinsic parameters si-
multaneously during optimization. This process involves capturing a trajectory and using single
frames to determine parameters based on planar structures in the environment. Similarly, Glennie
& Lichti (2010) calibrates a Velodyne HDL-64E on a platform while concurrently estimating the
intrinsic parameters. This is achieved from multiple positions to enhance the adjustment’s constel-
lation. Without addressing corrections, Heinz et al. (2015) calibrates a platform with a Hokuyo
profile laser scanner using a static setup, where variance component estimation (VCE) is employed
due to the absence of sensor stochastic model information. Similarly, Khami et al. (2025) calibrate
a UAV platform, including the distance offset of the used Velodyne Puck. Heinz (2021) conducts
a combined kinematic calibration, utilizing a vehicle-mounted platform in an outdoor calibration
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field to estimate both extrinsic and intrinsic parameters. In this case, the stochastic model is
fixed because the profile laser scanner employed is surveying-grade. Lv et al. (2022) present an
observability-aware intrinsic and extrinsic calibration procedure for LiDAR-based MSS. A larger
trajectory is analyzed, and only relevant parts are used to estimate the parameters. Levinson &
Thrun (2014) perform kinematic extrinsic and intrinsic calibration for a Velodyne HDL-64E, in-
cluding remittance calibration per scan line, but omit the stochastic model estimation. In summary,
there appears to be no existing calibration procedure that simultaneously estimates extrinsic and
intrinsic parameters while including a stochastic model, whether by VCE or another method. This
presents challenges for systems using low-cost LiDARs, as manufacturers do not provide detailed
information regarding their measurement uncertainties. Additionally, LiDAR distance measure-
ments are affected by the reflective properties of the measured surfaces, typically yielding higher
uncertainties for darker objects (Wujanz et al., 2017). Since the intensity-based stochastic model
cannot be applied to low-cost LiDARs, as the intensity information is scaled and quantized (usu-
ally to 8 bits), there is a necessity for an alternative approach. Soudarissanane et al. (2009) and
Zámečníková & Neuner (2018) show deviations based on the measurement constellation, i.e. angle of
incidence (AOI). In further investigations, Hartmann et al. (2023) demonstrate material-dependent
systematic deviations. Accounting for these effects during positioning is an open issue, too.

2.1.2 Sensor Data Fusion
Once the necessary parameters for sensor data fusion are established, the positioning of the system
can be computed. This dissertation focuses on LiDAR-based MSSs that track their position over
time, meaning the system’s initial state is known and the pose is continuously updated; in short,
position tracking. Even when the original position is known, GNSS remains valuable, as its fre-
quent absolute position updates help mitigate sensor drift, especially in IMUs. In the absence of
reliable GNSS data, alternative techniques become essential. The reliability of GNSS data can be
compromised by different influences, such as occlusions or reflections (Hsu, 2018). These influences
often occur in urban environments, in which accurate positioning is crucial to ensure the safety of
operation.
These techniques can be broadly classified into simultaneous localization and mapping (SLAM)

and map matching. SLAM involves detecting environmental features and building a map to locate
the system within this construct. Geneva et al. (2018) utilizes planes detected in kinematic LiDAR
scans. Their solution relies on factor graph optimization (FGO), minimizing the closest point-plane
distances between the point cloud and the pre-existing map. Other methods, such as the one by
Zuo et al. (2019), integrate multiple sensors, such as LiDAR, cameras, and IMU, to track sparse
environmental features. Their integration of asynchronous data results in an optimal outcome.
SLAM can reduce drift through additional sensor inputs and possible loop closure (Debeunne &
Vivet, 2020), yet it remains limited to tracking from the initial position. This can present issues if
the original position’s accuracy is compromised (Ghallabi et al., 2018). Map matching involves using
prior environmental information to guide the localization process, serving as an absolute reference
that enhances accuracy and reduces drift. The type of map can vary. For instance, Toth et al.
(2009) leverage different data sources to locate an aerial system by matching airborne laser scans
and aerial images. The images are compared with data from geographic information system (GIS)
databases, while the scans are matched to digital terrain models (DTMs) of the area. This fusion
is conducted within an EKF, which integrates the results back into the assignment steps for the
individual sensor data. Alternatively, city models can be employed to facilitate localization. Klein
& Filin (2011) use building edges detected in mobile mapping system (MMS) scans to enhance
system translation during GNSS outages. Bureick et al. (2019) utilize the planar features of a level
of detail (LOD)2 city model and a DTM to locate a UAV equipped with LiDAR, IMU, and GNSS.
Their work uses a simulated environment to test the algorithm and demonstrate the LiDAR data’s
benefits in georeferencing. The problem of LOD2 city model is the strong generalization of the
geometries. For the processing of real data, the differences between the actual environment captured
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by LiDAR and the models can lead to significant deviations (Wahbah et al., 2025). Though all
previously mentioned applications employ Kalman filters (KFs) for estimation, other methods exist.
Moftizadeh (2024) employs a particle filter (PF) to compute robust localization for a vehicle in an
urban environment, similar to Bureick et al. (2019), with a particular focus on robust updates to
exclude scatter points common in LiDAR data. Additionally, ultra wide band (UWB) observations
are included to incorporate data from other vehicles. Lucks et al. (2021) use iterative closest
point (ICP) on segments of larger point clouds acquired by an MMS, estimating transformation
parameters that are interpolated between segments to compute a continuous trajectory. This work
emphasizes point cloud segmentation, assigning only facade and ground points. Esser et al. (2023)
use FGO to improve MMS trajectories by detecting georeferenced targets, with detected target
coordinates serving as additional range and bearing observations for georeferencing. Meanwhile,
Zhang et al. (2021) employs a sliding window adjustment to locate vehicles using high definition
(HD) vector maps, varying the window size from two to five LiDAR frames.

Some studies concentrate on enhancing data fusion by improving specific aspects, such as time
synchronization. This element has both a technical and a methodological dimension. Technically,
sensor measurements must be timestamped correctly within the appropriate time system, which
could be a local system time or a universal system like Global Positioning System (GPS) time,
especially when integrating data from various platforms (Stempfhuber, 2004). Numerous modern
sensors are equipped with interfaces for GNSS antennas or receivers to include GPS timestamps
within their observations (Velodyne, 2019b). Methodologically, the synchronization process de-
pends on the sensors involved. For cameras, the rolling shutter effect is well known, with numerous
methods available to counteract this effect and enhance results (Oth et al., 2013). Rotating LiDARs
require similar remedies to prevent distortions in the georeferenced point clouds due to movement
during scanning. Mounier et al. (2025) address this by dividing LiDAR scans into subscans, then
computing interpolated poses for each subscan. The size of these subscans can be adjusted to man-
age computational effort. Qin et al. (2022) linearly extrapolated prior poses to generate deskewed
scans. Hartmann et al. (2023) georeferences points measured using kinematic TLS by computing
individual poses for each point, predicting the system’s pose for every timestamp. Similarly, Lee
et al. (2022) utilize pose interpolation for GNSS pseudo-range observations to enhance data fu-
sion with IMU and cameras. Delays in timestamps or measurement processing lead to increased
deviations in estimations, becoming more pronounced at higher velocities or rotation rates. For
instance, a system moving at 1 m/s with a timing accuracy of 1 ms results in a deviation of 1 mm
(Thalmann & Neuner, 2021). Higher speeds exacerbate these deviations, underscoring the necessity
for precise timestamps and time-sensitive processing. Although integral in LiDAR data processing,
the combined approach of using individual poses for each LiDAR point, synchronized with pose
interpolation for estimation, is not currently documented in the literature.
The uncertainty modeling of observations significantly impacts localization performance. Levin-

son & Thrun (2010) utilize probabilistic maps for vehicle localization, where their SLAM technique
requires calibrated intensities to match points from different scan lines accurately. This calibration
is self-supervised and applicable only to individual runs. Analyzing observations offers another
strategy through various methodologies. Ettlinger et al. (2018) examine the reliability of the up-
date step in a KF using a Gauß-Helmert model (GHM). Their objective is to distinguish between
issues in the observations, such as outliers, and estimation constellation problems. Conversely, Hu
et al. (2025) carry out VCE in a LiDAR SLAM context to assign appropriate weights to the obser-
vations from different sensors Without an absolute reference, SLAM cannot estimate corrections
for the sensor data. Another source of uncertainty lies in the maps used. Probabilistic maps, as
used by Levinson & Thrun (2010), assign a probability of being occupied to each cell. By aligning
all LiDAR observations with these cells, probabilities for estimated positions can be calculated.
Notably, this is only done for 2D localization. Alternative approaches, such as normal distance
transforms (NDTs), are also viable. Park & Chung (2024) employ NDT maps for uncertainty-
aware map matching, where localization is conducted using a histogram filter that calculates the
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probability for positions at various grid points concerning the horizontal position and heading.
Currently, the literature lacks studies that integrate the estimation of corrections for LiDARs with
the weighting of observations. This presents an area for further exploration, as such a combination
could enhance the accuracy and reliability of sensor data fusion and localization.

2.1.3 Uncertainty Evaluation
As with other geodetic measurements, the final stage of sensor data fusion involves evaluating the
results to provide quality measures. This evaluation can be performed using either the estimated
trajectory or the georeferenced point cloud, with the choice often depending on the specific ap-
plication. Evaluating using the trajectory necessitates additional sensors during the experiment.
Frequently, GNSS-based solutions are employed, including post-processed GNSS (Axmann et al.,
2023) or real time kinematic (RTK) solutions (Lee et al., 2022; Schlichting et al., 2019). These
solutions face challenges, particularly in urban or otherwise obstructed environments. Alternative
methods involve using robotic total stations (RTSs) to track systems during experiments. For ex-
ample, Tombrink et al. (2023) compared an INS estimated trajectory on a rail-bound track to one
measured by an RTS. The system changes orientation along the trajectory to study the impact of
different orientations. Similarly, Moftizadeh (2024) employs RTS measurements to assess a vehi-
cle’s trajectory under realistic conditions, tracking the vehicle in an urban setting before, during,
and after turning. Vogel (2020) utilizes a LT to track a corner cube reflector (CCR) mounted on a
vehicle for evaluation purposes. The LT offers higher measurement rates and improved accuracy.
Unlike RTSs measurements, which involve 360° prisms, the LT measures a standard CCR, further
restricting the field of view. All these applications share a common requirement for a direct line
of sight, which limits their usability. Furthermore, only a position on the system is measured,
evaluating just three degrees of freedom, despite estimating a full six degrees of freedom.
LiDAR-based MSSs generate georeferenced point clouds, which are valuable for assessing local-

ization accuracy. Given a LiDAR with high accuracy and resolution, targets can be utilized for
evaluation. Dreier et al. (2021) employ ground control points and tables as planar surfaces to assess
the trajectory of an UAV. The control points serve to evaluate the horizontal position, while tables
are sensitive to deviations in the estimated height. Similarly, Stenz et al. (2017) use various targets
to analyze scans from different sensors. By using reference spheres and photogrammetric targets,
they are able to compare kinematic scans to static ones. For any LiDAR, approaches for comparing
point clouds can be applied. Shi et al. (2020) implement a plane-based ICP method for strip adjust-
ment of data captured by a MMS, thereby evaluating the data quality. The estimated uncertainty
of georeferenced points is incorporated into this estimation process. Furthermore, Hofmann (2017)
introduces object-based evaluation methods utilizing environmental planes or cylinders. Multi-
ple evaluation methods are also proposed by Heinz (2021). Adding to the aforementioned works, a
parameter-based method is demonstrated here for road surface monitoring. A comparable approach
is applied by Kalenjuk & Lienhart (2022) for monitoring retaining walls in alpine areas through
data collected via an MMS. With the aim of deformation monitoring, point cloud discrepancies
are utilized to refine transformation parameters between distinct runs along the wall. Another
viable option is employing multiscale model-to-model cloud comparison (M3C2) for conducting
patch-based comparisons. Hartmann et al. (2023) applies this technique to compare georeferenced
point clouds against a reference point cloud obtained from a more precise sensor. This methodol-
ogy is particularly suited for evaluation of the correctness, as it averages the noise within a radius
around the core points selected by the method. Problems near edges can be addressed using the
approaches suggested by Yang (2023), where the switch from circular to supervoxel-based patch
definition enhances adaptation to the point cloud’s structure, leading to a more accurate portrayal
of its quality.
In summary, evaluating kinematic MSSs remains a relevant yet challenging issue. Difficult en-

vironments can limit the use of conventional reference sensors, such as post-processed GNSS or
tracking RTSs. Evaluations based on point clouds are feasible, but when low-cost LiDARs are
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used, measurement uncertainties affect the assessment. This limitation impedes some evaluation
methods, particularly those relying on targets. Other methods yield less significant results because
the assumptions concerning measurement uncertainties, while important, are not well understood.

2.2 Mathematical Fundamentals
This section covers the essential mathematical concepts required for the remainder of the thesis,
introducing symbols and terms for future reference. The goal is not to provide an exhaustive
overview of all concepts, but to clarify the methods used in this thesis. The content is organized
into three parts. The first part discusses the fundamental principles of sensor data fusion. Following
this, the focus shifts to adjustment computation, encompassing both batch adjustments and filtering
techniques. Lastly, quality measures are presented for subsequent application.

Sensor Data Fusion

The processing of data acquired by MSSs involves two key components: spatial referencing and
time synchronization. Spatial referencing involves determining the transformation parameters
between the different sensor frames. An additional platform frame may be introduced as an in-
termediary step. Generally, the necessary transformations in 3D are represented by a rigid body
transformation with six degrees of freedom (6-DoF) that maps from one sensor frame, s, to another
sensor frame, t, as follows:

x

y

z
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. (2.1)

Here, the translation vector t represents the shift between the frames, while the rotation matrix R
is an orthonormal matrix. This matrix can be derived in various ways, such as using quaternions or
Euler angles (Luhmann, 2000). When using Euler angles, the rotation matrices can be composed
using multiple rotation matrices corresponding to rotation around single axes:

Rxyz = RzRyRx with (2.2)

Rx =


1 0 0
0 cos(α) − sin(α)
0 sin(α) cos(α)

 , (2.3)

Ry =


cos(β) 0 sin(β)

0 1 0
− sin(β) 0 cos(β)

 and (2.4)

Rz =


cos(γ) − sin(γ) 0
sin(γ) cos(γ) 0

0 0 1

 . (2.5)

The homogeneous transformation matrix H is advantageous because its inverse, H−1, reverses
the direction of the transformation. In this thesis, the pose is represented by θ, a vector for
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transformation parameters:

θ t
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(2.6)

where ω, ϕ, and κ are the Euler angles extracted from the rotation matrix. When working with
quaternions

q =
[
qw qx qy qz

]T
, (2.7)

the multiplication is defined using the symbol ⊗ as

q1 ⊗ q2 =


q1,wq2,w − q1,xq2,x − q1,yq2,y − q1,zq2,z

q1,wq2,x + q1,xq2,w + q1,yq2,z − q1,zq2,y

q1,wq2,y − q1,xq2,z + q1,yq2,w + q1,zq2,x

q1,wq2,z + q1,xq2,y − q1,yq2,x + q1,zq2,w

 (2.8)

For vectors containing quaternions, the addition is written as � and the subtraction as �, per-
forming the normal vector addition and subtraction operations, while multiplying the quaternions
to combine the rotations.
The second aspect is time synchronization, which involves ensuring the availability of times-

tamps with reference to a specific time system. This time system could either be a local system
time or an external reference time, such as GPS time (Stempfhuber, 2004). Depending on the
sensor, each time stamp can be stored with individual time stamps, the sensor can be triggered by
a signal based on defined times, or the observation can be time-dependent, i.e., GNSS.

Adjustment Computation

In most applications, more observations are recorded than are strictly necessary to compute the
desired values. This practice ensures overdetermination, which enhances the reliability of the
results and facilitates the detection of outliers within the observations. The random nature of
the observations can be represented using a stochastic model. For this, an assumption about
the distribution of the observations to be made. In many instances, including this thesis, the
solution to the overdetermination is computed using least squares optimization, commonly referred
to in geodetic terms as an adjustment (Niemeier, 2008). This computation can be performed by
processing all observations simultaneously in a batch adjustment or sequentially, where observations
are not available all at once.

Batch Adjustment

Batch adjustment refers to optimizations based on maximum likelihood estimation. Its goal is to
determine the optimal estimate of u parameters x given a set of n observations `. The redundancy
r measures the degree of overdetermination. This optimization problem can be modeled using one
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of two approaches. The first approach involves explicit observation models:

E (`) = f (x) . (2.9)

Here, the estimated residuals v̂ represent the inconsistencies in the observations, and the notation
·̂ indicates estimated values. These observation equations are formulated within an Gauß-Markov
model (GMM). The stochastic model is employed to weight the observations appropriately. Ob-
servations are assumed to follow a normal distribution:

` ∼ N (E (`) ,Σ``) (2.10)

where Σ`` represents the variance-covariance matrix (VCM) of the observations. From this VCM,
a weight matrix P is computed after extracting an a-priori variance factor σ2

0 to form the cofactor
matrix Q``:

Σ`` = σ2
0Q`` = σ2

0P−1. (2.11)

The weight matrix ensures that observations with lower uncertainties have a greater influence in
the optimization process.
The objective of the adjustment is to minimize the sum of squared residuals:

vTPv → min. (2.12)

For linear function models f , the GMM yields optimal results (Förstner & Wrobel, 2016). In cases
involving nonlinear models, the results can only be locally optimal, depending on the properties
of the function. Observations with greater uncertainties or higher non-linearity in the functional
model may cause the estimates to deviate further from the true values. The algorithm detailing
the solution of the GMM is omitted here for brevity.
The second approach involves implicit observation models, formulated as constraints:

h (E (`) ,x) = 0. (2.13)

This model is known as the GHM and is also referred to as the general model, as any GMM can
be expressed in the form of a GHM (Niemeier, 2008; Koch, 2004). The number of constraints, p, is
independent of the number of observations. Estimation must be carried out iteratively, requiring
initial values for the parameters x0. As the GHM is broadly applicable and utilized for calibration
in this thesis, all relevant formulas are presented here, based on the solution provided by Lenzmann
& Lenzmann (2004). Initially, the current parameters and observations are defined as:

x̂ = x0 and ˆ̀= `. (2.14)

For each iteration, the misclosures w are calculated based on the current parameters and observa-
tions:

w = h
(

ˆ̀, x̂
)

+ B
(
`− ˆ̀

)
. (2.15)

Furthermore, the design matrix A and the condition matrix B are computed as partial derivatives
of the constraints:

A = ∂h
∂x

∣∣∣∣ ˆ̀,x̂ and B = ∂h
∂`

∣∣∣∣ ˆ̀,x̂ . (2.16)

To update the parameters and observations, cofactor matrices for the misclosures Qww and the
parameters Qx̂x̂ are computed as intermediate steps. Subsequently, the parameter vector update
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and residuals for the current iteration are determined:

Qww = BQ``BT , (2.17)

Qx̂x̂ =
(
ATQ−1

wwA
)−1

, (2.18)

Qk̂k̂ = Q−1
ww

(
Qww −AQx̂x̂AT

)
Q−1
ww, (2.19)

∆x̂ = −Qx̂x̂ATQ−1
www, (2.20)

k̂ = Qk̂k̂w, (2.21)
v̂ = −Q``BT k̂. (2.22)

Finally, the current values for the parameters and observations are updated as follows:

x̂ = x̂+ ∆x̂ and ˆ̀= `+ v̂. (2.23)

The iteration process continues until the functional model h
(

ˆ̀, x̂
)

= 0 is satisfied to a suitable
numerical accuracy, i.e. 10−10 depending on units and scale. The cofactor matrix of the parameters
Qx̂x̂ can be scaled with either the a-priori or a-posteriori variance factor:

σ̂2
0 = v̂TPv̂

p− u
(2.24)

with the number of constraints p and the number of unknowns u, to compute the VCM of the
estimated parameters Σx̂x̂, which provides insights into the precision of the parameters, including
their correlations.

Variance Component Estimation (VCE)

In most cases, the uncertainties of observations are defined a priori and remain constant throughout
the adjustment process. Depending on the application, outliers can be removed (Baarda, 1967),
observations can be reweighted robustly (Holland & Welsch, 1977; Barron, 2019), or the weights
for entire groups of observations can be adjusted. Here, the focus is on the latter option. Weight
adjustment for observation groups can be achieved through VCE. This concept is well established
in batch adjustments, employing either explicit (Heinz et al., 2015; Amiri-Simkooei et al., 2009) or
implicit observation models (Heiker, 2013; Fang et al., 2022). Notably, VCEs in implicit observation
models are prone to estimation failures, as a single restriction often involves multiple observations.
In scenarios where the geometric constellation is unsuitable or numerous observation groups are
present, the estimated variance components (VCs) can become negative and, consequently, unus-
able. Each of the z observation groups starts with a VC, where γ is initialized as 1, which gets
updated iteratively. The methodology is detailed by Yu (1992) and Heiker (2013). The stochastic
model comprises an initial stochastic model V and the current VCs:

Σ`` =
z∑
i=1

γiVi. (2.25)

The VCs are updated using:

γ = Ŝ−1q̂. (2.26)
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Both necessary components, the [z × z] matrix S and the transformed residual sum Q with dimen-
sions [z × 1], are calculated element-wise as follows:

q̂i = v̂TBTQ−1
wwBViBTQ−1

wwBv̂, (2.27)

ŝr,c = trace
(
Qk̂k̂BVcBT Qk̂k̂BVrBT

)
. (2.28)

Elements of S are indexed with r for rows and c for columns, while q consists of z elements. The
estimation is performed in combination with a GHM within an expectation maximization (EM)
scheme Koch (2007). Initially, a GHM adjustment is conducted. Upon convergence, VCE is
applied. The updated stochastic model is then used to re-perform the adjustment via GHM. This
iterative process continues until VCE convergence is achieved. In situations with an insufficient
number of observations or when functional or stochastic models are incorrect, VCE might result in
negative VCs (Heiker, 2013). To counter this, besides acquiring more observations or revising the
stochastic or functional models, Amiri-Simkooei (2007) suggests formulating the VCE in a least
squares manner to incorporate prior information as regularization. For recursive estimation tasks,
VCE is feasible (Caspary & Wang, 1998; Wang et al., 2009), yet the challenges associated with
estimation increase. The distribution of observations across multiple epochs results in incomplete
constellations in individual epochs, requiring the tracking of estimated VCs information across
epochs.

Filtering

Filtering enables the recursive estimation of values in a least-squares manner that incorporates
prior information, resulting in a maximum a-posteriori estimator (MAP) estimator. In filtering,
parameters are considered time-variable and are thus referred to as states. States can represent the
position of systems, evolving corrections, or other dynamic properties. In discrete filtering, epochs
(k) are defined for the estimation process. State estimation typically involves two steps, which
alternate over the processing.
The first step is prediction, which describes a state transition between epochs over a time inter-

val ∆t. States are influenced by a physical model, such as a motion model, control inputs u, and
process noise w:

x(k) = g
(
x(k−1),u(k),w(k)

)
, (2.29)

w ∼ N (0,Σww) . (2.30)

The process noise, which follows a normal distribution, models the uncertainties associated with
the transition. These uncertainties may arise from imperfections in the physical model or from
sensor inaccuracies affecting control inputs (Solà, 2017). Predicted quantities, such as the state,
are denoted with a superscript −.
The second step is the state update, where observations are used to refine the state estimate.

These updated, or filtered, quantities are denoted with a superscript +. Similar to batch adjust-
ments, the observation model can be either explicit or implicit. The general algorithm for the KF
with explicit observation models is detailed in Simon (2006) and Bar-Shalom et al. (2004). The
EKF with implicit observation equations is thoroughly discussed by Dang (2008) and Vogel (2020).
The remaining algorithm for an error state Kalman filter (ESKF) with implicit observations is
provided in Section 3.2.

Quality

The quality of adjustment results can be represented in various ways for different contexts. Specif-
ically, the accuracy is important to evaluate the usefulness of the data for their purpose. The
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accuracy consists of the precision, which is the distribution around a mean, and the trueness,
which is the deviation of the mean from the true value (ISO 5725-1:2023, 2023). On one hand,
accuracy is a requirement to evaluate the integrity of a system as the basis of the navigation perfor-
mance pyramid (Zhu et al., 2018; Hofmann-Wellenhof et al., 2012). The compliance of the system
with the maximum threshold for deviations from the estimated positions is of utmost importance to
ensure safe operation. Also in other contexts, such as construction, accuracy is part of the quality
modeling (Zhang et al., 2020; Balangé et al., 2021). In holistic modeling, accuracy is an important
factor for the technical quality, together with reliability and sensitivity. For the evaluation of the
accuracy, the root mean square error (RMSE) can be used. To compute the RMSE for a set of
values x̂i, the true value x̃ is necessary

∆xi = x̃− x̂i (2.31)

RMSE =

√√√√ 1
n

n∑
i=1

∆x2
i . (2.32)

Additionally, the deviations of the estimation can be weighted by their uncertainties to provide
insights into how well the estimated uncertainties represent the accuracy. The VCM of the ad-
justed parameters Σx̂x̂ includes information about the precision and correlations of the estimated
parameters. One representation of results to consider the uncertainty is consistency. Consistency
offers a statistical analysis to assess whether the estimated uncertainties of the parameters accu-
rately reflect their actual deviations from a reference. Therefore, consistency is often applied in
simulations or situations where an appropriate reference is available. Bar-Shalom et al. (2004)
defines a consistent state error as "zero mean with a magnitude that is commensurate with the
state covariance." Validation can be computed using the following equations:

∆x = x̃− x̂i (2.33)
dm = ∆xTΣ−1

x̂x̂∆x, (2.34)

with the quality parameter Mahalanobis distance dm. This distance can be employed in a hypothesis
test with the null hypothesis E (dm) = u (Bar-Shalom et al., 2004).

2.3 Data
This thesis utilizes three datasets to produce the presented results, each with different properties
that highlight the necessary aspects of the research. First, a simulation framework is introduced.
This framework simulates a fictional environment and the forthcoming two datasets to validate
the developed algorithms. Next, a real dataset acquired in a laboratory setting is employed. This
dataset involves data from an LT tracking a robot equipped with a platform that includes LiDAR,
a camera, and an IMU. It serves to illustrate the differences between simulations and real mea-
surements in a controlled environment. Finally, the Leibniz University Cooperative Perception
and Urban Navigation Dataset (LUCOOP) dataset captured by vehicles equipped with platforms
carrying MSSs is used to test the methods under real-world conditions (Axmann et al., 2023). This
dataset reflects genuine conditions in real traffic situations, incorporating a wide array of sensors.

Simulated Environment

The goal of the simulation is the generation of IMU and LiDAR observations. The simulation is
self-developed, as other frameworks either simplify the generation of LiDAR data for performance
reasons (Carla (Dosovitskiy et al., 2017), Gazebo (Koenig & Howard, 2004)) or perform a realistic
physical simulation (HELIOS (Winiwarter et al., 2022)). Both cases lead to a violation of the
assumptions of the developed algorithms, which should be expanded in the future to account for
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realistic effects. To generate this data, two data sources must be defined: an environment and a
trajectory along which the simulated system moves during data acquisition. For the generation of
simplified IMU data, only the trajectory is required. The objective is to generate accelerometer
and gyroscope measurements for all three axes. To compute the error-free sensor readings, the
time derivatives of the trajectory are calculated. The first derivatives of the orientations are used
for gyroscope readings, while the second derivatives are used for accelerometer readings. Other
effects, like changes to the gravity or the Coriolis force, are neglected here, as the filter is currently
only used for short trajectories in small areas. These error-free sensor readings are saved for
later use in simulation studies. In each simulation realization, the sensor readings are perturbed
by uncertainties corresponding to the assumed sensor characteristics. For the IMU, two main
uncertainties are typically considered: noise density and bias instability. Noise density quantifies
the white noise affecting all measurements, while bias instability describes the drift of the sensor’s
systematic offset over time, modeled as a random walk process.

LiDAR observations are generated by combining the trajectory with the environment, which is
defined by a mesh of triangles. Initially, the assumed sensor measurement rate is used to calculate
timestamps for all observations. For state-of-the-art LiDARs, measurement rates range from a
few hundred kHz to a few MHz (Velodyne, 2019b). These timestamps are used to interpolate the
poses along the trajectory. To derive the correct coordinates, multiple transformations must be
sequentially applied. First, the extrinsic calibration of the LiDAR with respect to the body frame
is applied to the ray originating in the sensor frame. Next, the transformation for the pose at the
current timestamp of the LiDAR observation is applied. Subsequently, the ray-triangle intersection
is computed by intersecting the ray with all triangles in the map and returning only the distance
to the closest intersection. This distance is used along with the unit vector in the sensor frame to
compute the LiDAR observation.
This simulation framework is employed three times: once for publication B, once for publica-

tion D, and once for additional investigations in this thesis. In the simulations for publication B,
the environment is artificially crafted to evaluate the developed algorithm. A cuboid with dimen-
sions of 10×8×6 m, featuring additional inner panels, is used. These inner panels are incorporated
to ensure pose observability at each epoch of the filter, especially since the trajectory is generated
randomly.

The generation process begins with the creation of random poses within the cuboid, maintaining
a certain distance from the outer walls. The environment is designed to test the algorithm. Thus,
the augmentation using the inner planes provides structure to estimate the pose at any given time.
While not realistic, this allows us to check the implementation before testing the algorithm on more
realistic environments based on real scenes. The initial five seconds of the trajectory are defined
such that the system remains stationary, allowing the filter to initialize properly. Subsequently,
random velocities and rotation rates are assigned to establish the time intervals between poses.
Based on these poses and time intervals, spline interpolation is applied to generate a continuous
trajectory that moderates changes in velocity without eliminating them. The trajectory is then
cropped to 60 seconds to maintain a uniform length across all simulation runs. The assumed sensor
uncertainties are detailed in Table 2.1. They are used for the simulation of sensor observations and
as inputs for the estimation process.
Figure 2.1 illustrates the simulation. The 66 panels (6 outer walls and 60 small panels) form the

environment and provide structure for the pose estimation. The trihedron shows the position and
orientation of the simulated system, with the colors corresponding to red - X, green - Y and blue -
Z. One full rotation of the LiDAR is simulated and shown using blue points.

Laboratory dataset

The laboratory dataset is utilized in publications C and D. Data collection was performed using a
Husky UGV (Clearpath Robotics, 2021), which was equipped with a sensor platform. This platform
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Table 2.1: Sensor uncertainties of LiDAR and IMU for simulation. Figure from publication B.

LiDAR standard deviations
distance measurement σd 8.5 mm
horizontal angle σα 0.85 mrad
vertical angle σe 0.52 mrad

IMU uncertainties for (x,y,z)-axes
acc. noise density σãn 6.16, 4.61, 3.62 mm

√
Hz/s2

acc. bias instability σaη 22.26, 20.35, 36.36 mm/s2

gyro. noise density σω̃n 0.26, 0.34, 0.24 mrad
√

Hz/s

gyro. bias instability σωη 1.23, 1.14, 1.19 mrad/s

Figure 2.1: Frame of the simulated environment with planes in grey and simulated LiDAR frame in
blue. Position and orientation of the system shown as red, green, and blue trihedron.
Figure from publication B.

carried a Velodyne Puck (Velodyne, 2019a), a Microstrain IMU, and a Leica T-Probe (Hexagon
Metrology, 2023). While additional sensors were mounted on the platform, they are not relevant
to this thesis. The system configuration is depicted in Figure 2.2.
The dataset includes the measurements of the calibration, enabling the use of full information

and calibration parameters with their corresponding VCMs, for further sensor data fusion. The
experiment was conducted in a laboratory equipped with eleven reference panels, which were mea-
sured using an LT to establish a ground truth for further processing. The robot’s movement was
constrained by the T-Probe’s field of view, as maintaining a constant line of sight to the LT was
necessary for synchronizing the sensors in time. The individual runs, lasting between 30 and 60
seconds, comprised a variety of movement patterns, from stationary measurements to movement
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Figure 2.2: Husky UGV with sensor platform. Frames shown with x-axis in red, y-axis in green, and
z-axis in blue. Frames are: s for LiDAR, b for IMU, p for platform, and t for T-Probe.
Figure from publication C.

while turning. The uncertainty of the IMU corresponds to the values assumed for the simulation
in Table 2.1. The investigation of the Velodyne Puck in publication A yields the uncertainties of
the LiDAR. The setup, including the robot’s movement paths, is illustrated in Figure 2.3.

Figure 2.3: Overview of the experiment setup with numbers denoting panels, including the path of
robot movement (in different colors for the runs). Image produced from scan by TLS
and colored based on intensities. Figure from publication C.

The dataset is valuable due to the real nature of the data, which is captured in a controlled
environment. The laboratory offers a stable atmosphere with low distances to well-known reference
geometries. In the investigations conducted for publication D, the dataset is additionally simulated
using the trajectory provided by the T-Probe, which is transformed into the IMU sensor frame. The
main advantage over a simple reflector is the availability of the full 6-DoF pose. Point measurements
of a CCR or other reflectors with larger field of views (FoVs) are more flexible, but only provide
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the time series of a coordinate for a single point on the system. Combined with the reference
measurements of the panels, this trajectory enables the generation of the corresponding point
cloud.

LUCOOP

The LUCOOP dataset (Axmann et al., 2023) features multi-modal data collected from three dif-
ferent vehicles navigating through an urban environment in proximity to each other. Each vehicle
is equipped with at least one IMU, GNSS antenna and receiver, and a LiDAR. Additionally, for
further research, the vehicles are outfitted with UWB antennas, complemented by additional sta-
tionary stations located along the route. For a segment of the trajectory, tracking via an RTS was
available, providing reference measurements for one of the vehicles that was equipped with a 360°
prism. Each vehicle’s data includes a post-processed INS trajectory and a trajectory computed
using ICP of the LiDAR observations in relation to a TLS point cloud of the environment. These
elements make the dataset a valuable resource for evaluating the algorithms developed in this the-
sis. The urban environment presents typical real-world challenges, such as the occlusion of GNSS
signals, while simultaneously providing a highly structured environment conducive to localization.
The final application of the aforementioned simulation framework is detailed in Section 2.3.

The trajectory and extrinsic calibration utilized are provided within the dataset. Specifically, the
trajectory serves as the ground truth and is derived from a post-processed MMS trajectory obtained
through commercial software. The map is constructed from a TLS point cloud of the environment.
The detailed procedure for generating the localization map is described in Section 4.2.1.





3 Summary of Relevant Publications

In this chapter, the four peer-reviewed publications relevant to this cumulative dissertation are
summarized. The structure of this chapter is motivated by the processing chain shown in Fig-
ure 1.1. The contributions aim to improve the processing by properly introducing and propagating
uncertainties of the used LiDARs. Publication A introduces a multi-position calibration approach
that reduces parameter correlations and estimates a distance offset for a Velodyne Puck. This
work combines intrinsic and extrinsic calibration with a VCE. The evaluation of the calibration
parameters, including their uncertainties provided by the estimated VCM is tested by application
in sensor data fusion. Publication B continues with the topic of sensor data fusion, showing an
ESKF with implicit measurement equations. The formulation with an error state enables the use of
quaternions, thus providing full rotational freedom with flexibility concerning the functional model
in the update step. Additionally, a time interpolation scheme for the georeferencing of the LiDAR
points is introduced to compensate for the movement between epochs. The algorithm is only eval-
uated based on simulated data. Publication C provides a different method for the fusion of sensor
data by presenting a full processing chain to georeference LiDAR point clouds. The uncertainty
propagation is performed for each step of the chain to achieve a realistic uncertainty estimation for
the final points. The propagation is performed using a Monte Carlo (MC) variance propagation,
which is based on information from manuals and calibrations as defined by Guide to the Expression
of Uncertainty in Measurement (GUM) (JCGM, 2008a). The uncertainties are finally evaluated
against reference measurements. Publication D investigates the ESKF introduced in publication
B. In a first step, the data set is simulated to quantify the best case with known values for all
parameters. Next, the real data set is processed in the filter, and the estimated trajectory is com-
pared against a ground truth. The results show remaining deviations due to biases and missing
corrections in the process.
This leads to the following structure of the remaining chapter. First, the intrinsic and extrinsic

calibration of an MSS platform is addressed by summarizing publication A. Afterwards, the joint
processing of sensor data is discussed on the examples shown in publicationsB andC. In both cases,
KFs are used to process kinematically captured LiDAR point clouds, each with a different focus
concerning the fusion process. Finally, the results of the data fusion are investigated concerning the
provided uncertainties. Aspects of publications C and D are used to provide different techniques
to check the consistency of the results.

3.1 Calibration
The calibration of a sensor platform is an essential step for processing the captured data. The goal
of the extrinsic calibration is to determine the transformation parameters between the frames of
different sensors mounted to it. Publication A deals with this issue in several aspects. The work in
the relevant publication builds upon the concepts for an object-space information-based calibration
developed in Strübing & Neumann (2013) using the calibration field implemented based on (Hart-
mann et al., 2019). The basic concept of the calibration approach is based on the minimization
of the distances between observed LiDAR points and reference panels. Given a known pose for
the system’s platform, this optimization leads to a set of transformation parameters, which can be
applied to fuse the LiDAR observations with measurements of other sensors. The contributions of
the relevant publication encompass combining the intrinsic calibration with the extrinsic cali-
bration, performing VCE while using multiple positions. This enables a better calibration by
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correcting and reweighting the sensor measurements. The use of multiple positions reduces cor-
relations between the estimated parameters. Additionally, subsampling is utilized to prevent an
indirect weighting between the calibration panels.
The results of the chosen extrinsic calibration rely on the sensor observations; thus, the sensor

itself should be calibrated. Especially in the case of low-cost sensors, intrinsic calibration should
be performed to estimate corrections for the measurement elements. Otherwise, uncorrected sys-
tematic deviations in the measurements lead to systematic deviations in the estimated parameters,
which are not properly described by the estimated VCM. A LiDAR observes distances di and
horizontal angles αi at fixed vertical angles ei in its own frame s. In the first step, the functional
model for the calibration is extended to include a distance offset d0 for the LiDAR observations.
For each point p s,i, the three measurement elements are transformed into Cartesian coordinates

p s,i =


x s

y s

z s


i

=


(di + d0) · cos ei · cosαi
(di + d0) · cos ei · sinαi
(di + d0) · sin ei + zc

 . (3.1)

The vertical correction zc is specific to the Velodyne Puck used in publication A (Velodyne,
2019b). A scale factor is neglected because the calibration field is too small for its determination.
It is important to note that the value of the distance offset is specific to the measured material.
Darker material generally leads to a higher offset and higher noise in the distance observation.
While this limits the transferability of the offset itself, estimating the correction is still important,
as it benefits the estimation of the extrinsic calibration (Khami et al., 2025).
Intrinsic calibration is not limited to estimating functional parameters, but can also be used to

estimate the covariance structure of the LiDAR observations through performing a VCE for the
adjustment. The LiDAR observations are assumed to be affected by additive random noise. Here,
the idea is to update initial values for the assumed stochastic model of the sensor measurements
based on the residuals of the calibration adjustment. This is especially important for low-cost
sensors, as manufacturers often do not provide adequate uncertainty descriptions, and variations
between sensors of the same type can be significant. In total, three VCs are estimated: one for
each measurement element, assuming uncorrelated measurements between elements and between
subsequent measurements of the same type. The different measurement elements are assumed to be
uncorrelated due to the setup of the sensor, which measures each element differently. Correlations
between subsequent measurements are not modeled due to missing information about the magni-
tude. This leads to too optimistic estimates for the uncertainties of the estimated parameters. The
initial VCM of the observations is set up as

Σ`` = diag
(
γdσ

2
d γeσ

2
e γασ

2
α · · · γασ

2
α

)
(3.2)

repeating for each LiDAR point observed. The VCs γ for the observation groups are initialized
as 1 and updated after the adjustment converges. While the assumption of no correlations be-
tween measurement elements can be justified by the sensor setup, neglecting correlations between
subsequent measurements stems from a lack of information. Similar to the distance offset, the
estimation of the stochastic model for the distance offset is again limited to the material used in
the calibration field, limiting further use in other environments. In contrast, the uncertainties for
angle measurements (horizontal and vertical) are generally applicable for the sensor, at least for
some time after the calibration.
Including both extensions in the adjustment leads to a more complex adjustment, which, in the

case of the VCE, can lead to a failure to estimate a solution at all. To support the VCE and
reduce the correlations between the estimated parameters, multiple positions for the system are
introduced. The goal of the additional positions is to increase the variety of geometric constellations
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between the sensor and the reference panels. This has multiple benefits. Increasing geometric
variety enables the VCE to properly update the stochastic model. Additionally, the adjustment’s
constellation is improved, leading to a smaller VCM of the estimated parameters and reduced
correlations between the estimated parameters. Furthermore, the calibration can be performed
with fewer and smaller panels, as different positions can observe panels multiple times. The last
benefit is important for two reasons. First, the different parameters of the pose are sensitive to
different panels; closer panels are better for estimating the translations, while panels farther away
improve the estimation of the orientations. Second, depending on the LiDAR used, the FoV of the
sensor can be too large to cover with reference panels in just one position. Multiple positions help
capture the reference geometries with multiple scan lines, thereby improving the results.
Finally, subsampling is applied to the LiDAR observations. The measured points are randomly

subsampled to the same number of points per panel and position. This has three benefits. The
correlations between subsequent observations affect the adjustment less. While the ray still travels
nearly the same path and hits the same panel, the autocorrelations of subsequent measurements
can be nearly eliminated. Moreover, no implicit weighting is applied. Otherwise, panels that are
measured from closer distances would provide more observations to the adjustment. Finally, the
computational complexity is reduced due to fewer observations.
These contributions are combined in the experiment. A LiDAR on a platform for use in

kinematic applications should be calibrated. The transformation parameters between the sensor
frame s and the body frame b are of interest. The pose of the platform in the superordinate l-frame
is known. The calibration field, based on Hartmann et al. (2019), is used with an additional panel
on the ground. The setup, with an overview of the frames, is shown in Figure 3.1.

Figure 3.1: Overview of the calibration field with panel numbers. Left: platform (in Pos4) with
frames and panels on left wall. Top right: panels mounted at the ceiling. Bottom right:
panels on opposing wall. Figure from publication A.

It can be seen that the panels are comparatively small for the FoV of the Velodyne Puck,
which is 360° × 30°. The use of five different positions within the extents of the calibration field
allows for different constellations and capturing the panels with different scan lines. The chosen
positions are shown in Figure 3.2. The choice of positions aims at maximizing the variety in
the geometric constellation while still observing the calibration panels with as many scan lines as
possible. Pos2 and Pos3 provide observations of different scan lines, while Pos4 and Pos5 provide
longer observation distances to improve the estimation of the orientations. This is limited by the
extent of the laboratory, providing a maximum distance of about 8 m for the observations.
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Figure 3.2: Overview of the five platform positions wrt. to the calibration field. Figure from publi-
cation A.

At the beginning, the reference panels are measured once using an LT. For each position of the
platform, the pose of the body frame is determined by measuring the CCRs in the nests, which
define the frame. Additionally, the LiDAR observations are captured for 10 s for later processing.
After the measurements, the LT observations are processed to determine the plane parameters for
the panels and the poses for the platform at each position. The LiDAR point clouds are cropped
to extract only the relevant points for each panel. This step is done manually to exclude outliers
and other disturbances, such as mixed pixels.
The adjustment is performed using a GHM with a VCE. The functional model for points i

assigned to panels j with the plane parameters a with the normal vector n and the distance
parameter d is

p l,i = t l
b + R l

b

(
t b

s + R b
sp s,i

)
(3.3)

wi = pTl,inj − dj = hi
(
`i,θ

b
s , d0,θ

l
b,k,aj

) != 0 (3.4)

using the Cartesian points computed in (3.1) with the pose of the platform θlb. The pose of the
sensor on the platform θbs should be estimated in conjunction with the distance offset d0. The
standard GHM is applied in an EM scheme to estimate the VCs. The formulas are omitted here
for brevity but can be found in Lenzmann & Lenzmann (2004), Heiker (2013) and Koch (2002).
The results are split into the functional parameters and the estimated stochastic model. First,

the functional parameters are shown. Table 3.1 provides an overview of the estimated parameters.
While the values themselves are system-specific, the standard deviations of the parameters provide
information about the constellation in the estimation. Generally, the standard deviations show
a significant determination of the parameters with the exception of the orientations ϕ and κ. A
small value is expected for these parameters, as the sensor is mounted horizontally on the platform,
leading to small values for the roll and pitch. The translations along x and z show similar standard
deviations. In comparison, the translation along y seems to be determined worse. A similar
effect can be seen in the orientation, where the angle ω is determined worse than the other two
angles. This can be explained by the setup, as the platform always points downward during the
measurements, leading to a shorter distance and fewer observations for the determination of ty
and ω. The distance offset is estimated to be 14 mm, which confirms the information about the
magnitude of uncertainties provided by the manufacturer (Velodyne, 2019b) and is also supported
by other studies (Sánchez & Pany, 2019; Glennie et al., 2016). Estimating only one distance offset
simplifies the sensor design with 16 independent distance measurement units. An independent
calibration of all scan lines might provide better results for applications, but is not feasible with
the current calibration field design. Further investigations are found in the literature (Glennie
et al., 2016; Bergelt et al., 2017) and supervised theses by the author (Niehsen, 2022; Jüngling,
2023).
While the standard deviations only provide insight into the diagonal of the VCM of the estimated

parameters, the correlation matrix also indicates if the parameters can be determined independently.
Figure 3.3 compares a calibration using only one position to a calibration using all five positions.
The stochastic model is the same for both calibrations, as the VCE does not work when only one
position is available.
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Table 3.1: Result for the estimated parameters using five positions with the corresponding standard
deviations

parameter value std dev.
tx 221.1 mm 1.80 mm
ty 188.7 mm 5.98 mm
tz 89.2 mm 1.44 mm
ω -1.471° 0.060°
ϕ 0.013° 0.017°
κ -0.007° 0.014°
d0 -14.0 mm 0.20 mm

Figure 3.3: Comparison of correlations of estimated parameters using one position (upper triangular
matrix) and using all five positions (lower triangular matrix). Figure from publication A.

It can be seen that the use of multiple positions improves the estimation by reducing most
correlations. Especially notable is the correlation between the translation tz and the distance offset
d0, which is nearly eliminated. The remaining notable correlations are:

• for ω and tz with -0.58, caused by the same short distance to the ceiling panels,

• for κ and ty with -0.73, due to the importance of panel 04 for both parameters,

• and ϕ and d0, as both parameters are determined by the panels 01, 03, 09 and 11. This is
the only correlation increasing in magnitude with multiple positions.

The results of the VCE are shown in Table 3.2. The VCs are multiplied by the initial stochastic
model for clarity. The standard deviation of the distance measurement matches the noise of a plane
fit and is confirmed by others (Glennie et al., 2016). The magnitude also fits the manufacturer’s
information with a total accuracy of ±3 cm (Velodyne, 2019b). It has to be noted that the
uncertainties for the distance measurements are material dependent, which limits the transferability
of the results to other applications. This is shown extensively for TLSs (Wujanz, 2016; Schill et al.,
2025) and also for low-cost LiDARs (Kellner, 2024). For TLS, first learned models are available to
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account for different materials and shapes (Hartmann et al., 2024). The uncertainties for the angle
measurements are proportional to the beam divergence of the sensor, with a higher uncertainty for
the azimuth angle compared to the elevation.

Table 3.2: Result of the variance component estimation

measurement element std dev.
distance 8.5 mm
azimuth angle 0.0485°
elevation angle 0.0296°

The contributions of this section, aimed at answering research question 1, can be summarized
as follows. Publication A presents an enhanced calibration scheme that employs object space
information to determine both the extrinsic and intrinsic calibration parameters for a LiDAR-
based MSS. This innovative procedure not only encompasses the calibration parameters but also
estimates the stochastic model of the LiDAR, which is important for further processing and often
unknown for the widely used low-cost LiDARs. The use of multiple positions substantially reduces
the correlations between the estimated parameters, improving the determination of the parameters.
Publications C and D utilize the determined transformation parameters and their uncertainties,
in the form of a VCM, to accomplish the data fusion of the LiDAR observations. Based on these
results, the quality of the results can be assessed.

3.2 Sensor Data Fusion
The fusion of data from different sensors requires spatial referencing and time synchronization.
This section deals with the handling of these issues based on the methodology and results of
publications B and C. Publication B presents a novel ESKF to fuse IMU observations with an
implicit measurement model for the update step. The update is performed by minimizing distances
between assigned LiDAR points and a known map. The position of the LiDAR points is improved
by linear interpolation of the system pose, which is evaluated based on a simulated environment.
In contrast, publication C uses a real dataset to demonstrate uncertainty modeling over multiple
steps of a processing chain, extending the concepts of GUM (JCGM, 2008b). The setup involves
a robot fitted with a sensor platform including a LiDAR, a T-Probe, and an LT. The observed
pose of the T-Probe is used to georeference the system, which in turn is used to georeference the
points. In combination with a selection of known reference panels, the accuracy and consistency of
the points are evaluated. Table 3.3 provides an overview of the contents for this section organized
by the publications and issues. Finally, some results are shown to demonstrate the efficacy of the
methods.
Spatial referencing is needed to relate the observations of different sensors to each other. In
the case of publication B, both the IMU and the LiDAR are simulated to be positioned in the
same pose, so the transformation between the sensors can be neglected. In contrast, publication C
not only applies the transformations between the different sensors, LiDAR and T-Probe, but also
models the uncertainties of the individual transformations. The determination of the transformation
parameters between the LiDAR and the platform frame and the corresponding uncertainties is
described in Section 3.1. The reference panels used for the evaluation are the same as in the
calibration; thus the uncertainties determined for the measurements can be used for the uncertainty
modeling.
The determination of the pose of the T-Probe t with respect to the platform frame b can be

easily computed using measurements of the LT with the frame l. The pose of the T-Probe is
determined by the LT using the polar measurement of the reflector and the backprojection of the
sensor’s LEDs. This provides the 6-DoF pose of the T-Probe in the l-frame H l

t. The pose of the
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Table 3.3: Overview of methods used in publications B and C with respect to the spatial referencing
and time synchronization.

B: ESKF C: linear KF

Spatial
referencing

dead reckoning of pose by integrating
IMU measurements, update by
minimizing distances between assigned
LiDAR points to map

measured pose of T-Probe, applied
transformations to georeference
LiDAR points

Time
synchronization

definition of epochs by IMU
measurements, linear interpolation
of pose for each LiDAR point

definition of epochs by T-Probe
measurements, prediction of pose
for time stamp of LiDAR points

Uncertainty
modeling

process noise based on IMU
uncertainties, uncertainties of
LiDAR determined in prior
calibration

process noise based on design
parameters with constant velocity
model, uncertainties of T-Probe
based on manual, uncertainties of
LiDAR determined in
prior calibration

platform frame H l
b is computed by measuring the three CCRs distributed on the platform. Based

on the measured coordinates, the defined coordinate system can be reconstructed, and its pose can
be estimated based on the closed-loop solution of rigid body transformations (Horn, 1987). This
leads to the transformation between the two frames

H t
b =

(
H l

t

)−1
H l

b. (3.5)

The determination of the uncertainties for these transformations is performed using a MC variance
propagation to account for the nonlinear nature of the transformation. To accomplish this, the
observations are perturbed by uncertainties in the order of the accuracy of the sensor for M =
100, 000 realizations. The number of realizations is chosen based on the recommendation of Möser
et al. (2013). For each realization, noise in the magnitude of the measurement uncertainty of the LT
is added to the observations. The uncertainty is specified based on the manual of the instrument
at 15 µm + 6 ppm for point measurements and 50 µm + 6 ppm for the T-Probe translations as
maximum permissible errors (MPEs). The T-Probe orientations are assumed to have a standard
deviation of 0.01° (based on the uncertainty of the T-Mac, which is constructed similarly) (Hexagon
Metrology, 2023). The random noise is assumed to be uncorrelated due to missing information.
The perturbed observations are used to compute the transformation matrices. Afterwards, the
transformation matrices H t,(m)

b are decomposed into the poses θ(m) with the mean θ̄ and used to
compute the VCM of the transformations using (Koch, 2007)

E =


θ(1) − θ̄
θ(2) − θ̄

...
θ(M) − θ̄

 , (3.6)

Σθθ = 1
M − 1ETE. (3.7)

As stated before, the pose of the T-Probe is directly provided by the LT, and the processing of the
kinematic movement is explained with respect to the time synchronization in the following part.
In the last step, the pose of the LT in the room is computed based on a benchmark, for which
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the uncertainties are also included. An overview of the process chain, including the uncertainty
information, is given in Figure 3.4.
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Figure 3.4: Overview of the processing chain in publication C. The left side indicates the experiment,
the uncertainties are listed in the middle, and on the right side, the processing chain can
be found.

Time synchronization involves the correct processing of observations considering the time of
measurement. This issue is twofold. On the one hand, all observations need to be provided with
correct timestamps. This is given for the relevant publications, as the dataset in publication B
is simulated, and the movement speed of the system in publication C is slow enough to assume
no influences of possible time delays on the results (cf. Section 2.1). On the other hand, the
processing needs to properly include the time information in the computation. LiDARs measure at
very high frequencies, providing many observations in short time frames. When fusing these point
clouds with other sensors, the different measurement rates need to be accounted for. The relevant
publications provide two different ways to accomplish this.
In publication C, a linear KF is used to model the movement of the system. The final goal is

the georeferencing of the point clouds measured by a LiDAR mounted on a moving platform. The
pose of the system is determined by a T-Probe also mounted to the system’s platform. The use of
a linear KF is motivated by the directly available pose of the T-Probe and the low dynamics of the
movement, enabling direct georeferencing of the platform and thus, the ability to georeference the
point clouds using the estimated poses afterwards. The state vector x(k) consists of the 6-DoF of
the platform and their time derivatives (both the velocities and their accelerations). The prediction
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between the epochs (k) is performed by

x(k)
− = Φ(k−1)x(k−1)

+ + w(k−1) (3.8)

and includes no control inputs, as no further information is available. The epochs are defined by
the observation times of the T-Probe, measuring at 50 Hz. Each component of the state vector
(marked by ∗) is modeled as follows. The transition matrix Φ(k−1) integrates the velocities and
accelerations based on the time difference since the last epoch ∆t

Φ∗(k−1) =


1 ∆t 1

2∆t2

0 1 ∆t
0 0 1

 . (3.9)

The system noise Σηη is modeled as a constant acceleration model by

Σ∗ηη =


1
4∆t4 1

2∆t3 1
2∆t2

1
2∆t3 ∆t3 ∆t
1
2∆t2 ∆t 1

σ2
η (3.10)

with one value for ση for the acceleration and one for the jerk (Bar-Shalom et al., 2004). Addition-
ally, the VCM of the state is predicted

Σ(k)
xx,− = Φ(k−1)Σ(k−1)

xx,+

(
Φ(k−1)

)T
+ Σηη (3.11)

with a constant Σηη as only a time dependency exists and the time differences are constant over
the whole experiment. The prediction has two purposes in the processing chain. First, it is used to
process all observed poses of the T-Probe in the linear KF. Additionally, and similar to Hartmann
et al. (2018), the prediction is used to georeference the point cloud observed by the LiDAR. Each
point in the point cloud is provided with a unique time stamp, which is used to predict the pose
of the system at that time. The predicted pose is then used to compute the position of the point
in the room frame. The predicted uncertainties for the pose are used to perform the MC variance
propagation to the uncertainties of the points. The update step follows a standard linear KF,
during which the pose of the T-Probe is directly observed, so the remaining formulas are omitted
here.
The MC variance propagation is performed by computing the processing chain multiple

times per point. For each realization, the original measurement elements of the LiDAR points are
perturbed by noise in accordance with the order of the uncertainty of the sensor, as determined in
Section 3.1. Figure 3.4 provides insight about how the random numbers are generated. The red
blocks show the uncertainties included in the simulation. While the random numbers for the static
steps are only computed once per realization and applied for all points, the noise of the observation
and the kinematic pose are affected by noise generated per point. This is repeated 100, 000 times,
leading to a point set for each point in the original point cloud. The high number of realizations
ensures a good approximation of the results (Möser et al., 2013). Similar to the computation of the
pose between the T-Probe and the platform, equations (3.6) and (3.7) can be adapted to compute
the VCM for each point.
The experiment to evaluate the results is performed in a laboratory with a robot carrying a

sensor platform calibrated using the methods described above. The laboratory is equipped with
eleven panels that are used for the evaluation of the results. The robot starts stationary, then
moves forward with a slight left turn. After standing for a few seconds, the robot moves back
the same way and stops approximately where it started. An overview of the experiment is shown
in Figure 2.3. The georeferencing of the LiDAR point cloud is computed in two ways. For the
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first way, the transformations of the processing chain are applied directly. This corresponds to the
classical approach. For the second way, the mean values of the point sets from the MC variance
propagation are used as the georeferenced points. This is called ensemble referencing from here on.
Figure 3.5 shows the results for four chosen panels. Each plot shows the distribution of distances
between points and panels for each frame in the form of the median (blue), and the 2.5% and 97.5%
quantiles (green). The number of points per panel used for the computation in each frame is shown
in red.
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Figure 3.5: Median and quantiles of distances between point clouds and reference panels over time,
panel number from Figure 2.3, numbers of points assigned to panel in red. Figure from
publication C.

For all panels, the deviations are constant in the first and last five seconds, as the system is
stationary in these time frames. While the deviations for panel 21 are constant, the deviations
for panels 04, 10 and 22 change over time during the movement. Both panels 04 and 10 are
located to the side of the robot, but show differences in the behavior of the deviations. While
the deviations of panel 04 are nearly constant, panel 10 shows an oscillation in the deviations
caused by the different tilt. The time series of panel 22 shows a gap, as the LiDAR is mounted
horizontally and measured above the panel when the system has moved furthest to the front.
Especially the beginning of the forward movement and the end of the backward movement lead to
higher deviations. Remaining deviations of the transformation parameters cause this effect due to
the change in the constellation between the system and the panels. Even with correctly estimated
uncertainties for the transformation parameters, some remaining systematic deviations remain.
Without including the uncertainties in the evaluation, the results cannot be fully interpreted.
Figure 3.6 shows the results for the ensemble referencing. Notably, the deviations decrease across

all shown panels. For panel 21, the slight positive offset is reduced. For panels 04, 10 and 22, the
changes in the deviations during movement are removed, and the magnitude of the deviations is
generally lower. Over all panels, the RMSE of the distances is reduced from 10.0 to 8.1 mm. This
demonstrates the positive impact of including the uncertainty information in the georeferencing
process. While Gaussian variance propagation would achieve similar values for the VCM, the MC
variance propagation can compensate for non-linear effects and thus improve the accuracy of the
point cloud itself.
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Figure 3.6: Median and quantiles of distances between point clouds and reference panels over time,
points computed using ensemble referencing, panel number from Figure 2.3, numbers of
points assigned to panel in red. Figure from publication C.

The evaluation of the results in the context of the estimated uncertainties follows in Section 3.3.
In publication B, an ESKF is used to process the observations of the sensors. The prediction

of the filter follows the strap-down paradigm, which integrates IMU observations to propagate the
pose to the next epoch. The update step allows for a functional model with implicit measurement
equations. Specifically, the functional model for publication B uses distances between assigned
LiDAR points to a known map to update the states. Additionally, the interpolation scheme is
shown. The basic formulation of the ESKF is based on Solà (2017) with changes to the update
step initially proposed for an iterative extended KF by Vogel et al. (2018). Here, all formulas are
shown, as the further developments shown in Section 4.1 expand this algorithm.
The utilization of the IMU requires the modeling of the IMU biases a for the accelerometer and ω

for the gyroscope, as the bias instability of the sensors leads to deviations in the results otherwise.
Here, effects such the effect of the earth rotation and Coriolis force are omitted, as the contribution
lies in the update step and the development in this work is aimed at systems with low-cost IMUs
with higher bias instability. For other systems or applications, further corrections can be applied.
This leads to the state vector

x =
[
t l

b
T v l

b
T q l

b
T aTb ωTb

]T
. (3.12)

While the vector t l
b and v l

b contain the position and corresponding velocities between the body
frame b and the superordinate frame l, the vector q l

b is a quaternion describing the orientation of
the system. A quaternion is used to provide full flexibility concerning the possible rotations while
avoiding a possible gimbal lock. The formulation of the problem as an ESKF is beneficial when
using quaternions. The error state is

δx =
[
δt l

b
T

δv l
b
T

δθ l
b
T

δaTb δωTb

]T
(3.13)
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with δθ l
b as the 3×1 rotation vector denoting the error in the orientation. The prediction between

the epochs defined by the IMU observations is performed by

x(k) = f
(
x(k−1),u(k)

o

)
. (3.14)

Here, the accelerations ao and rotation rates ωo observed by the IMU are included as control
inputs uo. The IMU observations are composed of the actual accelerations and rotation rates,
biases (denoted by b), noise (denoted by n), and gravity g in the case of the acceleration

ωo = ω + ωb + ωn, (3.15)

ao = a + ab + an +
(
R l

b

)T
g l. (3.16)

After correcting the IMU observations for the biases

â = ao − ab (3.17)
ω̂ = ωo − ωb, (3.18)

the prediction

x̂(k)
− = F(k)

x x̂(k−1)
+ (3.19)

is performed using the transition matrix

Fx = ∂f
∂δx

∣∣∣∣
x,u

(3.20)

=



I I∆t 0 0 0

0 I −
[
R l

bâ
]
×

∆t −R l
b∆t 0

0 0 I 0 −R l
b∆t

0 0 0 I 0
0 0 0 0 I


(3.21)

where [·]× denotes the skew operator. The process noise is approximated by using the uncertainty
information of the IMU used to provide the control inputs. First, the uncertainties are collected in

QI = blkdiag
(
σ2
ãn∆t2 I,σ2

ω̃n∆t2 I,σ2
aη∆t I,σ2

ωη∆t I
)

(3.22)

with the identity matrix I and

• σãn : noise density of accelerometer [3×1],

• σω̃n : noise density of gyroscope [3×1],

• σaη : bias instability of accelerometer [3×1],

• σωη : bias instability of gyroscope [3×1].

Finally, the uncertainties can be transformed and applied to the VCM of the state

F(k)
I =

[
0[3×12]

blkdiag(−R l
b −I I I)

]
, (3.23)

Q(k)
x̂x̂,− = F(k)

x Q(k−1)
x̂x̂

(
F(k)

x
)T

+ F(k)
I QI

(
F(k)

I

)T
. (3.24)
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The update step of the ESKF applies an implicit observation model to update the state vector.
The update procedure is iterative, updating the development point for the computation multiple
times until convergence. The initial values for the necessary vectors are

x̂(k,m=1)
+ = x̂(k)

− , δx(k,m=0) = 0 and ˆ̀(k,m=1) = `(k)

with the observations `. Similar to the GHM, the misclosure h, the design matrixA and the restric-
tion matrix B are computed first. The VCM of the observations Q(k)

`` contains the uncertainties of
the observations and is used for the weighting of the observations. The algorithm to compute the
error state using the measurement model h is

h(k,m) = h
(
x̂(k,m)

+ , ˆ̀(k,m)
)

(3.25)

A(k,m) = ∂h
∂x

∣∣∣∣
x̂(k,m)

+ , ˆ̀(k,m)
· ∂x
∂δx

∣∣∣∣
x̂(k,m)

+

(3.26)

B(k,m) = ∂h
∂`

∣∣∣∣
x̂(k,m)

+ , ˆ̀(k,m)
(3.27)

O(k,m) = A(k,m) Q(k)
x̂x̂,−

(
A(k,m)

)T
(3.28)

Q(k,m)
hh = B(k,m) Q(k)

``

(
B(k,m)

)T
(3.29)

Q(k,m)
rr = O(k,m) + Q(k,m)

hh (3.30)

K(k,m) = Q(k)
x̂x̂,−

(
A(k,m)

)T (
Q(k,m)

rr
)−1

(3.31)

r(k,m) = B(k,m)
(
`(k,m) − `(k)

)
+ A(k,m)δx(k,m−1) (3.32)

w(k,m) = h(k,m) + r(k,m) (3.33)
δx(k,m) = −K(k,m)w(k,m) (3.34)

v̂(k,m) = −Q(k)
``

(
B(k,m)

)T (
Q(k,m)

rr
)−1

w(k,m) (3.35)
ˆ̀(k,m+1) = `(k) + v̂(k,m). (3.36)

As intermediate values, the VCMs of the misclosures Qhh and of the combined misclosures Qrr are
computed. The Kalman gain K is used to compute the error state of the iteration. Finally, the
residuals v̂ can be computed. At the end, the state vector can be updated by injecting the error
state

x̂(k,m+1)
+ = x̂(k)

− � δx(k,m) =



t l
b− + δt l

b

v l
b− + δv l

b

q {δθ} ⊗ q l
b−

ba− + δba
bω− + δbω


. (3.37)

The iteration continues until the change of the error state is smaller than a defined threshold

‖δx(k,m+1) � δx(k,m)‖ < ε. (3.38)
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At last, the epoch can be finalized by updating the VCM of the state vector:

L(k) = I−K(k,m)A(k,m), (3.39)

Q(k)
x̂x̂,+ = L(k)Q(k)

x̂x̂,−

(
L(k)

)T
+ K(k,m)Q(k,m)

hh

(
K(k,m)

)T
. (3.40)

Depending on the application, epochs without observations might occur. In this case, the predicted
state and the corresponding VCM are assumed to be the result of the epoch

x̂(k),Q(k)
x̂x̂ =

 x̂(k,m)
+ ,Q(k)

x̂x̂,+ with update in (k),

x̂(k)
− ,Q(k)

x̂x̂,− else.
(3.41)

The functional model in publication B integrates LiDAR points assigned to a known map. The
goal is the minimization of the distances between the observed points and planes to update the
system pose. The planes of the map are assumed to be deterministic. This leads to one restriction
per measured point, which in turn is composed of three observations. Similar to publication C,
many LiDAR observations are available per epoch. In contrast to the linear KF shown previously,
the LiDAR observations are used to determine the pose of the system. To deal with this issue, the
time stamps of the individual points ti are used to compute the interpolation factor

τi = ti − t(k−1)

∆t (3.42)

using the time of the last epoch t(k−1). Afterwards, the pose of the system is linearly interpolated
between the pose of the last epoch and the current pose

t l
bτi = (1− τi) t̂ l,(k−1)

b + τi t̂ l,(k,m)
b , (3.43)

∆ψ = arccos
((
q̂

l,(k−1)
b

)T
· q̂ l,(k,m)

b

)
, (3.44)

q l
bτi = q̂

l,(k−1)
b

sin ((1− τi)∆ψ)
sin(∆ψ) + q̂ l,(k,m)

b
sin(τi∆ψ)
sin(∆ψ) . (3.45)

with spherical linear interpolation (SLERP) for the quaternions. The limitation of linear interpo-
lation is done to keep the computation of the partial derivatives for (3.26) and (3.27) tractable.
Finally, the interpolated pose can be used to compute the position of the LiDAR points in the
superordinate frame and compute the distance to the assigned plane

p l,i =


x l

y l

z l


i

= t l
bτi + R

{
q l

bτi

}
x b

y b

z b


i

, (3.46)

hi = h (x, `i,a l,j) = [nx, l ny, l nz, l d l]j ·
[
p l,i

1

]
. (3.47)

To investigate the influence of pose interpolation in the functional model, a simulated environ-
ment is used to generate random trajectories with the corresponding IMU and LiDAR observations.
The LiDAR observations are computed using ray-plane-intersections, and the IMU observations are
derived from time differencing of the poses. The simulated environment with a single simulated
LiDAR frame is shown in Figure 2.1. The results for 100 randomly generated trajectories of 60 s
length, with 10 MC runs each, are shown in Figure 3.7. The first 5 s of the trajectory are stationary
for the filter initialization. For the remaining time, the system freely moves in the room, rotating
along all axes. The RMSE is computed using the true values (denoted by ·̃) for each epoch across
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the whole pose and all M = 1000 runs

RMSE(k) =

√√√√ 1
M

M∑
m=1

1
6
(
∆θ(k,m))T ∆θ(k,m) (3.48)

using the deviations computed for each realization m

∆t(k) = t̃ l,(k)
b − t̂ l,(k)

b , (3.49)

∆q(k) = θ
{
q̃

l,(k)
b � q̂ l,(k)

b

}
, (3.50)

∆θ(k) =
[

∆t(k)

∆q(k)

]
. (3.51)

Comparing the values, it can be seen that pose interpolation (base) leads to a constant deviation
along the whole trajectory, indicating that the interpolation works as expected. For faster veloci-
ties or rotation rates, these deviations might increase during movement. The limiting factor is the
measurement rate of the IMU. It should be noted that the deviations of the variant without inter-
polation (nolerp) lead to smaller deviations in the stationary period compared to the interpolated
variant. This is caused by implicit weighting included in the time interpolation. The factor τi acts
as a damping factor, reducing the influence on the estimation by processing the observation under
the assumption of dynamic states.
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Figure 3.7: Comparison of RMSE with and without using pose interpolation based on 100 generated
trajectories with 10 MC runs each. The system is stationary for the first 5 seconds.
Figure from publication B.

The contributions of publications B and C focus on consistent data fusion, as formulated in
research question 2. The developed ESKF provides a possibility to fuse IMU and LiDAR obser-
vations, taking the time stamps of the individual observations into account. This allows for a
consistent fusion of observations with an implicit measurement model and quaternions. The results
of the prior calibration are utilized to estimate the trajectory under consideration of all known
uncertainties. Especially, the novel ensemble georeferencing demonstrates the influence of the un-
certainties of prior steps by improving the georeferenced point clouds using a MC propagation of
uncertainties. The uncertainties of the LiDAR observations and calibration are the main influences
in the shown application. The additional investigations in Chapter 4 develop the ESKF further to
estimate the uncertainties for different surfaces during operation.

3.3 Uncertainty Evaluation
The last section showed aspects of sensor data fusion to achieve improved accuracy. The time-
dependent processing of point clouds and the inclusion of uncertainties into the georeferencing
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process both show improvements. In this section, the estimated uncertainties of both methods are
investigated. This is done for the georeferenced point clouds, as shown in publicationC, and for
the poses estimated by the ESKF, as shown in publication D. The evaluation of the georeferenced
point cloud uses the VCMs estimated by the MC variance propagation in combination with the
reference panels to evaluate the uncertainties. The eigenvector matrix of the plane estimation is
used to transform the VCMs, yielding the correct uncertainty for the previously computed distance.
The evaluation of the estimated poses is based on the combination of publications B and C. The
ESKF from publication B is applied to the dataset presented in publication C to estimate the pose
of the system. For the evaluation, the poses provided by the T-Probe measurements are used. For
a thorough investigation, two steps are performed. First, the dataset is simulated and processed
with two different sets of uncertainties to investigate the influence of the processing chain. Then,
the real dataset is processed to compare the results.
The evaluation of the point clouds focuses on the observation space by computing the distances

to known reference panels and scaling these distances by their corresponding uncertainties. These
corresponding uncertainties are taken from the VCMs for each point provided by the MC variance
propagation. These VCMs include all uncertainties accumulated over the georeferencing process.
Simply computing Helmert’s point error (Stenz et al., 2020) for each point would not properly
represent the uncertainties, as the computed distances are one-dimensional. To compute the un-
certainties corresponding to the distances, the eigenvector matrix for the reference panels is used
to rotate the VCMs of all assigned points. Then, the variance of the component corresponding to
the normal vector of the panel σi,λj,1 can be used to scale the distance di,j

d̃i,j = di,j
σi,λj,1

. (3.52)

The principle for the evaluation is shown in Figure 3.8. Both the frame of the reference panel
(λj,1, λj,2) and the superordinate frame (x, y) are known.

reference
panel

error
ellipse

Figure 3.8: Principle of the evaluation for the predicted point uncertainties in comparison to the
reference panels. Relevant frames are shown for the superordinate frame and reference
panel. Figure from publication C.

Figure 3.9 shows the standardized distances of the points, computed by ensemble referencing, for
the same panels as shown in Figures 3.5 and 3.6. The procedure rescales the distances, which are
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then compared to a t-distribution t[2.5%,97.5%],10 = [−2.23, 2.23]. The t-distribution is used, as the
empirical results are to be tested. The usage of 10 degrees of freedom is motivated by the minimum
number of points on the panels at any given time. For panels 21 and 22, the quantiles are within
the interval for the whole time frame. Since not all influences are visible on a single panel, panels
like 22 can show comparatively small dispersion, while the other two panels demonstrate higher
deviations with values up to±4. The small dispersion is caused by low measurement noise compared
to systematic effects. The high deviations might be caused by overly optimistic estimation of the
orientation from the calibration or the georeferencing. At the same time, these panels are small,
leading to few points being assigned for the evaluation, which limits the significance of the results.
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Figure 3.9: Median and quantiles of standardized distances between point clouds and reference panels
over time, ensemble referencing using MC samples, panel numbers from Figure 2.3,
number of points assigned to panel in red. Figure from publication C.

Alternatively, the estimated pose can be evaluated directly. In this case, a ground truth for the
trajectory has to exist, making this type of evaluation more difficult compared to the point cloud
due to the requirement for additional sensor fusion for tracking the system during operation. Here,
the dataset from publication C is used by applying the ESKF to the LiDAR point clouds with the
reference panels to compute the georeferencing while using the T-Probe observations as the ground
truth. All necessary transformation parameters are known, as shown before. The investigation of
the uncertainties is structured in two parts. First, the dataset is simulated to show the differences
between an ideal situation with perfectly estimated parameters and a more realistic scenario with
remaining deviations in the estimated parameters. Second, the real data is processed to show the
actual influence.
The simulations are based on the measured T-Probe trajectory. The sensor data for the LiDAR

and IMU are produced similarly to the method described in publication B. For 100 MC simula-
tions, the generated sensor data is perturbed using white noise with the assumed uncertainty of
the sensors. For the dataset simu 1, this serves as the sensor data for the processing. For simu 2,
the remaining systematic deviations from the calibration are simulated by introducing deviations
into the transformation parameters. These values are generated only once per realization and kept
constant for all observations. This simulates the imperfect determination of the calibration param-
eters and their influence on the processing in the KF. Opposed to the processing in publication B,
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variance propagation is applied to define a block diagonal VCM of the observations to include the
uncertainties of the transformations. Afterward, these two datasets are processed using the ESKF
introduced in section 3.2.
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Figure 3.10: RMSE values for 100 simulated MC runs with different uncertainties applied. Figure
from publication D.

After processing the sensor data, the RMSE is computed for translations and orientations (similar
to equation (3.48)). The results are shown in Figure 3.10. Both datasets show a nearly constant
RMSE over the duration of the experiment, except for the initialization in the first few seconds.
The dataset with systematic deviation shows approximately four times higher deviations in the
translations and two times higher deviations in the orientations. This is expected, as additional
deviations in the calibrations also affect the results. In the next step, the Mahalanobis distance
is computed to investigate whether the additional pose deviations are properly represented in the
estimated uncertainty. The Mahalanobis distance over all realizations

√
dm

(k)
=

√√√√ 1
M

M∑
m=1

(
∆θ(k,m))T (Σ(k,m)

pose,x̂x̂

)−1
∆θ(k,m) (3.53)

weights the RMSE by the inverse VCM of the evaluated quantities, in this case, the VCM of the
pose of the system Σ(k)

pose,x̂x̂.
The results are shown in Figure 3.11. The computed distances are compared against a χ2-interval

with 6 · 100 degrees of freedom (Bar-Shalom et al., 2004). The hypothesis test is performed as a
two-sided test. Values below the interval are overly pessimistic, while values above are considered
overly optimistic. The dataset simu 1 leads to overly pessimistic results, due to the nonlinearity
of the functional model. Dataset simu 2 leads to higher values, indicating an overly optimistic
estimation. Three effects are visible. In the beginning, the initialization of the filter leads to a fast
increase in the Mahalanobis distance. For the remainder of the duration, a trend is visible, caused
by the difference in the constellation between the system and the panels, leading to a change in
both the number of points and the geometry of the estimation. Lastly, a high-frequency oscillation
is visible, caused by the variation in deviations depending on the part of the room scanned in the
corresponding epoch. The filter processes the data at 100 Hz, while the LiDAR is scanning with a
rotation rate of 10 Hz. This mismatch leads to an oscillation of 10 Hz. The simulation demonstrates
that remaining systematic deviations severely affect the results, even when the uncertainties are
integrated into the processing. The modeling in the KF works best for zero-mean white noise.
Deviations from this assumption lead to inconsistent estimations and can bias the results. For this
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application, the assumption is violated due to the same influence of the calibration parameters on
all observations and missing corrections for the sensor.
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Figure 3.11: Mahalanobis distances for 100 simulated MC runs with different uncertainties applied.
Figure from publication D.

The results of the simulation are compared to the real data. The data recorded by the LiDAR
and IMU are processed, and the trajectory is compared to the T-Probe trajectory. In contrast to the
results in publication B, this provides a more realistic impression of the algorithm’s performance.
The deviations are shown in Figure 3.12. As expected, a higher magnitude of deviations compared
to the simulations is observed. The highest deviations are observed for the translation of the z-axis,
showing a negative offset along the whole trajectory, and in the rotation around the y-axis of the
system. Both deviations are most likely caused by tilted panels affecting the height component.
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Figure 3.12: Deviations of the pose of a MSS referenced by the ESKF using real data. Figure from
publication D.

When comparing the deviations to the Mahalanobis distance shown in Figure 3.13, the values
again exceed the χ2-interval. Here, the interval is wider because only one run is processed. Similar
to the dataset simu 2, a systematic pattern in the values depending on the system’s position can
be seen, with similar values for the beginning and end of the trajectory.

In the final step, the individual elements of the pose are investigated. To achieve this, the
deviations of each element are divided by the estimated standard deviation of the corresponding
epoch. The results are shown in Figure 3.14. The purple lines are shown at −2 and 2 to indicate
a confidence level of about 95%. While the general structure of the deviations is similar, the
magnitudes are scaled differently. Specifically, the z-translation and the pitch angle are smaller
compared to the other deviations, indicating a higher standard deviation relative to the other
elements of the pose (compared to the results in Figure 3.12). This is most likely caused by the
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Figure 3.13: Mahalanobis distance of the pose of an MSS referenced by the ESKF using real data.
Figure from publication D.

point distribution on the reference panels. Generally, no clear cause for the inconsistent estimation
can be identified, as all elements exceed the interval at different times. This is caused by the complex
interaction between the system’s pose and the geometry of the panels in the room, additionally
affected by remaining deviations in the intrinsic and extrinsic calibration of the LiDAR.
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Figure 3.14: Standardized deviations of the pose of a MSS referenced by the ESKF using real data.
Purple lines show an interval of a normal distribution with α = 5%. Figure from
publication D.

The evaluation of the results demonstrates two approaches for providing quality metrics for data
processed by LiDAR-based MSS. On one hand, as illustrated in publication D, the trajectory
can be assessed since georeferencing plays a critical role in determining the quality of the final
point cloud. Comparisons with reference trajectories can be conducted here. A novel aspect is
the weighting by uncertainties, either for the entire pose using the Mahalanobis distance or by
weighting individual pose components based on their respective standard deviations. On the other
hand, as shown in publication C, the georeferenced point cloud captured by the LiDAR can be
evaluated. Again, the uncertainties of individual points are used to weight the distance to reference
point clouds or geometries. Both methods provide quality metrics to address research question 2.
To summarize the contributions of publications A to D, the following progress is made con-

cerning the research questions. Research question 1 is addressed by publication A. The presented
calibration scheme improves the results by integrating an intrinsic calibration of the used LiDAR
and introducing multiple positions to decorrelate the estimated parameters. The validation of the
estimated calibration parameters is performed in publications C and D , showing some remaining
deviations. Further limitations include the dependency on the surfaces used for calibration. The
goal of achieving consistent predictions for kinematically acquired point clouds of research ques-
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tion 2 is approached from several directions. Publication B presents an ESKF to improve the
georeferencing of systems in a map matching framework to reduce systematic deviations due to
motion during the measuring process. Investigations based on simulations show the improvement
due to the interpolation. Publication C demonstrate improvements using ensemble georeferenc-
ing for kinematically acquired point clouds. Answering research question 3 and improving on the
results for the first two research questions is the focus of Chapter 4.





4 Additional Investigations

Continuing from the previous chapter, this chapter addresses the unresolved issues from the relevant
publications and provides answers to the research questions. A methodology for recursive VCE
within KFs with implicit measurement equations is introduced to adapt the stochastic model during
operation. Subsequently, this methodology is applied, and the estimation of plane-specific distance
offsets is demonstrated for the position tracking described in Section 3.2. The methodology is then
tested using the LUCOOP data set (Axmann et al., 2023). This testing is conducted in two stages:
initially with simulated data to validate the methodology, followed by applying the algorithm to
real data to assess its effectiveness under real conditions.

4.1 Dual Kalman Filtering
In many applications, information about the stochastic properties of observations is limited. This
limitation arises from factors such as insufficient sensor information or complex measurement setups
with numerous influences. Following up on the issues shown in Section 2.2, this thesis introduces
an estimation scheme designed to provide stable estimation while tracking stochastic information
over multiple epochs. To accomplish this, a second state vector is employed to track the VCs.
This separation is possible because the states are assumed to be orthogonal to the observations,
eliminating the possibility of correlations. The setup of the estimation uses the filter presented in
Section 3.2 to estimate the pose of the system and the biases of the IMU. The second filter is used
to process the stochastic information needed to properly weight the LiDAR observations. It keeps
track of the VCs, which are estimated after every epoch of the first filter. The filter is initialized
in the usual manner, setting the initial VCs to 1. A significant advantage of this second filter is
the ability to introduce uncertainties for the initial VCs. These initial uncertainties are a design
parameter with limited impact on the remaining estimation. At the beginning of the estimation, the
initial VCs with uncertainties serve as regularization in the VCE, preventing the aforementioned
estimation failures. For the recursive VCE, the uncertainties of the VCs are updated to track the
information used to adjust the individual VCs. It is assumed that the behavior of the LiDAR
capturing the material is constant, so no process noise is applied. This results in the situation in
which observations of earlier epochs contribute more to the VCs compared to observations from
later epochs, as the uncertainties decrease quickly. The introduction of process noise would change
this, but since plane groups are observed infrequently (often only for one time interval), finding a
suitable magnitude would be intractable.
The implementation of recursive VCE for implicit measurement equations involves two steps.

First, the required values are computed using an ESKF with an implicit observation model. Sub-
sequently, the VCE is performed, incorporating the prior stochastic information.
The following formulas use results of the algorithm for the ESKF from (3.25) to (3.36). First,

the transformed residual vector v̂(k)
t for the current epoch k is computed by

v̂
(k)
t =

(
Q(k)

rr
)−1

B(k)v̂(k), (4.1)

using the restriction matrix B, the VCM of the misclosures Qrr and the residuals v̂ of the update
step. Next, the vector q̂ and the matrix Ŝ are each computed element-wise, with f for the elements
of q̂, and r and c for rows and columns of Ŝ, both iterating over the individual observation groups



46 4 Additional Investigations

1 to z

Q(k)
hh,f = B(k)

(
∆σ̂fV(k)

f

) (
B(k)

)T
, (4.2)

q̂
(k)
f =

(
v̂

(k)
t

)T
Q(k)

hh,f v̂
(k)
t , (4.3)

ŝ
(k)
(r,c) = trace

((
Q(k)

rr
)−1

Q(k)
hh,c

(
Q(k)

rr
)−1

Q(k)
hh,r

)
. (4.4)

Based on these computed values, the change of the VCs ∆σ̂ can be computed for the current
epoch k

γ(k) =
(

Ŝ(k)
)−1

q̂(k). (4.5)

This approach is analogous to VCE in batch adjustments. Especially in recursive estimations, the
normal matrix Ŝ can become singular and thus not invertible. Alternatively, the estimated VCs may
turn negative, resulting in unusable outcomes. To mitigate this, the least squares VCE method from
Amiri-Simkooei (2007) is employed to incorporate prior information into the estimation process.
This is achieved by treating VCE as a least squares estimation task. Consequently, the second
state vector x̂s with the VCM Qx̂sx̂s is introduced to track the VCs. The initial state vector x̂(0)

s

is set to 1 because the initial stochastic model is used at the beginning. The initial VCM Q(0)
x̂sx̂s

can be configured in various ways as a design parameter. A practical approach involves using a
diagonal matrix with a chosen uncertainty for the VC. As the estimation progresses, mathematical
correlations between the VC occur. The computation of the filter update is

Q(k)
x̂sx̂s =

(
Ŝ(k) +

(
Q(k−1)

x̂sx̂s

)−1
)−1

, (4.6)

x̂(k)
s = Q(k)

x̂sx̂s

(
q̂(k) +

(
Q(k−1)

x̂sx̂s

)−1
x̂(k−1)
s

)
. (4.7)

As mentioned before, the VCs are assumed constant, so neither a prediction nor process noise is
applied.

4.2 Dual Filtering for Position Tracking
This section addresses the application of the developed methodology. The principle of recursive
VCE is broadly applicable to a variety of tasks, particularly when dealing with a large volume of
observations. Typical applications include the estimation of Earth orientation parameters (Heiker,
2013), of gravity fields (Koch & Kusche, 2002; Alkhatib, 2008), of calibration parameters (Vogel
et al., 2022), and surface displacement monitoring (Hu et al., 2012). In this thesis, the focus is
on enhancing the georeferencing of kinematic LiDAR-based MSSs. The LUCOOP dataset from
Axmann et al. (2023) is used for the investigations. This dataset offers diverse sensor data of
kinematic systems in an urban setting, including LiDAR data, which is used here to explore the
impact of uncertainty modeling within a ESKF framework. In this context, the availability of a
TLS point cloud of the entire area of the experiment is of special importance.
This subsection is divided into three parts. It begins with a detailed presentation of the ex-

tension to the ESKF introduced in publication B by estimating uncertainties and corrections for
the distance measurements during the position tracking. This includes modeling various influences
using the dual filter and explaining the creation of the localization map. This map is used for
both following parts. A simulation of the dataset is conducted to demonstrate the methodology
with known values. Finally, the actual dataset is processed, and the results are examined under
real-world conditions with a special focus on the data used for evaluation.
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4.2.1 Application of Dual Filtering for Georeferencing Using LiDAR
The dual filter’s primary objective is to address the challenges in georeferencing outlined in Chap-
ter 3. The uncertainty modeling of the LiDAR is restricted due to the temporal stability of the
sensors used and the material-dependent uncertainty of observations. Materials may be different
due to color or surface structure, e.g., differences between plastered walls and bricks. This results
in limited transferability of calibration results. Different materials can cause varying levels of ran-
dom noise in the estimated VCs (Wujanz et al., 2017), as well as different systematic deviations.
To address the random noise, VCE is applied to adjust the stochastic model of distance measure-
ments effectively. Plane groups are introduced to assemble surfaces with similar properties for
improved estimation. Unlike robust adjustment, where each observation is individually reweighted,
this approach facilitates the transfer of weighting information among observations belonging to
the same group. Besides the aforementioned dual filter, distance corrections are also estimated
for two key reasons. First, distance offsets can vary between calibration and georeferencing, or
even during georeferencing itself, due to temporal sensor instability. Second, different materials
and surface structures introduce varying systematic uncertainties, similar to random uncertainties.
Online estimation of these corrections is therefore essential. This approach requires incorporating
the extrinsic calibration parameters between the LiDAR and IMU into the state vector. Unlike the
Cartesian coordinate approach in publication B, observations are represented as spherical coordi-
nates in the observation vector. By including extrinsic calibration parameters, this method enables
online calibration updates, addressing issues encountered in publication D.
In this section, the modifications made to the filter formulation in publication B are outlined

and discussed. The observation vector is changed to include the spherical observations

`(k) =
[
d1 e1 α1 d2 . . . dn en αn

]T
. (4.8)

This leads to the VCM of the observations

Σ(k)
`` = diag

(
γjσ

2
d γeσ

2
e γασ

2
α γjσ

2
d . . . γjσ

2
d γeσ

2
e γασ

2
α

)
(4.9)

with the VCs γ and the plane j. Similar to the approach in Section 3.1, the observations are
assumed to be uncorrelated due to the setup of the LiDAR. Modeling of the correlation of sub-
sequent observations would be useful, but computationally intractable considering the number of
observations. The initial variances σ2

d, σ2
e , and σ2

α are derived from the VCE during calibration.
The second state vector consists of the VCs for both the angle measurements and the distance
measurements, categorized per plane group

xs =
[
γe γα γ1 . . . γJ

]T
(4.10)

for a total of [2 + J ] states. During operation, the state vector gets extended with each new plane
group observed. The plane groups are provided as additional information in the localization map.
The angle uncertainties are grouped over all planes, as their uncertainty is determined by the sensor
calibration for the elevation and the encoder accuracy for the azimuth, both of which are unrelated
to specific surfaces. The VCM of the second state vector is initialized as a diagonal matrix, and
additional plane groups are also initialized uncorrelated to the other VCs.
Two additional steps are required for the computation of the misclosures in the update step. First,

the spherical coordinates for each point i belonging to a plane group j have to be transformed in
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Cartesian coordinates with

p s,i =


x s

y s

z s


i

=


(di + d0,j) · cos ei · cosαi
(di + d0,j) · cos ei · sinαi

(di + d0,j) · sin ei

 . (4.11)

Compared to equation (3.1) in publication A, the distance offset is now dependent on the specific
plane to which the point is assigned. The transformation from the sensor frame of the LiDARs to
the platform frame is performed using

p l,i =
(
t b

s

)(k)
+
(
R b

s

)(k)
p s,i. (4.12)

The parameters of the pose are marked for the current epoch, given that the transformation pa-
rameters are part of the state vector. The remaining computation of the misclosure follows the
procedure listed in equations (3.46) and (3.47). The full state vector is set up as follows

x =
[
t l

b
T v l

b
T q l

b
T aTb ωTb θ b

s
T

d0,1 · · · d0,J

]T
, (4.13)

totaling a [22 + J ] states. The distance offsets d0,j for each plane group j ∈ (1, J) are treated like
the VCs in the second state vector. They are initialized using the distance offset determined during
calibration and are subsequently updated with each epoch. New distance offsets are initialized
as uncorrelated during operation. For the transformation parameters between LiDAR and the
platform, Euler angles are used, following the calibration convention. Since the pose is fixed and
only minor changes are anticipated, the risk of Gimbal lock is negligible. The entire algorithm,
along with all equations, is detailed in the appendix in Chapter 8.

Subsampling

To enhance the computational efficiency of the filter, the point clouds are subsampled, which is
a common practice for many LiDAR data applications (Liu & Zhang, 2021; Mounier et al., 2023;
Qin et al., 2020). This approach addresses the challenge of processing large amounts of data in
real-time, as the observations are generally assumed to be correlated (Jost, 2023). In this study,
voxel-based subsampling is utilized. This method is favored due to its capacity to retain points
from the entire scanned volume while balancing their distribution across the FoV of the sensor.
Unlike other applications (Hillemann et al., 2019; Vizzo et al., 2023), this study does not retain
the centroid of all points in a voxel or the point closest to the center. Instead, one or more random
points within the voxel are selected, allowing for a variable rate of subsampled points, determined
either by a ratio of the assigned points or a fixed number of observations. The process involves
associating all assigned LiDAR points to their respective voxels, then randomizing the order of the
voxels. Points are subsequently picked from the voxels in this random sequence until the required
number of points is obtained.

Generation of the Localization Map

The localization map aims to provide an absolute reference for the position tracking. A variety
of data sources can be utilized for this purpose. However, due to the issues previously discussed
concerning LOD2 city models, it is necessary to seek an alternative data source. In this research,
a TLS point cloud of the environment is used to create the localization map. TLSs are capable of
capturing environmental details with millimeter-level accuracy, encompassing even small features.
Through the process of registration, large areas can be documented with accuracy levels of 1 cm
or better (Janßen, 2024). Given the comparatively small area of the dataset, referencing is carried
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out using reduced Universal Transverse Mercator (UTM) coordinates with a scale factor of 1.
The coordinates are reduced to enable efficient computation using float accuracy. Considering
the precision of the LiDARs deployed, the potential deviations caused by non-parallel facades or
the Earth’s curvature are negligible. Both factors introduce errors of less than a millimeter over
a distance of 100 meters, which is the maximum range for the LiDAR. The height system is
determined by the system in the localization map. In this case, the heights are in the Deutsches
Haupthöhennetz (DHHN)2016 system.
The functional model of the filter necessitates plane parameters that minimize the distances to the

acquired LiDAR point cloud. For representing arbitrary geometries, a triangulated mesh provides
substantial flexibility regarding the geometries represented. The localization map is generated
following these steps. Initially, the TLS point cloud undergoes semantic segmentation to exclude
non-static points. In this process, only points associated with facades or the ground are retained
for further processing. The point cloud is then voxelized using a voxel size of 25 cm to provide
a regular structure for further processing. Within each voxel, planarity of the points is assessed
through principal component analysis (PCA) (Drixler, 1993; Hillemann et al., 2019). Planarity
is essential because the functional model requires the calculation of distances to a plane. Areas
with numerous scatter points pose a risk of incorrect assignment and are therefore unsuitable for
localization. If the points in a voxel demonstrate planarity with a standard deviation of less than 1
cm, the plane parameters are calculated, and the voxel’s centroid is added to a KD-tree (Bentley,
1975). The choice of a 1 cm threshold is motivated by the structure of the environment and
the requirements on the positioning. Lower thresholds produce fewer map elements and thus a
sparser map, as the ground and facades are either slightly curved or rough. A higher threshold
is detrimental to the positioning accuracy as higher deviations might affect the state estimates.
This threshold excludes facade elements that are not appropriate for localization, such as windows,
doors, or balconies. There are possibilities for other observation models, e.g., cylindrical objects.
The only requirement is the ability to compute a distance and to partially differentiate. The KD-
tree serves as an index structure to ensure quick access to the map. Each voxel is restricted to
containing only one plane. This approach balances map complexity, which impacts access times
during assignment, with the level of detail the map can provide. The voxel size is a crucial parameter
in this trade-off. Smaller voxels can capture more detailed structures but increase the map’s data
volume. The chosen voxel size is a compromise based on the system’s target accuracy, where smaller
voxels could represent finer structures, potentially leading to more misassignments and degraded
localization results. Similar sizes are found in the literature, either based on experiments (Mounier
et al., 2025), as a percentage of the measurement range (Vizzo et al., 2023), or adapted by dividing
voxels, which arrive at a similar scale (Liu & Zhang, 2021).
Additionally, it is necessary to establish a grouping for the planes within the map. The filter

operates on the assumption that similar surfaces present comparable uncertainties in LiDAR mea-
surements. The assumptions for the utilized localization map are outlined as follows. The ground
is categorized as a single group. In urban settings, most of the ground is composed of asphalt
roads. Some measurements may include the paving next to the roads, although parked cars along
these roads tend to obstruct many observations. Facades are grouped by building. Despite the fact
that some buildings may feature facades with diverse materials or colors, this level of simplification
is sufficient to provide a basic grouping of the environment, suitable for validating the developed
algorithms. Information regarding building outlines is sourced from Amtliche Liegenschaftskatas-
terinformationssystem (ALKIS), which is publicly accessible cadastral information that includes
property boundaries and building outlines. The accuracy of ALKIS data is about 2 cm, leading to
the same accuracy for the building outlines used for the grouping.
Figure 4.2 provides an overview of the trajectory, displaying building outlines. Compared to

the original dataset, the initial part of the trajectory is cropped to provide a stationary period at
the beginning. Random colors are assigned to buildings to clearly distinguish between them. The
numbers indicate specific times along the trajectory.
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Figure 4.1: Oblique view of generated map from TLS point cloud with trajectory in purple.

Figure 4.2: Overview of environment with trajectory (numbers stand for times in s) and randomly
colored building outlines from ALKIS.

Overview of Entire Algorithm
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In summary, Figure 4.3 illustrates the developed algorithm. The full formulas can be found in
Chapter 8. The necessary inputs include sensor observations (from the IMU and LiDAR), the
initial state vector for the system and sensor uncertainties, and the localization map. The IMU
observations are utilized to propagate the system’s pose to the next epoch, while the other elements
of the state vector are assumed to remain constant. Since IMU biases are subject to bias instability,
process noise is applied. The magnitude of the noise can be seen in Table 4.1. For the map matching
step, the predicted state is then used to transform the LiDAR points, which were collected since the
last epoch, to the superordinate frame in which the map is available. These points are subsequently
assigned to the map and may optionally be subsampled. The assigned points are employed to
compute the update for the state vector. If recursive VCE is applied, the residuals and other
intermediate values from the update step are used to compute the VC. The VCE includes a
second state vector, which tracks the VCs across epochs, to stabilize the estimation process and
appropriately weight the information from different epochs. The estimated VCs are incorporated
into the stochastic model of the update, thereby weighting the LiDAR observations. The outcome
of the filter is an estimated trajectory, which can be used to generate the georeferenced point cloud.

4.2.2 Simulation Studies
The simulated data is generated using the framework described in Subsection 2.3. The trajectory
used for data generation is the MMS trajectory provided in the dataset (Axmann et al., 2023).
The point cloud is produced in combination with the previously mentioned localization map. Each
generated point is annotated with the ID of the corresponding plane, allowing for the consideration
of random noise and a distance offset specific to that plane. Only the first round of the trajectory
shown in Figure 4.2 is simulated, as these initial 365 seconds encompass the entire environment
once. The simulation is carried out as a MC simulation, allowing for multiple runs based on the
original dataset with known uncertainties. In total, 100 runs are conducted to get statistically
significant results. The LiDAR point clouds are subsampled during the processing, utilizing 10%
of the assigned points for the update. To evaluate the effectiveness of the algorithms, the data is
processed using nine different variants. These variants consist of three settings for the VCE and the
estimation of the distance offset for the LiDAR. The first setting is correct, which uses the correct
value from the generation of the data. This represents the best case, where all uncertainties are
correctly known. The second setting is wrong, which employs incorrect values, initialized randomly
within an interval around the true value. For real-world applications, this is often the default
scenario. Typically, the approximate range of sensor uncertainties is known, but deviations due to
drift, environmental factors, or varying materials are not. The last setting, estimated, begins with
the wrong value and improves upon it through the estimation process previously described. The
assumed uncertainties are based on actual sensor characteristics and are detailed in Table 4.1.

Results

As the main objective of the filter is position tracking, the results are evaluated by calculating the
deviations of the pose from the true trajectory. A georeferenced point cloud can be produced based
on this trajectory, if necessary. The deviations are computed using equations (3.49) through (3.51).
These deviations are averaged across all 100 MC runs. The results are presented in several formats.
Initially, the RMSEs for all nine variants are displayed. For this comparison, the values are averaged
over the entire trajectory to provide an overview of the general performance. Furthermore, the
RMSEs of the estimated distance offsets and standard deviations (calculated using the estimated
VCs) are presented. Following this, selected variants are compared to gain insights into the benefits
and potential challenges of the algorithms. Finally, the estimation of the extrinsic calibration
parameters and the observability of the states are examined.
Table 4.2 presents the RMSEs calculated over all epochs of all MC runs, expressed in millimeters

and milliradians, respectively. The colors for numbers in the text correspond to the colors in the
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Figure 4.3: Flowchart of the position tracking algorithm. Data in red, processes in yellow, and state
vectors in purple. Steps marked by green arrows are part of the second filter.

table. The table encompasses the results for all 100 MC runs over all 9 variants for the combinations
of the settings for the stochastic and functional model. The rows represent the settings for the
stochastic model in the following order: correct, estimated, and wrong. The columns follow the
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Table 4.1: Sensor uncertainties used in the simulation. Random and systematic uncertainties for
distance measurements of LiDAR as intervals, as they are randomly sampled per plane.

LiDAR
distance measurement σd [5 – 30] mm
horizontal angle σα 0.85 mrad
vertical angle σe 0.52 mdeg

distance offset d0 [-20 – +20] mm

IMU for (x,y,z)-axes
acc. noise density σãn (6.16, 4.61, 3.62) ·10−3 m

√
Hz/s2

acc. bias instability σaw (22.26, 20.35, 36.36) ·10−3 m/s2

gyro. noise density σω̃n (0.26, 0.34, 0.24) ·10−3 rad
√

Hz/s

gyro. bias instability σωw (1.23, 1.14, 1.19) ·10−3 rad/s

same format for the distance offset. According to this layout, it is anticipated that the smallest
RMSEs will appear in the upper left, as the correct values are used for the estimation, which should
result in the lowest deviations compared to the true values in the simulation. The remaining results
should show larger deviations, as wrong assumptions for the functional and stochastic model should
be detrimental to the filter performance. However, upon examining the results, this assumption
does not hold true.
Across all results, translations and orientation behave similarly, even though the differences be-

tween the orientations are smaller. Here, the first row shows a large range of results with 2.00 mm
for the translation using the correct settings compared to 3.92 mm for wrong variant. Utilizing the
correct value of the distance offset results in better estimations of the pose deviations compared to
the estimated variant, which in turn improves upon the wrong values. When employing a more ac-
curate distance offset, either correct or estimated, translations are halved, and orientations improve
by approximately 30% (comparing blue and red values). The effect of the distance measurements
is greater on the translations. For further improvements of the orientations, corrections for the
angle measurements could be beneficial. The estimation of the distance offsets leads to results
insignificantly different from using the correct distance offset. This leads to the conclusion that for
the circumstances in this work, the distance offset can be estimated well, leading to a near parity
in the performance for the corresponding variants. For the stochastic model, the aforementioned
assumption does not hold. The lowest RMSE values of 1.74 mm for the translation and 0.104 mrad
for the orientations occur in the estimated setting for the stochastic model when using the correct
values for the distance offsets. The impact of the stochastic model is smaller, with a maximum
improvement of about 10% between the wrong and estimated variant. Interestingly, the variant
using the correct stochastic model with a wrong distance offset (in red) yields the worst results,
possibly due to overly optimistic weighting of biased distance measurements. To further explore
the superior performance of the estimated stochastic model, the other results are examined first.
The next step involves examining the estimated distance offsets and VCs, presented as standard

deviations. Table 4.3 displays the RMSE for all estimated uncertainties across all MC runs. Here,
the settings are alternated. For the estimation of the distance offset, the setting for the stochastic
model is varied, and the other way around. For the correct setting, the RMSE is always 0, and for
the wrong setting, it is 15.76 mm for the distance offsets and 55.34 mm for the standard deviations.
The RMSE is calculated solely for the final estimate.
The resulting RMSEs demonstrate that the estimation process effectively recovers the correct

value for the distance offsets across all settings for the stochastic model. The estimated setting



54 4 Additional Investigations

Table 4.2: RMSE of the translations and orientations of the processed simulated dataset across all
epochs of all 100 MC runs. The rows correspond to the setting of the stochastic model
and the columns to the corrections.

Distance Offset Setting

Stochastic Model Component correct estimated wrong
correct Translation [mm] 2.00 2.01 3.92

Orientation [mrad] 0.107 0.107 0.134

estimated Translation [mm] 1.74 1.75 3.00
Orientation [mrad] 0.104 0.104 0.120

wrong Translation [mm] 2.84 2.85 3.43
Orientation [mrad] 0.112 0.112 0.120

yields the best performance, similar to the trajectory deviations. Using a wrong stochastic model
results in only a slightly worse accuracy. The maximum deviation across all runs when estimating
the distance offset is approximately 3 mm. The estimated standard deviations present a different
behavior, as the values are only corrected by up to 40%. The settings for the distance offset show a
significant impact, with the wrong setting yielding the best results. The remaining high deviation
is evident in the maximum remaining deviation, which is approximately 23 mm. This is nearly
equivalent to the entire range of the initialized measurement noise.

Table 4.3: RMSE of estimated distance offsets and standard deviations over all MC runs. Values
are given in mm. Initial RMSE listed per row.

Setting

Estimated Parameter correct estimated wrong
Distance offset (init. RMSE: 15.26 mm) 0.26 0.22 0.31
Standard Deviations (init. RMSE: 55.15 mm) 42.16 42.72 32.48

These results highlight challenges in estimating the stochastic model, although there is an ob-
served improvement in trajectory estimation seen in Table 4.2. To further explore this issue, the
average RMSEs for three variants is visualized over time. The selected settings are wrong/wrong,
estimated/estimated, and correct/correct, chosen to identify differences in results along the trajec-
tory. Figure 4.4 illustrates the RMSEs for these selected runs as they progress over time. The
overall behavior of all three time series is similar, with the wrong setting performing notably worse.
The line showing the result for estimated is covered by correct for the majority of the time. The
almost constant deviations exhibit peaks at times corresponding to turns, e.g., around 100 s, 120 s,
280 s, and 325 s. Even with all effects accounted for in the simulation, deviations still increase in
these areas. This effect is visible in both the translations and orientations, each varying in magni-
tude depending on the specific turn. These phenomena are likely influenced by the dynamics of the
trajectory, which is derived directly from real data. The underlying issue seems to be an incorrect
weighting between IMU and LiDAR observations. Any jerks or abrupt changes in the trajectory
might lead to greater deviations in the prediction, which are not adequately modeled by higher
uncertainties. Consequently, the update introduces the predicted state with a comparatively high
weighting for the actual deviations, resulting in a biased estimate.
A closer examination of these turns explains why the estimated stochastic model performs better.

In these scenarios, the estimated variants exhibit lower deviations as a result of overfitting. The
VCE compensates for the overconfidence in the prediction during turns. This compensation leads
to an overfit to the trajectory, while yielding worse results compared to the true values of the



4.2 Dual Filtering for Position Tracking 55

Figure 4.4: Comparison of epoch-wise RMSEs (translation and orientation) for variants wrong, es-
timated, and correct using the simulated dataset.

stochastic model. Across all plane groups, the standard deviation is estimated to be, on average, 8
mm under the correct value. This observation is further supported by consistency measures. The
state estimation result is deemed consistent if the Mahalanobis distance falls within the interval
of χ2-distribution with the degrees of freedom 6 · 100 for the significance levels 2.5% and 97.5%
(two-sided test). Figure 4.5 depicts the results for the three selected variants with green lines
denoting the χ2-interval. Once more, the results for the correct and estimated settings are very
similar. Both variants remain within the consistency interval most of the time, except during
the mentioned turns. The wrong settings exceed the interval of the hypothesis test along the
entire time series. The similar structure of deviations and Mahalanobis distance suggests a nearly
constant uncertainty estimate by the filter, which does not properly represent the times with higher
deviations.
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Figure 4.5: Comparison of epoch-wise Mahalanobis distance for variants wrong, estimated, and cor-
rect using the simulated dataset.

Online Estimation of Extrinsic Calibration

So far, the investigation has primarily concentrated on intrinsic sensor calibration. However, the
extrinsic calibration parameters are also a component of the state vector and are estimated dur-
ing operation. For the initial simulations, extrinsic calibration was set to the correct values and
exhibited no significant changes throughout estimation, due to low uncertainty at the start. Here,
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the initial values are intentionally altered and initialized with higher uncertainties to evaluate the
filter’s ability to recover the correct values.
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Figure 4.6: Epoch-wise deviations of the translations of the extrinsic calibration parameters in the
b-frame.
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Figure 4.7: Epoch-wise deviations of the translations of the extrinsic calibration parameters in the
b-frame. Additional process noise is added in each prediction.

Across various runs, the correct extrinsic calibration cannot be recovered due to an inappropri-
ate configuration for estimation. Although the filter does not diverge, the deviations in trajectory
estimation exceed previous results. Figure 4.6 displays an exemplary run that visualizes the trans-
lations. While the orientations are omitted here, they show a similar behavior. After the first
50 seconds, the extrinsic calibration parameters stabilize and exhibit only minor changes. The
estimation leads to no clear improvements. Alternatively, introducing process noise can leverage
other parts of the trajectory to influence the estimation. Figure 4.7 shows the results for the same
initialization as before, with 10−10 mm added process noise per epoch. Introducing process noise to
these states results in changing deviations of the calibration parameters along the entire trajectory.
The x-component, in particular, appears sensitive to turns, overfitting to the constellation between
system and map. With larger process noise, this effect increases until the filter diverges, whereas
with smaller values, the results more closely resemble those shown in Figure 4.6. To effectively
estimate the extrinsic calibration parameters, a specific movement pattern would be necessary to
accurately determine these parameters. Alternatively, a batch adjustment over the entire trajectory
(or selected parts (Lv et al., 2022)) can be performed.

Observability

For further investigation of the issue, the observability of the state is regarded, as it is a critical topic
in filtering (Bar-Shalom et al., 2004; Simon, 2006). It defines whether the state can be estimated
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based on the observations and dynamics of the system. The observability is defined as

O =


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
with rank (O) = u. (4.14)

For K = u, a linear system is observable. In the case of error states, as the one used here, the
maximum observability corresponds to the dimension of the error state. By setting K to span
a specific time interval, the system’s observability for that interval can be evaluated. However,
for the filter used in this study, definitive conclusions are challenging, as observations are highly
dependent on the environment and the map. Depending on the orientation of the planes in the
environment, a situation can occur in which no information along one direction is available, and
the state is not fully observable. The choice of 25 cm voxels for the map generation prevents this
by introducing smaller areas, e.g., inside windows/doors, to provide information along the urban
canyons. An additional factor is the estimated distance offsets, which are part of the state vector
but not continuously observable, as facades are not always visible. Therefore, the observability
analysis should be conducted based on the number of actually observed plane groups.
The observability analysis for a 1-second time interval is illustrated in Figure 4.8. A 1-second

interval is selected, as even low-cost IMUs are generally stable over this time frame. The figure
shows the ratio of the computed observability divided by the number of states relevant in the time
interval, which are always the pose and all observed plane groups. The analysis demonstrates that
the state is observable with a value of 1.0 along the entire trajectory, indicating that the structure
of the environment is diverse enough to fully observe the state in any 1-second-interval along the
trajectory. This suggests that the challenges in estimating the extrinsic calibration parameters arise
from issues related to weighting and specific movements, rather than a lack of general observability.
Important to note is that the environment has a major impact on the observability for the chosen
measurement model. The urban environment of the LUCOOP data set provides map information
to multiple sides. In areas with fewer static features, the estimation of the distance offset could
lead to problems, as the separation of the position and the distance offset could become ambiguous.

Findings and Implications from Simulations

Upon completing the simulations, several conclusions can be drawn. The novel dual filter approach
enables the estimation of the distance offsets and standard deviations for the distance measurements
during operation. Both of these contributions positively affect the trajectory estimation. The
new principle based on plane groups tracks information, as opposed to robust estimations, which
work on individual observations without transfer to later epochs. The developed recursive VCE
allows for updating the stochastic model during the filtering of the sensor data with an implicit
measurement model. Regarding research question 2, which focuses on the consistent prediction of
point uncertainties, the use of VCE demonstrates an improvement of the stochastic model. The
improved trajectory estimation positively affects point uncertainties. In the performed simulations,
the estimation of the stochastic model leads to an overfit to the dynamics of the trajectory. While
this reduces the deviations of the estimated trajectory, the estimated point uncertainty gets biased.
For research question 3, the material-based estimation of distance offsets shows a clear improvement
in the trajectory estimation. The distance offsets are accurately recovered across all variants. The
estimation of extrinsic calibration parameters proves ineffective due to the minimal configuration
of the system, involving only two sensors. Addressing the deviations in transformation parameters
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Figure 4.8: Overview of observability of the state with distance offsets along the trajectory. Colors
indicate observability.

would necessitate either additional sensors, a selection of suitable parts of the trajectory (Qin
et al., 2022), or a specially designed motion that excites all pose components at the start of the
run (Mishra et al., 2021), which cannot be ensured in typical traffic scenarios.

4.2.3 Real Data Processing
After examining the developed methodology on the simulated dataset, the approach is now applied
to the real dataset. The differences to the simulations are the use of the actual sensor observations
instead of the simulated values, and the comparison to the reference trajectories used in the dataset.
Compared to the controlled conditions of the simulation, the real dataset presents additional chal-
lenges. Sensor data deviations are influenced by factors beyond the assumed normally distributed
noise. The environment includes elements not covered by the aforementioned localization map,
such as other objects and traffic participants, leading to occlusions that can negatively impact
localization. Scatter points necessitate an increase in the rate of retained LiDAR points from 10%
in the simulation to 25% here. This increase is necessary due to scatter points in the environment
in the real measurement. It leads to slightly longer processing times, as the computed matrices
are larger. The map also assumes that all surfaces of a building are of the same material, which
is not the case for all buildings. Additionally, the observations are affected by outliers, unmodeled
correlations, and systematics, such as missing intrinsic calibration parameters.

The primary objective is to evaluate the effect of the estimation of the distance offset and stochas-
tic model on the accuracy and consistency of the position tracking. For assessing the distance offsets
and stochastic model themselves, only the plausibility of the results can be verified. For the trajec-
tory, a comparison is made between fixed initial values for sensor uncertainties and their estimated
values. This comparison is analogous to the cases wrong/wrong (referred to as assumed here) and
estimated/estimated in the simulations, since true values for the poses of the trajectory or the
LiDAR uncertainties are unavailable. Instead, the estimated poses of the trajectory are evaluated
by comparing to reference data. Two different reference trajectories provided in the LUCOOP
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dataset and the TLS point cloud used for the map generation are used. Initially, the trajectory
offered by the commercial MMS is used to calculate deviations. The MMS uses a navigation-grade
Applanix IMU and thus generates a very smooth trajectory. The second reference trajectory is
produced by using point clouds acquired by a LiDAR on the system in an ICP to register the
system in the TLS point cloud. As only LiDAR data is used, the resulting trajectory is noisier
compared to the MMS solution. Finally, the TLS point cloud is used directly by computing the
cloud to cloud (C2C) distances between the georeferenced LiDAR point cloud to this reference
point cloud. The TLS point cloud is produced with the highest accuracy compared to the trajec-
tories, but the evaluation offers only a general insight into the quality without component-specific
deviations. Another notable aspect is the datum definition. The MMS trajectory is produced in
a tightly coupled solution by fusing IMU, GNSS and odometry observations. All other solutions
(filter, ICP and TLS point cloud) depend on the datum definition of the TLS point cloud, which
depends on ground control points (GCPs) distributed in the area.

Evaluation with MMS Trajectory

The result comparison begins with the RMSEs for translations and orientations, as depicted in
Figure 4.9 and listed in Table 4.4. Both variants exhibit very similar deviations. The two variants
yield practically indistinguishable translational RMSEs, with 43.20 mm for the estimated variant
and 42.99 mm for the assumed variant. Different segments of the trajectory favor different variants
concerning translation accuracy. In terms of orientation, the estimated variant performs better,
achieving an RMSE of 1.16 mrad compared to 1.28 mrad for the assumed variant. Aside from a
few peaks, such as those occurring around 190 s or 550 s, the estimated variant generally provides
better results at most times. These are caused by the dynamics of the vehicle driving over a
raised part of the street. Here, the estimated variant estimated lower uncertainties for the LiDAR
observations, which yield higher deviations during this short period. The improvement over the
remaining time is characterized by fewer variations in the deviations, e.g., for the translations
at around 350 seconds into the trajectory, and lower deviations at 160 and 530 seconds (also for
translations). Table 4.4 shows that for the orientations the 68% and 95% quantiles confirm the
overall RMSE. For the translations, the quantiles are lower for the estimated variant, indicating
reduced systematics.

Table 4.4: Descriptive statistics of RMSEs of the translations and orientations of the processed real
dataset using both settings.

Component Metric assumed estimated
Translation [mm] overall 42.99 43.20

68% quantile 48.07 45.72
95% quantile 69.78 66.78

Orientation [mrad] overall 1.28 1.16
68% quantile 1.27 1.15
95% quantile 2.27 2.07

The remarkable similarity over the entire trajectory prompts further investigation to assess
whether the estimated uncertainties of the trajectory accurately reflect the deviations in either
solution. Again, the Mahalanobis distance is computed for this purpose. Figure 4.10 shows the
square root of this value across the entire trajectory for both variants. Notably, the maximum
value of the χ2-interval for the hypothesis test is exceeded in all epochs, by up to a factor of 100.
The use of the square root of the Mahalanobis distance scales this factor to the actual mismatch
between uncertainties and deviations. This means the deviations are a factor of 100 too large for
the estimated uncertainties, largely due to systematic effects affecting the comparison, either in the
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Figure 4.9: Comparison of epoch-wise RMSE values for translation and orientation for the real
dataset for variants assumed and estimated. Deviations are computed from the MMS
trajectory.

estimation or in the reference data. The estimation improves the values by up to 30%, depending on
the environment and constellation. This can be attributed to the effects of the distance offset and
assumptions about the stochastic model, which are corrected in the estimation. Again, a repeated
structure of the values is observed. To investigate the cause, the individual deviations are shown
next.
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Figure 4.10: Comparison of epoch-wise Mahalanobis distances of real dataset for estimated variant.
Deviations are computed from the MMS trajectory. Green lines show χ2-interval for
the hypothesis test at [1.1, 3.8]. Values computed with the MMS trajectory.

Finally, Figure 4.11 presents the individual pose deviations along all coordinate axes for the esti-
mated run compared to the MMS trajectory. The deviations are transformed into the body frame,
which follows the forward-left-up (FLU)-convention. This separation into coordinate components
highlights the recurring pattern seen before. In the forward and up directions, deviations surpass
15 cm at various points along the trajectory. The left component shows slightly better performance,
likely due to the environmental structure consistently providing information from the side. Even
during stationary phases, deviations of up to 5 cm are observed, suggesting discrepancies between
the data sources. As the deviations already suggest systematic effects as a dominating influence,
standardized deviations, as shown in Figure 3.14, are omitted here. To evaluate the possible rea-
sons for these deviations, the manufacturer information for the MMS is used. The manufacturer
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specifies the absolute accuracy at 20 - 50 mm (Riegl, 2011) without information about the pro-
vided measure (standard deviation or interval). Considering these uncertainties, the majority of
the translational deviations can be explained based on the reference trajectory. As the filter will
estimate the state variances similar to the simulated case, this also explains the exceeded χ2 quan-
tiles. For the orientations, the MMS is rated to an accuracy about one order of magnitude more
accurate compared to the shown results. In this case, the majority of the rotational uncertainties
stem from the filter solution. This is especially evident for the roll and pitch angles, for which the
filter delivers unstable results.

Figure 4.11: Epoch-wise deviations of real dataset for estimated variant. Deviations are computed
with respect to the MMS trajectory and rotated into the body frame of the system. Color
for the axes: red for X (forward), green for Y (left), and blue for Z (up).

Since true values for the estimated distance offsets and standard deviations are unavailable, their
plausibility is evaluated. Figures 4.12 and 4.13 display the histograms for the estimated values.
For the histogram of the distance offsets, a bin width of 2 mm is chosen, as this corresponds to
the quantization of the used Velodyne Puck (Velodyne, 2019b). The majority of distance offsets
fall between -2 cm and 0 cm, aligning with findings regarding the measurement accuracy of the
Velodyne Puck from both own research and the literature (Glennie et al., 2016; Sánchez & Pany,
2019). The mean value of about -15 mm coincidentally matches very well the intrinsic calibration
in publication A, even though different sensors of the same type are used. The most extreme value,
at -3.1 cm, belongs to a facade that is barely visible in the scans due to occlusion by a smaller
building in the foreground and only measured at high AOIs.

The estimated standard deviations align well with the expected behavior of the sensor. The bin
width is set to 1 mm to clearly show the single values at the tail ends of the distribution. The lowest
values fall within the typical range for calibration panels, while the highest value is just slightly
above 2 cm. This higher value relates to measurements of the ground, which can be attributed to
the sensor’s orientation relative to the ground. All measurements of the ground have a high AOI,
resulting in larger measurement uncertainty (Soudarissanane et al., 2009). Since AOI effects are
not part of the model yet, the higher uncertainty is assigned to the ground surface as a whole.
For some surfaces, the estimated standard deviations can be compared to LiDAR measurements.

This requires the system to be stationary and the planes of the facade to be clearly visible at a low
AOI. For each facade, at least three planes of about 1 m2 are cropped. Each of these cropped planes
should consist of at least two scan lines. The areas are chosen to be observed at a low AOI, so
the standard deviation of an estimated plane corresponds approximately to the standard deviation
of the distance measurements of the LiDAR. Only three facades fulfill these requirements, as the
system only stops once per round. The ground is excluded, as the observations are always at a high
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Figure 4.12: Histogram of estimated LiDAR distance offsets for processed real dataset.

Figure 4.13: Histogram of estimated LiDAR standard deviations for the distance measurements for
the processed real dataset.

AOI due to the mounting of the LiDAR. Table 4.5 shows the estimated mean standard deviations
for the facades and the standard deviations estimated for the plane group by the dual filter. The
filter generally estimates the standard deviations are few millimeters higher than the result of the
plane estimation. This effect has multiple reasons. First, the simulation already demonstrated that
issues in the modeling of the dynamics lead to overfitting of the estimated standard deviations of
the distance measurements. Next, the modeling currently omits the effect of the AOI of the distance
measurement. Higher AOIs lead to higher random noise in the distance measurements, including
observations with higher AOI, thus increasing the estimated standard deviation. Finally, deviations
in the estimation of the distance offset also lead to higher values for the standard deviations, as
the residuals are computed compared to the map, which should be free of systematics. While the
estimation of the distance offset works well, assumptions about the grouping of the planes in the
map can lead to increased deviations in the estimated offsets.
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Table 4.5: Comparison of standard deviations of estimated planes in the stationary phase and stan-
dard deviations estimated by the dual filter.

Plane ID Plane [mm] Filter [mm]
6 12.1 14.7
18 9.5 13.5
19 10.7 12.9

Evaluation with ICP Trajectory

In the simulations, deviations were predominantly observed during turns, whereas the real data
reveals more widespread deviations, making evaluation the next focus. For the real dataset, true
values are not known, so reference trajectories are utilized. Specifically, the trajectory from a
commercial MMS is employed. The estimated trajectory of the system is noted to have an absolute
accuracy of 20 to 50 mm in the absence of GNSS outages (Riegl, 2011). These outages or other
problems for GNSS, such as multipath effects, are common in urban environments (Hsu, 2018).
The locality of these effects causes deviations that vary along the trajectory but repeat across
multiple rounds. As an alternative, the dataset provides a trajectory calculated by registering the
LiDAR point clouds to the TLS using ICP (Axmann et al., 2023). The original TLS point cloud
is registered using GCPs, which are independent of GNSS measurements. For this ICP trajectory,
only the estimated variant is compared, as the suitability of the solution has to be investigated.
The pose deviations are displayed in Figure 4.14 and the RMSEs are shown in Table 4.6.

Figure 4.14: Epoch-wise deviations of the real dataset for estimated variant computed with respect
to the ICP trajectory. Deviations are rotated into the body-frame of the system. Color
for the axes: red for X (forward), green for Y (left), and blue for Z (up).

The ICP trajectory exhibits slightly more noise than the MMS trajectory, resulting in some brief
outliers within the time series. As the evaluation using the MMS trajectory already showed the
stability of the filter result, only the relevant deviations are presented by limiting the y-axis. Again,
the deviations display recurring patterns, which are different compared to the MMS trajectory. This
difference confirms the assumption that deviations of the reference trajectory strongly affect the
computed deviations. The horizontal translations exhibit lower deviations, with the left component
aligning very well, showing deviations of less than 20 mm. The height component displays higher
deviations than previously observed, which can be attributed to the LiDAR’s orientation, measuring
the environment at a higher AOI. In this case, both solutions are affected by this effect compared
to the comparison to the MMS solution, which used a smoothed INS trajectory.
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Table 4.6: Descriptive statistics of RMSEs of the translations and orientations of the processed real
dataset with the ICP trajectory (after removal of peaks).

Component Metric assumed
Translation [mm] overall 43.88

68% quantile 44.98
95% quantile 70.14

Orientation [mrad] overall 0.88
68% quantile 0.92
95% quantile 1.57

Regarding the overview in Table 4.6, the translational deviations are similar to the deviations
computed using the MMS trajectory. The higher deviations of the height component mask the
better performance in the horizontal components. The evaluation of the orientations delivers smaller
deviations when excluding the peaks. Without excluding 48 peaks in the time series caused by
problems in the ICP trajectory, the RMSE of the orientations is 11.29 mrad. The LiDAR data
utilized for producing this trajectory is similar to that used for the ESKF in this thesis. Since
the IMU data is excluded and the original TLS point cloud is used, the ICP point cloud can be
regarded as a worse solution, although it serves as an adequate evaluation benchmark for GNSS
solutions.

Evaluation based on Point Clouds

An alternative method for evaluating the estimated trajectory involves using the poses to georef-
erence the LiDAR point clouds. To begin with, the georeferenced point cloud is computed and
checked visually. Figure 4.15 provides a qualitative view of the georeferenced point cloud. The
selected area shows the crossing scanned at 75 and 450 seconds, each time for about 15 seconds.
An RTS for tracking one of the vehicles is set up on an industrial tripod with a street sign in
the background. The structure can be clearly seen without noticeable shifts, with only the persons
moving during the data acquisition. The point cloud is colored by the intensities of the point cloud,
showing the highest values for retro-reflective surfaces like the high visibility vests and signs. This
indicates generally good results, as both rounds fit well and show the scene clearly.
For a quantitative evaluation, the C2C distances between the georeferenced point cloud and

the TLS reference point cloud are computed. Lower deviations in trajectory estimation should
result in lower deviations in the point clouds. Although neither the reference point cloud nor the
georeferenced LiDAR scans are cleaned to remove scatter points, this method still offers valuable
insights into the georeferencing accuracy. The results of this computation for the estimated setting
are presented as a 2D histogram in Figure 4.16. The bins are grouped per second for the time and
per 2 mm for the distances. Scatter points lead to a few longer distances (up to meters), which are
barely visible even with a logarithmic scaling for the colors. While the results do not directly relate
deviations to specific pose components, they offer a general perspective on the accuracy within the
georeferenced point cloud. Across the entire time series, the majority of distances fall within the
1-3 cm range. The distances are constant along the trajectory without peaks seen in the trajectory
comparison, indicating a stable result. However, during certain time intervals, fewer distances fall
within this range. These time intervals often correspond to turns, so these changes in the distances
might indicate similar deviations seen in the simulations. Alternatively, as these areas are crossing,
blocking objects in the environment may occlude the environment for the comparison. The result
for the assumed setting is visually indistinguishable and thus omitted.
Table 4.7 summarizes the results over the entire trajectory for both settings. The median of the

C2C distances is lower for the estimated setting 20.4 mm, compared to 20.6 mm for the assumed
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Figure 4.15: Selected part of georeferenced LiDAR point cloud, showing tracking setup with RTS on
industrial tripod next to street sign. Points colored by intensity (low to high: blue-
green-red).

Figure 4.16: 2D histogram of C2C distances between georeferenced LiDAR point clouds using the
estimated variant and TLS reference point cloud.

setting. For higher quantiles of the distances, the results become more similar, with the same value
of 69% for the 95% quantile. This is similar for the ratio of distances within a certain distance
threshold, with more shorter distances for the estimated setting and with 80.3% the same number of
distances for the 10 cm threshold. The difference between the results is small for multiple reasons.
First, the actual difference in the trajectory estimation is small, as seen in the evaluation using the
MMS trajectory. Second, the estimated distance offset used for the filter is not transferable here, as
the distance computation is applied to any captured point, including points from objects not used
in the position tracking. Thus, the estimated distance offsets are not applied for this evaluation
and only a general offset, i.e., from the calibration, can be applied.
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Table 4.7: Descriptive statistics of C2C distances computed between the georeferenced LiDAR point
cloud and the TLS point cloud for the assumed and estimated variants.

distance [mm] assumed estimated
Median 20.6 20.4
68% quantile 33.9 34.1
95% quantile 69.1 69.0

distances within [%] assumed estimated
3 cm 64.9 65.0
5 cm 74.2 75.2
10 cm 80.3 80.3

Findings and Implications from Real-World Evaluation

The real data processing demonstrates that the developed algorithm is capable of producing high-
accuracy trajectories and georeferenced point clouds for a LiDAR-based MSS. Estimating distance
offsets and standard deviations for distance measurements results in improved position tracking.
Regarding research question 2, the Mahalanobis distance is decreased by up to 30% by the extended
modeling. The remaining inconsistency can be attributed to the insufficient accuracy of the avail-
able reference trajectories. Concerning research question 3, the estimation of uncertainties notably
reduces the deviations of the orientations. Quantitatively, when compared to a TLS point cloud,
approximately 80% of all georeferenced LiDAR points have a C2C distance of less than 10 cm,
including those from moving objects and scatter points. The estimated values for the distance
offsets and standard deviations are plausible.
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5.1 Conclusion
Autonomous systems are used in various applications for their benefits in terms of cost and safety.
Their automated operation increases the requirements of the data and algorithms, as no human
intervention is possible. For this, LiDARs, fused with data from other sensors, are a crucial tool for
autonomous systems to reliably detect the environment and position themselves within it. To gain
the best possible results, this fusion requires a proper calibration and processing strategy. Opposed
to MMSs, which acquire data for post-processing, autonomous systems need to work reliably at
any time to ensure safe operation. Hence, bundle adjustments or other batch approaches are not
suitable. Instead, online processing is necessary, which needs to be able to adapt to changing
conditions. The need to adapt during operation requires new methods, which were introduced in
this thesis. Finally, the results need to be evaluated to provide quality measures for the system.
This thesis aims to investigate the uncertainties of LiDARs along the processing chain to georef-

erence an MSS. The processing chain includes the calibration, data fusion, and evaluation of the
results. Uncertainties from each step affect the remaining processing and thus need to be properly
included in the data processing to achieve the best possible results for the system. The processing
should be methodologically able to process the data in real-time. The results need to be inves-
tigated based on their deviations and in the context of their estimated uncertainties to properly
assess them. The research questions from Section 1.2 are answered in this thesis, which leads to
the contributions from Chapters 3 and 4, that can be summarized as follows:

• Consistent estimation of calibration parameters
Research question 1 is addressed by employing an extrinsic calibration process, which utilizes
reference panels to determine the transformation parameters to a defined platform frame,
relying on observations of the LiDAR. To enhance the outcomes of this calibration, the in-
trinsic calibration of the LiDAR is simultaneously conducted. Besides adjusting for a distance
offset, the sensor’s stochastic model is estimated via VCE. Estimating all parameters neces-
sitates multiple positions within the calibration field to provide sufficient geometric diversity.
This has the additional benefit of reducing all but three correlations between the estimated
parameters to below 50%. Each parameter is accompanied by its respective VCMs, offering
information on the associated uncertainties. Since the estimation leaves a remaining devia-
tion from the true values, the parameters serve as initial values for the state estimation in
the data fusion, allowing for further refinement.

• Consistent prediction of point uncertainties
For research question 2, it is essential to propagate all uncertainties throughout the processing
chain to ensure a consistent prediction of point uncertainties. The primary data fusion is
conducted using an ESKF, where IMU and LiDAR observations are combined to localize the
system across different environments. IMU observations define the epochs for the filter and
are responsible for propagating the system’s pose, while LiDAR observations are matched to
a localization map. To enhance accuracy, the system’s pose is linearly interpolated to the
timestamp of each LiDAR point. The random uncertainties of the distance measurements
are iteratively estimated during operation by a recursive VCE. This procedure is applied to
account for the changing uncertainties due to the environment and observed materials. The
map provides information about groups of observed surface planes with varying properties. In
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comparison to true trajectories in a simulated environment, the recursive VCE improves the
estimated translations by up to 40% and the orientations by about 10%. For the processed
real data, no true values for the uncertainties are available, but all uncertainties are in a
plausible range. Here, specifically the accuracy of the map and reference data are more
important in the evaluation than the system’s modeling itself. Acquiring reference trajectories
with adequate accuracy can be particularly challenging when working with real datasets.
Alternatively, the georeferenced point cloud’s quality can be assessed directly by comparison
against a reference measurement, which could be another point cloud or predefined reference
geometries. Distance computations to the reference are used to compute measures of the
point cloud’s quality. In publication C, the accuracy improvement of the georeferenced point
cloud by integrating uncertainties can be seen, reducing the RMSE of the distance from 10.0
to 8.1 mm. Again, the VCM of the point cloud can be utilized to weight the computed
distances, offering insight into the result’s consistency. Here, the importance lies in rotating
the VCM to properly apply the weighting.

• Determination of systematic deviations
Research question 3 is handled by estimating corrections, as systematic deviations are detri-
mental to estimation processes. In the georeferencing procedure presented, the extrinsic
calibration of the LiDAR and its distance measurements are major sources of such deviations
within the system. To address this, both are incorporated into the state vector, allowing
for their updates during position tracking. Distance offsets are estimated per plane group,
similar to the random uncertainties. This approach accommodates variations arising from
material and surface-dependent properties. In the simulations, these offsets can be estimated
very well, reducing the RMSE of the distance offset to below 1 mm (from 15 mm). For the
real dataset, the estimated offsets correspond to the range of values expected for the used
sensor. This extended estimation benefits the trajectory estimation as a whole, improving
the orientation estimation by 30% in the simulations and 15% in the real data. The estima-
tion of the extrinsic calibration parameters of the LiDAR requires either additional sensors
to differentiate between the information from the sensors or specifically designed motion to
determine the transformation parameters. The latter option is not feasible in normal traffic
scenarios.

This dissertation introduces a recursive VCE for the adaptation of the stochastic model during
recursive estimation procedures. It is demonstrated on the position tracking of a LiDAR-based MSS
with an implicit measurement model for map matching, taking uncertainties of the calibration into
account. For further adaptation of this methodology in applications, some limitations have to be
accounted for. The current methodology is limited by the high dependency on the constellation
between the system and the localization map, which leads to situations in which the extrinsic
calibration parameters can not be estimated. Further extensions to the modeling of the VC are
necessary to account for effects, like the AOI. The evaluation is currently limited by the availability
of sufficiently accurate reference data.

5.2 Outlook
Although this thesis has contributed significantly to various aspects of multi-sensor data fusion,
numerous challenges remain.
Related to the developments discussed here, the modeling of sensor uncertainties could ben-

efit from further enhancements. Currently, only the material-dependent effects on measurement
uncertainty have been modeled. Since geometric factors such as distance and AOI also impact
measurements (Soudarissanane et al., 2009; Zámečníková & Neuner, 2018), these effects should
be integrated into the uncertainty propagation framework. While more detailed intrinsic sensor
models are available, their estimation depends on the specific sensor and setup, which may not
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always allow for significant estimation (Glennie & Lichti, 2010; Glennie et al., 2016). Correlations
within point cloud data also influence estimation accuracy, as neglected correlations lead to bi-
ased estimates (Jost, 2023; Kerekes, 2023). Currently, subsampling techniques are used to mitigate
computational demands and reduce the impact of unaddressed correlations. Further investigation
into the correlation structure of low-cost LiDARs and kinematic scanning could enhance the consis-
tency of estimations. To achieve this, synthetic VCMs could be generated by using autocorrelation
functions or similar techniques. The primary challenge here is the movement of the system, which
results in dynamic changes to the geometry and the path of the rays during measurement.
Another major consideration for the methodology’s applicability is robustness, which presents

challenges in two areas. First, outliers, common in LiDAR point clouds due to scattering, affect
estimation results. While robust assignment methods like RANSAC can minimize their occurrence,
the estimation process should itself be robust. This is crucial since the residuals of the state es-
timation are also used for the VCE. Implementing semantic segmentation of LiDAR point clouds
can assist in eliminating points that capture the relevant infrastructure (Milioto et al., 2019; Zhao
et al., 2024). Additionally, scatter points might be identifiable by features such as intensity, and
points classified as other traffic participants could be used to track these entities. This information
could be fused with image or Radar observations. Second, anomalies, like environmental changes,
can deteriorate georeferencing performance. As the online uncertainty estimation relies on plane
grouping, substantial deviations could indicate changes and trigger map updates. Literature in-
dicates worse performance with generalized maps such as LOD2 city models compared to more
detailed alternatives (Moftizadeh, 2024; Wahbah et al., 2025). New data sources could enhance
map creation, as MMSs are well-suited for rapidly capturing large areas with high accuracy, pro-
vided suitable reference data is available. Exploring existing sources of such information could be
key to generating accurate, large-scale maps for guiding MSSs localization.
Regarding the broader aspects of multi-sensor fusion, uncertainty modeling in multi-step pro-

cesses is crucial. Here, only a minimal MSS with two sensors is investigated. Additional sensors
introduce more information, but also additional uncertainty sources. Assuming a normal distribu-
tion for uncertainties from previous steps, such as calibration parameters or corrections, can fall
short of accurately representing their constant influence on the current estimation. Alternative
models, such as interval-based estimation techniques (Su, 2025), might better describe this influ-
ence. Consequently, other processing frameworks, like PF, set-membership approaches (Andrew,
2002) or similar methodologies, are needed for the estimation. However, these techniques currently
face significant challenges in computational efficiency, which is especially important considering the
use cases for the methodology. Hardware used for machine learning (ML) applications provides the
possibility for parallelization to enable faster computation.
On the topic of ML, uncertainty modeling for LiDAR observations can leverage models that

incorporate prior knowledge. While this thesis utilizes no ML approaches for the uncertainty
modeling, it can serve as a baseline for these techniques. The exploration of ML methods for
quantifying LiDAR uncertainties is still in its early stages but shows considerable promise. Initial
studies suggest the feasibility of predicting systematic corrections for various surfaces (Hartmann
et al., 2024). This could replace the estimation of distance offsets by correcting them before the
update. Additionally, extensions to model random uncertainties are achievable, especially with
advanced neural networks capable of predicting distributions (Li et al., 2024). Also, studies are
being done on how to model the overall accuracy of point clouds acquired by kinematic MSS (Xu
et al., 2025). The main limitation of these models is the necessity of comprehensive training data,
as they must encompass a diverse range of surface types to adequately capture the variability of
different materials. Furthermore, integrating image data can enhance the prediction of uncertainties
by providing additional context (Wei et al., 2018; Zhu et al., 2024). Images can aid in identifying
surface types or plane groups, thereby facilitating more accurate grouping.
The evaluation of kinematically acquired data is an important issue for many applications. In

classical geodetic measurements, quality assessment and assurance are paramount. For kinematic
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measurements, evaluations often rely on similar principles but involve extended chains of processes
or fail to thoroughly assess all outcomes. Methods such as tracking via RTS can provide trajecto-
ries, but typically only for a single position on the system. While approaches that track multiple
points are feasible, they require greater effort for time synchronization (Lerke & Schwieger, 2021;
Thalmann & Neuner, 2021; Dammert et al., 2025). The method presented for point cloud compar-
ison can only evaluate the entire pose if the environment is structured properly. Another option is
tracking via camera, where the vehicle’s pose can be identified in images, either by using markers
affixed to the vehicle (Trusheim et al., 2024) or by employing models that represent the vehicle’s
shape (Lou et al., 2005; Coenen & Rottensteiner, 2021). For the latter, the accuracy of pose deter-
mination remains an area of investigation. Combined polar measurement systems with cameras,
like the T-Probe of the LT, or similar systems, are constrained by the necessity of a line of sight be-
tween the evaluating sensor and the kinematic system. Depending on the type of system, repeated
trajectories can be used for evaluation. Possibilities from robot arms to rail tracks (Tombrink et al.,
2025) offer evaluation for repeated movements to distinguish precision and accuracy.

Despite these ongoing challenges, multi-sensor fusion remains a crucial tool for the efficient
data acquisition processes of the future. Within this context, this dissertation offers significant
contributions to the modeling of essential processes aimed at achieving optimal results, including
the modeling of uncertainties.
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Abstract—The usage of light detection and ranging sensors
(LiDARs) has grown rapidly in recent years. The ability to
directly capture 3D point clouds is a big advantage compared
to other visual systems like cameras. One disadvantage is that
uncertainty information is difficult to obtain for these systems,
although this information is crucial for the decisions based on
the measurements.
This becomes even more important, when LiDARs are used in
conjunction with other sensors in multi-sensor systems (MSS).
The sensor data fusion with different sensors requires an extrinsic
calibration, which describes the transformation between the
LiDAR frame and the body frame of the platform. This can be
done utilizing object space information measured by the LiDAR,
which is used to infer the origin of the sensor frame based on
reference geometries. This process can be used to additionally
determine intrinsic parameters of the sensor. Possible intrinsic
parameters are corrections for the distance measurements or
approximations for the uncertainty of the measurement elements.
In this work, the determination of extrinsic and intrinsic param-
eters is combined for the first time with the approximation of a
stochastic model for a multi-beam LiDAR. This is demonstrated
on a real-data set of a Velodyne VLP-16, for which the trans-
formation parameters between sensor frame and body frame
are determined. Additionally, a distance offset is determined
and the variance components are estimated to establish a better
approximation for the stochastic model. The impact of the
calibration field and choice of positions within this calibration
field are shown and discussed. The results are evaluated in a
separate experiment using a kinematic MSS.
Index Terms—LiDAR, calibration, multi-sensor system, data

fusion, parameter estimation, variance component estimation

I. INTRODUCTION

Light detection and ranging sensors (LiDARs) are increas-
ingly popular for a multitude of applications. Their ability
to directly capture 3D point clouds can be useful in many
areas. The comparatively cheap price and robust construction
enable the use of kinematic systems, which can quickly
capture large amounts of data. With improving hardware
for data processing, it becomes possible to use LiDARs for
localization and obstacle detection. Although the uncertainty
of the acquired point clouds becomes a safety-critical factor
in these applications, the uncertainty budget of LiDARs has
not yet been sufficiently modelled. Previous studies have often

This work was funded by the German Research Foundation (DFG) as part
of the Research Training Group i.c.sens [RTG 2159] and NE 1453/5-1.

been limited to investigating the distance measurements in
controlled environments [1], [2].
An important aspect of the uncertainty budget of LiDARs

is the use case for the sensors. In most cases, LiDARs are
used in multi-sensor systems (MSSs), for which observations
from multiple sensors are fused and processed together. The
quality of the sensor data fusion is dependent on the system
calibration of the sensors. Generally, the used sensors can be
broadly divided into two groups: referencing and capturing
sensors. While referencing sensors, like Global Navigation
Satellite System (GNSS) antennas or inertial measurement
units (IMUs), are purely used to determine the pose of the
system during operation, the capturing sensors, e.g. cameras or
LiDARs, are used to capture the environment. In recent years,
the data acquired by these capturing sensors are also used for
localization. This can be done by integrating information from
maps [3]–[5] or by creating own maps using Simultaneous
Localization and Mapping (SLAM) [6].
With the increasing use of capturing sensors for pose

estimation, the importance of system calibration of cameras
and LiDARs is also growing. System calibration describes the
determination of transformation parameters between frames of
different sensors or between a sensor frame and a body frame,
which can be defined to standardize sensor data fusion. In
computer vision, the term extrinsic is used for the transforma-
tion parameters between different frames, often in the context
of cameras.
Depending on the type of sensors and the goal of the

application, different techniques can be used to determine
the extrinsic parameters. The direct approach is to determine
the transformation parameters between the frames based on
a CAD model of the platform and construction drawings of
the sensors. This approach is dependent on the availability of
the CAD model and the construction drawings. Additionally,
manufacturing tolerances of the platform and sensors are
neglected or at least not sufficiently included in the determined
parameters.
Approaches using object space information eliminate the

influence of manufacturing tolerances by utilizing measure-
ments of the sensors. For applications aimed at fusing images
with depth information from LiDARs, planar checkerboards in
multiple orientations are commonly used [7]. MSSs using two



LiDARs with an overlapping field of view can be calibrated
using suitable planar surfaces without the need for external
reference measurements or knowledge of dimensions [8].
Alternatively, the extrinsic parameters can be determined

for a defined body frame. Strübing & Neumann [9] present
an approach using reference geometries. While the original
application was intended for a railway measurement system,
the method was also used in industrial quality assurance [10]
and for mobile mapping systems referenced by GNSS [11].
The calibration procedures can be performed in different

modes. The calibrations can be either done before the measure-
ment or during the measurement (in-situ). The prior calibration
is either static using external referencing sensors ( [9], [10]),
or during movement using the referencing sensors of the
MSS [11], [12]. Since MSSs are typically used for kinematic
measurements, the in-situ calibrations are performed based
on the measurements during the movement to improve the
extrinsic calibration parameters based on the comparison of
multiple runs [13].
The calibration of intrinsic models for LiDARs often fo-

cuses on the distance measurement. Studies by various authors
analyse stability and accuracy of distance measurements [1],
[2], [14]. Complete models for distance and angle measure-
ments are used in [14], [15]. The authors in [15] combine
the instrinsic and extrinsic calibration for an MSS with a
camera, LiDAR and IMU using a variety of geometries. The
method relies on the camera to derive the transformation to
the superordinate frame. Heinz [11] et al. show an extension
of the system calibration based on [9], which is the simulta-
neous determination of intrinsic and extrinsic parameters for a
profile laser scanner. Additionally, the stochastic model of the
adjustment is validated using a variance component estimation
(VCE).
The contribution of this work is the adaption of the extrinsic

and intrinsic calibration in combination with the variance
component estimation to a multi-beam LiDAR. The procedure
is applied to a Velodyne VLP-16 on a platform and the results
are discussed in the context of the used calibration field with
regards to the reached standard deviations and correlations
for the parameters using multiple positions. Additionally,
the determined parameters are evaluated in an independent
experiment.
The paper is structured as follows. Section II describes the

setup used for the system calibration using object space infor-
mation including the used sensors. Afterwards, the method-
ology for the estimation of the parameters is presented in
section III. The focus lies on the model extension of the
adjustment and the VCE. The results are shown in section IV.
First, the results of the adjustment itself are presented and
discussed, before the determined parameters are evaluated in
an independent experiment. The paper concludes in a summary
and an outlook in section V.

II. EXPERIMENTAL SETUP

In this section, the setup for the calibration is shown. This
is done before the introducing the algorithms used for the

parameter estimation, since some decisions for the adjustment
are motivated by the available instruments and the calibration
field.
The calibration is performed using object space information.

For this procedure, artificial reference geometries are measured
with the LiDAR. Here, a Velodyne VLP-16 [16] is used.
It has 16 rings, which cover a field of view of 360◦×30◦.
As reference geometries, panels or other planar objects are
commonly used [9]–[11]. These reference panels and the
platform itself are referenced by a sensor of superior accuracy.
In this case, a Leica Absolute Tracker AT960-LR (LT) is used.
This sensor is commonly used for surveying tasks in industrial
applications and can track different targets. Either corner cube
reflectors (CCRs) can be used, which are tracked with an
accuracy of about 50 µm, or a T-Probe, which is a 6-DoF
sensor with an accuracy of about 100 µm, is available [17].
Using approximate parameters for the transformation between
sensor frame and body frame of the platform, the point clouds
captured by the LiDAR are transformed and the euclidean dis-
tances to the reference panels are computed. These distances
act as misclosures for the adjustment described later, in which
they are eliminated by minimization of the square sum of the
residuals.
Three frames are involved in the calibration. The sensor

frame of the LiDAR s is defined by the origin and orientation
of the point clouds. The body frame of the platform b is
uniquely defined by three CCRs placed in magnetic nests,
which are fixed to the platform. The superordinate frame l
is the laboratory coordinate system of the 3D laboratory of
the Geodetic Institute Hannover. The LT is stationed in the
laboratory to directly deliver measurements in the l-frame. An
overview of the calibration setup including the frames is shown
in Fig. 1. A black ring marks frames, which are shown at their
origin. The colors are red-green-blue for the X-, Y-, and Z-
axis.
The constellation of the reference panels is a crucial factor

for the quality of the resulting transformation parameters.
Depending on the orientation of the panels and the constella-
tion concerning the platform, the panels are sensitive towards
different transformation parameters. For example, panels 02
and 10 are sensitive for the translation in the X-axis of the
b-frame. In its depicted configuration, the calibration field is
based on [10]. It was designed for an MSS with a profile laser
scanner. This leads to the fact, that only some of the rings of
the Velodyne are capturing the panels for a position of the
platform.
To further enhance the determination of the calibration pa-

rameters, multiple positions for the platform are used. Depend-
ing on the choice of positions, different rings of the LiDAR
are contributing to the parameter estimation. Furthermore,
multiple positions enable a higher variety in the geometry of
the constellations between the sensor and reference panels.
This is beneficial for the determination of the parameters,
since the influence of the rotations increases with the distance
between the sensor and the reference panels. This leads
to high importance of varying distances in the calibration.



Fig. 1. Overview of the calibration field with panel numbers: involved frames
with panels (left), panels mounted on ceiling (top right), panels on opposing
wall (bottom right)
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Fig. 2. Overview of the five positions in total of the platform for calibration

Additionally, the correlations of the covariance matrix of
the determined parameters can be reduced. This principle is
similar to the idea behind the reduction of correlations for
camera calibrations [18]. Fig. 2 shows an overview of the
used positions for the calibration field. For this procedure, the
exact distances between the positions are less important than
the general constellation.

III. METHODOLOGY

After showing the used setup, the algorithm used for the
parameter estimation can be introduced. The functional model
for the adjustment is presented in multiple steps. First, the
original spherical observations of the LiDAR are converted
to cartesian coordinates. The original observations `i for a
point i are the distance di, the elevation ei (determined
by the rings), and the azimuth angle αi. Additionally, this
transformation introduces the distance offset d0 as a model
extension compared to earlier applications [10], [19],

ps,i =

xsys
zs


i

=

(di + d0) · cos ei · cosαi(di + d0) · cos ei · sinαi
(di + d0) · sin ei + zc

 . (1)

The transformation includes the vertical correction zc recom-
mended by the manufacturer [16]. No scale factor is estimated,
since the distances in the calibration field are too short. For
high-end laser scanners, the scale factor is about 10 ppm [20],
which would amount to 60 µm in the current calibration field.

For the used VLP-16, this would be hard to determine given
the quantization of the measurements with 2 mm [16].
Due to the usage of reference geometries, not all captured

points are relevant. Based on the cartesian coordinates, an
assignment of the point clouds to the reference panels is done
by cropping the point clouds. This is done by hand to exclude
scatter points and mixed pixels at the borders of the panels.
The cropped point clouds are subsampled before the usage
in the calibration adjustment. This has two reasons. Firstly, it
reduces the computational cost of the adjustment computation.
Earlier investigations [19] have shown, that increasing the
number of observations does not necessarily improve the
results. Secondly, subsampling is done to standardize the
number of points per panel. This avoids an indirect weighting
between the panels by the number of assigned points. In this
case, about 100 rotations of the VLP-16 are recorded. For the
adjustment, 50 points per plane and position are used.
After the transformation from spherical to cartesian coordi-

nates, two transformations between frames are concatenated.
The first transformation is based on the required transforma-
tion parameters between the s-frame and the b-frame. The
second transformation describes the pose of the platform in
the superordinate frame l. Both transformations are rigid body
motions, which are described with a 3D translation vector
t = [tx ty tz]

T and a 3D rotation matrix

R (ω, ϕ, κ) = Rz (κ)Ry (ϕ)Rx (ω) (2)

with the elementary rotation matrices:

Rx (ω) =

1 0 0
0 cosω −sinω
0 sinω cosω

 , (3)

Ry (ϕ) =

 cosϕ 0 sinϕ
0 1 0

−sinϕ 0 cosϕ

 and (4)

Rz (κ) =

cosκ −sinκ 0
sinκ cosκ 0
0 0 1

 . (5)

The transformation parameters are grouped as

θ =
�
tx ty tz ω ϕ κ

�
. (6)

No scale factor is applied, since the LiDAR and LT measure
in metric units. The concatenation of the two transformations
leads to

pl,i = t
l
b +R

l
b

�
tbs +R

b
sps,i

�
. (7)

The original frame is noted in the subscript, while the target
frame is noted in the superscript. The last step for the
functional model is the computation of the euclidean distances
to the reference panels. Each point i of a position k is assigned
to a reference panel j. The reference panels are parameterized
using Hesse form with a =

�
nT d

�T
and n = [nx ny nz]

T .
This leads to the computation of the misclosures wi with

wi = p
T
l,inj −dj = hi

�
`i,θ

b
s, d0,θ

l
b,k,aj

�
!
= 0. (8)



The parameter vector x of the adjustment can be defined in two
different ways. Usually, the parameters of the transformation
between the body frame and the superordinate frame, and
the plane parameters are assumed to be deterministic, due to
the higher measurement accuracy of the sensor used for the
reference measurements. This leads to the parameter vector

x =
�
θbs, d0

�T
. (9)

Alternatively, the parameters derived from the LT measure-
ments can be introduced into the adjustment as stochastic
values, too. This requires the introduction of restrictions for
the estimation of the plane parameters in the Hesse form [19]
and is not further addressed here.
The parameters and the observations cannot be separated in

the functional model in (8), so the optimization has to be done
in a Gauß-Helmert model (GHM) [21], [22]. The parameters
and observations are estimated iteratively and require the com-
putation of the Jacobian matrices of the functional model with
respect to the parameters for A and to the observations for B
using the approximated parameter vector x0 and observations
vector `0,

A =
∂h

∂x

����
`0,x0

and B =
∂h

∂`

����
`0,x0

. (10)

Additionally, the misclosure vector is computed with

w = h (`0,x0) +B (`−`0) . (11)

Using these quantities, the update to the parameters and the
residuals v̂ can be computed using the least squares method
with the covariance matrix of the misclosures Qww and the
covariance matrix of the parameters Qx̂x̂

Qww = BQ``B
T , (12)

Qx̂x̂ =
�
ATQ−1wwA

�−1
, (13)

x̂ = x0 +Qx̂x̂A
TQ−1ww(−w), (14)

v̂ = Q``B
TQ−1ww

�
I−AQx̂x̂AT

�
Q−1ww(−w). (15)

For the iteration, the approximated vectors are updated using

x0 = x̂ and `0 = `+ v̂. (16)

The convergence criterion for the iteration is set to 10−10

as the threshold for the non-linear functional model in (8)
computed with x0 and `0.
An important influence on the results of the adjustment is

the stochastic model, which is defined by the covariance matrix
of the observations Q`` (setup shown below). The problem
with the used sensor here, and with many other LiDARs, is,
that the uncertainty budget of the measurements are not well
known. The manufacturer provides a value of ± 3 cm for
the distance measurement [16]. It is not clear if this value is
a standard deviation or an interval. Furthermore, there is no
information given for the accuracy of angle measurements.
A VCE is employed to estimate a better approximation for

the stochastic model of the LiDAR. In this procedure, the
residuals of the adjustment are used to update the stochastic
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Fig. 3. Flow chart of the processing of measurement data for the system
calibration including preprocessing and the adjustment with GHM and VCE

model. Afterwards, the adjustment is repeated. This leads
to another iteration, which ends when the update for the
stochastic model is smaller than a threshold (here: 10−4).
The chosen algorithm for the VCE is the Best Invariant

Quadratic Unbiased Estimator (BIQUE) [23], [24]. The update
of the covariance matrix of the observations is carried out
using the z disjunct variance components Vi (here: three, one
per measurement element) and the update vector ∆σ

Q`` =
zX
i=1

∆σiVi with ∆σ = S−1q. (17)

The quantities S and q are computed element-wise. For the
matrix S, the indices describe the rows r and columns c, and
for the vector q, the indice i iterate over the three measurement
elements,

qi = v̂
TBTQ−1wwBViB

TQ−1wwBv̂, (18)

M = Q−1ww−Q−1wwAQx̂x̂ATQ−1ww, (19)

sr,c = trace
�
MBVcB

TMBVrB
T
�
. (20)

A flow chart showing the steps for the processing and
computation is shown in Fig. 3. First, the acquired point
clouds are cropped by hand to assign the points to the
corresponding reference panels. The cropped point clouds are
then subsampled for the aforementioned reasons. For the setup
of the observation vector, all points are transformed back to
spherical coordinates. The estimation itself consists of two
previously described nested iterations, which require initial



TABLE I
RESULT FOR THE ESTIMATED PARAMETERS WITH THE CORRESPONDING

STANDARD DEVIATIONS

parameter value std dev.
tx 221.1 mm 1.80 mm
ty 188.7 mm 5.98 mm
tz 89.2 mm 1.44 mm
ω -1.471◦ 0.060◦

ϕ 0.013◦ 0.017◦

κ -0.007◦ 0.014◦

d0 -14.0 mm 0.20 mm

start values for the parameter vector and the stochastic model.
The additional measurements for the positions of the platform,
the parameters of the reference panels, and possibly the initial
parameters for the transformation are derived from the LT
measurements.

IV. RESULTS

The results are shown in two aspects. First, the results
of the adjustments are shown and discussed. Afterward, the
determined parameters are evaluated in an independent ex-
periment using a robot with the calibrated MSS platform.
The parameters from the proposed method are compared to
parameters determined by different variants for the system
calibration.

A. Results of the Adjustment

The determined parameters with their estimated standard
deviations are shown in Table I.
While the actual values of the transformation parameters

are specific to the platform, the standard deviations can be
used to analyze the chosen setup. The standard deviations for
the translation along the Y-axis and the rotation ω around the
X-axis are noteworthy. Both of these standard deviations are
three to four times larger compared to the standard deviations
for the other translations and rotations. This is caused by the
orientation of the platform during the measurement, which is
always pointing downwards during the calibration, as shown in
Fig. 1. This leads to a constant distance to the panels mounted
on the ceiling with about 3 m. As mentioned before, longer
distances are better for the determination of the orientation, so
this causes the higher standard deviation for ω. The opposite
reasoning is the cause for the higher standard deviations for
ty . The distance to the ceiling is longer than the minimum
distance to the panels mounted on the side walls leading to
higher standard deviations.
More findings can be obtained by investigating the sensitiv-

ities of the different parameters with regard to the reference
panels. The orientations and positions of the panels are the
main influence. Since the platform is always oriented similarly
during the calibration, the sensitivities are also similar for all
positions. An overview of the sensitivities is given in Table II.
The distance offset d0 is not listed, since every observation
contributes to its estimation.
It is obvious that different panels contribute differently to

the estimation of the transformation parameters. Generally,

TABLE II
SENSITIVITY OF THE TRANSFORMATION PARAMETERS TOWARDS THE
REFERENCE PANELS, +: HIGH SENSITIVITY, O: SOME SENSITIVITY

panel tx ty tz ω ϕ κ
01 o +
02 +
03 o +
04 o o +
05 o +
06 +
07 o +
08 o o +
09 o +
10 +
11 o +
12 +

Fig. 4. Comparison of correlations of estimated parameters using one position
(upper triangular matrix) and using all five positions (lower triangular matrix)

panels facing the sensors are useful for determining the
translations, whereas tilted panels are useful to determine the
rotations. The translation along the Z-axis is an exception,
because the VLP-16 scans in the X-Y plane ± 15◦, so the
translation tz is also dependent on tilted panels. The maximum
tilt is set to 45◦, since higher tilts lead to higher incidence
angles, which decrease the measurement quality [10].
With the context of the sensitivities, the correlations of the

estimated parameters can be discussed. Low correlations be-
tween the estimated parameter indicate good constellations for
the adjustment. Fig. 4 shows the comparison of the correlations
for the calibration with one position (only Pos1 from Fig. 2)
in the upper triangular matrix and for all five positions in the
lower triangular matrix. This illustration enables a compact
form without losing information due to the symmetry of
correlation matrices derived from the covariance matrix of the
estimated parameters.
The comparison shows an improvement for most of the cor-

relations by using multiple positions. The remaining notable



correlations are:
• -0.58 between ω and tz , which is caused by the short
distances towards the ceiling influencing both parameters,

• -0.73 between κ and ty , due to the reliance on the panels
04 and 08 for both parameters, and

• -0.68 between ϕ and d0, which is the only correlation,
that notably increases in magnitude. The rotation ϕ is
determined by the panels 01, 03, 09, and 11, which
are also critical for the determination of d0 due to the
changing distances from different positions.

While not possible for the platform used in this paper,
the platform should be rotated around its Z-axis to provide
longer distances along the Y-axis of the body frame for further
calibrations. The rotation would reduce correlations between
the parameters noted above and the longer distances enable
a better determination of the parameters ty and ω. With
more degrees of freedom in the positioning of the platform,
sensitivity charts like in Table II would have to be analyzed
on a position-by-position basis.
To demonstrate the impact of the additional estimation of

the distance offset, the adjustment can be computed with
and without this model extension. The comparison is shown
by the distances of the original point cloud transformed by
the estimated parameters. This provides an impression of the
difference in the achieved precision for the point cloud. Fig. 5
shows the misclosures without (top) and with (bottom) the
model extension by the distance offset. The plot is divided into
the different panels in blue and different positions in red. For
reasons of readability, only the misclosures for positions Pos1
to Pos3 are shown, even though the parameters are determined
using all five positions. The remaining two positions show
similar results.
The normal vectors of the planes are oriented in such a

way, that positive distances are caused by a positive bias in
the distance measurements, i.e. the LiDAR measures too long
distances. This can be seen quite frequently for the results
without the model extension. The mean value of the distances
significantly deviates from zero. Furthermore, systematic ef-
fects between the different panels can be seen, resulting in
even higher deviations of the mean of distances. This can be
seen especially for panels 10 and 11.
The comparison to the lower plot shows the positive impact

of the model extension. The distance offset is estimated at
-14.0 mm, which is in a similar magnitude to the results
of other studies [2], [14]. The mean of the distances shows
no clear deviation from zero anymore. The magnitude of the
systematic deviations is significantly reduced. Even though the
VCE optimizes the stochastic model based on the functional
model, the dispersion of the distances is still, at least visually,
no white noise, which indicates the necessity to further extend
the intrinsic model of the VLP-16.
Finally, the results from the VCE are discussed. Similar to

the correlations, the VCE benefits from the usage of multiple
positions. Processing of only one position leads to negative
values for the stochastic model. This indicates problems in
the functional or stochastic model [24]. Joint processing of

Fig. 5. Comparison of misclosures computed with the estimated parameters
and the original observations without distance offset (top) and with distance
offset (bottom), for positions Pos1 to Pos3

TABLE III
RESULT OF THE VARIANCE COMPONENT ESTIMATION

observation type standard deviation
distance 8.5 mm
azimuth angle 0.0485◦

elevation angle 0.0296◦

multiple positions stabilizes the estimation, leading to the valid
values for the stochastic model, as shown in Table III with the
standard deviations for the original observations. These values
can be checked for plausibility by comparing them with other
available information. For the distance measurement, the preci-
sion given by the standard deviation can be seen in the distance
plots in Fig. 5. Furthermore, other investigations determine
similar values for the precision of the distance measurement
[14]. It should be emphasized, that the determined standard
deviation for the distance measurements is only correct for
measurements over a similar distance, i.e. up to 6 m, and only
on white surfaces. For longer distances or darker surfaces, the
standard deviation will increase.
The standard deviations for the angle measurements can

be compared to the beam divergence for the VLP-16. The
manufacturer provides a value of 3.0 mrad for the horizontal
angle and 1.5 mrad for the vertical angle [16]. The tendency
towards a larger value for the horizontal angle can be observed
for both the beam divergence and the estimated standard
deviation.



Fig. 6. Platform mounted on Husky UGV with T-Probe mounted to the side,
only frames of relevant sensors are marked

B. Evaluation in an independent experiment

To evaluate the results, the parameters obtained with the
model extension are compared to parameters obtained with
different variants. The evaluation is based on a data set of a
kinematic experiment performed in the same laboratory as the
calibration to ensure similar conditions. For the experiment,
a Husky UGV [25] is used to carry the calibrated platform.
The robot is shown in Fig. 6 with the frames of the relevant
sensors marked. The trajectory is determined by the LT, which
tracks a T-Probe (t-frame) fixed to the platform to determine
the 6-DoF pose at a measurement rate of 50 Hz.
The time synchronization between the LiDAR and LT is

realized by separate GNSS receivers. The VLP-16 is connected
to a Garmin 18x, while the LT receives a trigger signal by
a Javad GNSS receiver. Hence, timestamps in GPS time are
available for measurements of both sensors to synchronize
them.
Fig. 7 show the setup for the experiment. The movement of

the robot is limited by the viewing angle for the T-Probe. The
shown trajectory takes about 40 s. The overview in Fig. 7 is
based on the full-dome scan of a terrestrial laser scanner for
illustration purposes.
Similar to the calibration, the evaluation is based on ref-

erence panels. In this case, the computed distances are used
to evaluate the parameters. Smaller deviations indicate better
solutions. The positions and orientations of the eleven refer-
ence panels in the room enable us to check all six degrees
of freedom of the transformation. The comparison includes
three variants for the determination of the parameters. The first
variant is the measurement of the LiDAR housing with the re-
construction of the sensor frame based on the values provided

TABLE IV
DEVIATIONS OF THE REFERENCED POINT CLOUDS OF THE KINEMATIC
MEASUREMENTS COMPUTED USING DIFFERENT VARIANTS FOR THE

CALIBRATION COMPARED TO THE REFERENCE PANELS

variant RMSE [mm]
measurement housing 15.8
only extrinsic 14.7
intrinsic and extrinsic 10.3

by the manufacturer. The measurement is performed using
the T-Probe stylus, so the resulting parameters are already
quite accurate. The second variant is the system calibration
estimating only the extrinsic parameters. The last variant is the
proposed method estimating intrinsic and extrinsic parameters
simultaneously.
The results of the evaluation are shown in Table IV. The

values are listed as root mean square errors (RMSE) of the
distances to the eleven reference panels. It can be seen, that the
calibration solely for the extrinsic parameters is only slightly
better than measuring the housing. This is caused by the
influence of the uncorrected distance measurements during
the calibration, compromising the results. Significantly better
results are obtained when the intrinsic and extrinsic parameters
are estimated jointly. The correction of the distance offset leads
to improved results for calibration and to a more accurate point
cloud during the kinematic experiment.

V. SUMMARY AND OUTLOOK

In this paper, a model extension for a system calibration
approach was shown to additionally estimate intrinsic param-
eters of the calibrated LiDAR. The estimated distance offset
improves the results for the adjustment and for the application
of the parameters in an independent measurement. In this case,
the evaluation using a comparison to a reference point cloud
shows a reduction of the RMSE of distances from 14.7 mm
to 10.3 mm. Furthermore, the performed VCE delivers an
improved stochastic model, which needs to be further validated
but can be seen as plausible.
The principle of calibration offers multiple aspects for

further optimizations. The choice of positions can be further
improved by expert knowledge like discussed in section IV or
using optimization algorithms similar to [10]. The functional
model used in this paper is applicable to any profile laser
scanner or multi-beam LiDAR. Further improvements are
possible by adapting the intrinsic model to the sensor. For
multi-beam LiDARs, like the VLP-16, estimating a distance
offset per ring might improve the results further. Depending
on the sensor, even more sophisticated models for the intrinsic
calibration exist [14]. In general, it is to be investigated if more
complex intrinsic models can still be estimated simultaneously
to the extrinsic parameters, or if a two-step process would be
necessary.
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proving gps trajectories using 3d city models and kinematic point
clouds,” ISPRS Annals of Photogrammetry, Remote Sensing & Spatial
Information Sciences, vol. 4, pp. 35–42, 2019.

[6] P. Geneva, K. Eckenhoff, Y. Yang, and G. Huang, “Lips: Lidar-inertial 3d
plane slam,” in 2018 IEEE/RSJ International Conference on Intelligent
Robots and Systems (IROS). IEEE, 2018.

[7] L. Zhou, Z. Li, and M. Kaess, “Automatic extrinsic calibration of a
camera and a 3d lidar using line and plane correspondences,” in 2018
IEEE/RSJ International Conference on Intelligent Robots and Systems
(IROS), 2018, pp. 5562–5569.

[8] B. Shi, P. Yu, M. Yang, C. Wang, Y. Bai, and F. Yang, “Extrinsic
calibration of dual lidars based on plane features and uncertainty
analysis,” IEEE Sensors Journal, vol. 21, no. 9, pp. 11 117–11 130, 2021.

[9] T. Strübing and I. Neumann, “Positions-und orientierungsschätzung von
lidar-sensoren auf multisensorplattformen,” ZfV, vol. 3, pp. 210–221,
2013.
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line]. Available: https://www.zofre.de/laserscanner/3d-laserscanner/z-f-
imagerr-5016

[21] L. Lenzmann and E. Lenzmann, “Strenge auswertung des nicht-
linearen gauß-helmert-modells,” allgemeine vermessungs-nachrichten
(avn), no. 2, pp. 68–73, 2004.
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Abstract—With many applications requiring individuals to
share spaces with autonomous systems, not only do accurate
positioning solutions become crucial, but also understanding of
the uncertainty associated with these systems. For applications
like public transportation or logistics, position tracking algo-
rithms need to be evaluated on accuracy and consistency. The
selection of the appropriate algorithms heavily relies on the
specific requirements of the applications, thus demanding novel
algorithms for these new use cases.
This paper introduces a novel error state Kalman filter with
implicit measurement equations, presenting a solution for new
applications. The filter facilitates the fusion of inertial mea-
surement unit (IMU) sensor data with other sensors using
arbitrary measurement models. To showcase its effectiveness,
the filter is demonstrated by fusing simulated IMU and LiDAR
observations for position tracking (complete code on Github).
Specifically, the LiDAR points are employed in the update step
by minimizing the distances to known planes. Furthermore, the
performance of the filter is enhanced by motion compensation
through pose interpolation, utilizing the available timestamps.
The results are thoroughly discussed in terms of accuracy and
consistency, revealing significant improvements by employing
pose interpolation. However, the consistency analysis indicates
slightly pessimistic results, suggesting the need for further opti-
mizations.
Index Terms—Error state Kalman filter, multi-sensor system,

position tracking, IMU, LiDAR, simulation.

I. INTRODUCTION

Accurate determination for the pose of a system over time
is essential for numerous applications. When the initial pose
is known, it is referred to as position tracking. Especially if
persons are sharing spaces with autonomous systems, such
as warehouses or construction sites, the position tracking of
these systems needs to not only be accurate but also aware
of the uncertainty associated with their estimated pose. This
concept of integrity is already implemented in aviation and
is in progress of being expanded to other fields, including

This work was funded by the German Research Foundation (DFG) as part
of the Research Training Group i.c.sens [RTG 2159]. Furthermore, this work
was supported by the LUH compute cluster, which is funded by the Leibniz
Universität Hannover, the Lower Saxony Ministry of Science and Culture
(MWK) and the German Research Association (DFG).

automotive, maritime or rail [1]. This expands the evaluation
of algorithms for position tracking from just comparing the
deviations between estimated and true trajectory to addition-
ally investigating the estimated pose uncertainty of the system.
Unfortunately, this aspect is often overlooked.

A. Related Works

Position tracking can be accomplished using different tech-
niques, each with its own advantages and drawbacks. Some
possibilities include filters [2], [3], sliding-window adjust-
ments [4], [5] or factor graph optimizations (FGOs) [6], [7].
This paper focuses on filters, specifically, Kalman filters,
which are widely used and computationally efficient [8].
Although the assumptions of normal distribution restrict the
Kalman filter in terms of the distributions it can handle, new
algorithms enable different state representation, such as error
states [9], or more versatile functional models for novel use
cases or sensor combinations [10], [11].
Additional map information can be integrated into position

tracking. Various approaches are found in the literature, in-
cluding the use of landmarks [12], [13], map information from
city models [14], [15] or active sensors like ultra wide band
beacons as anchors [16]. In this context, the required measure-
ment models might not be representable as an explicit function,
which is required by most Kalman filter formulations. This
may be circumvented using loosely coupled integration of
sensor data by preprocessing observations [17], [18], which
might instead lead to a loss of information. Depending on
the application, the system’s orientations with respect to the
superordinate frame might also be arbitrary. This can be the
case for hand-held systems or global positioning in an Earth
Centered Earth Fixed (ECEF) frame.

B. Contributions

This paper introduces a novel and versatile filter that
combines these aspects. The fundamental basis of the con-
tribution is a error state Kalman filter (ESKF) with implicit
measurement equations for the update step. This formulation
enables a tightly-coupled fusion of the inertial measurement
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unit (IMU) observations in the state prediction and light
detection and ranging (LiDAR) observations in the update step.
The update is computed by assigning the points to known
planes in the environment and minimizing the distance to
update the pose. To improve the transformation of the point
clouds for the assignment, linear interpolation of the pose is
performed to compensate for the rolling shutter effect caused
by LiDAR rotation during motion. This significantly enhances
the filtering performance compared to neglecting the motion
between the IMU measurements. The results are evaluated
based on data from a simulated environment and discussed in
terms of accuracy and consistency. Consistency in the Kalman
filter refers to the property of the filter’s estimation being in
agreement with the true system behavior and the statistical
properties of the measurements.

C. Outline

The structure of the paper is as follows: Section II describes
the methodology, including the filter formulation and the novel
update step for position tracking. Section III presents the
simulation environment used for the experiments. The results
are then presented and discussed in Section IV, followed by
the conclusion in Section V.

II. METHODOLOGY

This section presents the formulation of ESKF using quater-
nions, based on [19]. It begins by introducing the states and the
prediction step, followed by the new update step for implicit
measurement equations with error states and the principle of
position tracking for the system.

A. States

The state vector for the filter is defined as:

x =
h
t lb
T v lb

T q lb
T aTb ωTb

iT
. (1)

This state vector consists of the following elements with their
sizes indicted in brackets and relating from the body frame b
to the local frame l
• t lb: position, translation for transformations [3×1],
• v lb: velocity [3×1],
• q lb: orientation, rotation for transformations [4×1],
• ab: bias of accelerometer [3×1],
• ωb: bias of gyroscope [3×1].

To avoid gimbal lock [20], the orientation is represented
using quaternions q. Quaternions multiplication is shown by
⊗, vector additions and subtraction including quaternions are
represented by ⊞ and ⊟, respectively. Conversions between
different representations of rotations (rotation matrix R or
rotation vector θ = [ϕ r] with r = [rx ry rz]) are indicated by
q {·}. The error state is denoted by δ and is defined as:

δx =
h
δt lb

T
δv lb

T
δθ lb

T
δaTb δωTb

iT
. (2)

The error in the orientation is described by the rotation vector
δθ lb with a size of [3×1].

B. Prediction

The prediction step integrates the measurements of an IMU
u(k)o to propagate the pose of the system to the next epoch (k)

x(k) = f
�
x(k−1),u(k)o

�
. (3)

The available measurements o are usually obtained by a three-
axis accelerometer a and a three-axis gyroscope ω:

ωo = ω + ωb + ωn, (4)

ao = a+ ab + an +
�
R lb

�T
g l (5)

with R lb = R
�
q lb

	
. The subscript n denotes the noise afflict-

ing the measurements. The measurement of the accelerometer
is additionally corrected for the gravity vector g l. The cor-
rected IMU measurements are â = ao− ab and ω̂ = ωo−ωb.
The prediction is given as differential equations by:

δṫ = δv, (6)

δv̇ = −R lb [â]× δθ
l
b − R lbδab + g l − R lban, (7)

δθ̇ = −R lbδωb − R lbωn, (8)
δȧb = aw, (9)
δω̇b = ωw, (10)

with [·]× as the skew operator and subscript w for the bias
instability. For the discrete time with the time difference to
the previous epoch ∆t, the prediction can be expressed as a
matrix

Fx =
∂f

∂δx

����
x,um

(11)

=


I I∆t 0 0 0
0 I −

�
R lbâ

�
×∆t −R lb∆t 0

0 0 I 0 −R lb∆t
0 0 0 I 0
0 0 0 0 I

 .
The prediction of the variance covariance matrix (VCM) of
the states requires information about the properties of the IMU
denoted as

Qi = diag
�
σ2ãn∆t

2 I,σ2ω̃n∆t
2 I,σ2aw∆t I,σ

2
ωw∆t I

�
(12)

using the values
• σãn : noise density of accelerometer [3×1],
• σω̃n : noise density of gyroscope [3×1],
• σaw : bias instability of accelerometer [3×1],
• σωw : bias instability of gyroscope [3×1].

Additionally, the matrix F(k)i is necessary to transform the
perturbations accordingly:

F(k)i =

�
0[3×12]

diag(−R lb −I I I)

�
. (13)

This yields the prediction equations for discrete time between
the epochs (k − 1) and (k)

x̂(k)− = F(k)x x̂
(k−1), (14)

Q(k)x̂x̂,− = F
(k)
x Q

(k−1)
x̂x̂

�
F(k)x

�T
+ F(k)i Qi

�
F(k)i

�T
. (15)
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C. Update

The update computation for the state vector is performed
using the iterated extended Kalman Filter (iEKF) with implicit
measurement equations, as described in [10], [21]. This algo-
rithm is adapted for error states. The iterative update process
begins by initializing the current as states as the predictions,
the error states and the original observations as the current
values:

x̂(k,m=1)+ = x̂(k)− , δx(k,m=0) = 0 and ℓ̂
(k,m=1)

= ℓ(k).

Here m represents the iteration number of the update. Subse-
quently, the following algorithm is computed using the VCM
of the observations from the current epoch Q(k)ℓℓ :

h(k,m) = h
�
x̂(k,m)+ , ℓ̂

(k,m)
�

(16)

A(k,m) =
∂h
∂x

����
x̂(k,m)
+ ,ℓ̂

(k,m)
· ∂x
∂δx

����
x̂(k,m)
+

(17)

B(k,m) =
∂h
∂ℓ

����
x̂(k,m)
+ ,ℓ̂

(k,m)
(18)

O(k,m) = A(k,m) Q(k)x̂x̂,−
�
A(k,m)

�T
(19)

S(k,m) = B(k,m) Q(k)ℓℓ
�
B(k,m)

�T
(20)

Q(k,m)rr = O(k,m) + S(k,m) (21)

K(k,m) = Q(k)x̂x̂,−
�
A(k,m)

�T �
Q(k,m)rr

�−1
(22)

r(k,m) = B(k,m)
�
ℓ(k,m) − ℓ(k)

�
+ A(k,m)δx(k,m−1) (23)

w(k,m) = h(k,m) + r(k,m) (24)

δx(k,m) = −K(k,m)w(k,m). (25)

After the error state is computed, the state can be updated by
injecting the error state into the predicted state

x̂(k,m+1)+ = x̂(k)− ⊞ δx(k,m) =


t lb− + δt

l
b

v lb− + δv
l
b

q {δθ} ⊗ q lb−
ba− + δba
bω− + δbω

 . (26)

The iteration continues until the change of the error
state between iterations is smaller than a chosen threshold
∥δx(k,m+1) ⊟ δx(k,m)∥ < ϵ. If the iteration continues, the
updated observations are computed

ℓ̂
(k,m+1)

= ℓ(k) − Q(k)ℓℓ
�
B(k,m)

�T �
Q(k,m)rr

�−1
w(k,m). (27)

After the end of the iteration, the VCM of the states can be
updated with

L(k) = I− K(k,m)A(k,m), (28)

Q(k)x̂x̂,+ = L
(k)Q(k)x̂x̂,−

�
L(k)

�T
+ K(k,m)S(k,m)

�
K(k,m)

�T
. (29)

The resulting state vector with the VCM is depending on the
availability of observations in the epoch. If no observations

are available in the epoch, the state vector for the epoch is the
predicted state. Otherwise, the result of the update is used

x̂(k),Q(k)x̂x̂ =

(
x̂(k,m)+ ,Q(k)x̂x̂,+ with update in (k),
x̂(k)− ,Q

(k)
x̂x̂,− else.

(30)

D. Principle of Position Tracking

The simulated application in this paper utilizes an IMU for
the prediction and a LiDAR for the update step. While the
IMU is used in a common strapdown fashion, as explained in
Section II-B, the update step using the LiDAR point clouds is
discussed in more detail here.
The localization principle employed in this work was first

introduced in [14] and has also been applied to different
LiDARs in [22]. The main idea is to minimize the distance
between the transformed point cloud in the local-frame (l)
and the known planes a in the environment to update the
pose of the system

h
t l, (k,m)b , q l, (k,m)b

i
, which is used for the

transformation of the point clouds. To compensate for the sys-
tem’s motion during the acquisition of the points for an epoch,
the transformation parameters are first interpolated based on
the timestamps ti of the individual points pi converted to the
interpolation factor

τi =
ti − t(k−1)

∆t
(31)

following a similar approach to [2]. For the SLERP of the
quaternions, the method described in [23] is used:

t lbτi = (1− τi) t̂
l, (k-1)
b + τi t̂

l, (k,m)
b , (32)

∆θ = arccos

��
q̂ l, (k-1)b

�T
· q̂ l, (k,m)b

�
, (33)

q lbτi = q̂
l, (k-1)
b

sin ((1− τi)∆θ)
sin(∆θ)

+ q̂ l, (k,m)b
sin(τi∆θ)

sin(∆θ)
. (34)

Once, the interpolation is completed, the points can be trans-
formed from the body-frame b to the l-frame. In the local
frame, the distance computation to the planes a l,j can be
performed using the implicit measurement equation hi

p l,i =

x ly l
z l


i

= t lbτi + R
�
q lbτi

	x by b
z b


i

, (35)

hi = h (x, ℓi, a l,j) = [nx, l ny, l nz, l d l]j ·
�
p l,i
1

�
. (36)

III. SIMULATION

In this paper, a simulation is employed to validate the pro-
posed filter for the position tracking of a multi-sensor system
(MSS), which includes an IMU and a LiDAR1. The availability
of the true poses and the control over the assumptions enables
definitive statements to be made regarding the performance of
the filter.

1The code for the filter and simulation is available under github.com/
DoErnst/ErrorStateKalmanFilter implicitMeas. Additionally, the processing
of a real data set is included (not shown here).
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A. Environment

The evaluation of the filter is conducted in a simulated
environment, which consists of a 10 × 8 × 6 m3 room. In
order to enhance the estimation of the pose, smaller panels
are distributed along the walls. This is necessary, since the
LiDAR can only contribute to the pose information along the
normal direction of the walls. If the LiDAR would only detect
four walls in a room without auxilliary panels (similar to a
long hallway), the filter might diverge over time due to the
IMU drift.
For the investigations, random trajectories are generated,

and sensor data is produced accordingly. The random trajecto-
ries consist of multiple six degrees of freedom (6-DoF) poses,
and individual poses for specific times are determined through
interpolation. The translations are generated by sampling from
a uniform distribution scaled to the room dimensions, e.g. for
the x-translation tx ∼ U(0, 1) · dimx. For the rotations, three
random values are sampled uniformly and converted to angles
by r1 ∼ arccos (2 · U(0, 1)− 1) and r2, r3 ∼ 2π · U(0, 1).
Afterwards, these rotation angles are converted to quaternions.
The time between the individual poses is determined based
on the Euclidean distances and rotation angles between con-
secutive pose. This is done to limit the maximum velocities
and rotation rates, which are set to values of 1.0 m/ s and
0.4 rad/ s respectively, in order to simulate a carried system
for the presented results. The trajectories always begin with
5 s of stationary time to initialize the filter and to compare
stationary and kinematic phases.

B. Sensors

The sensor data is generated based on the trajectory and
environment. In the first step, the sensor data for the IMU
and LiDAR are generated without sensor noise, allowing
for the addition of noise in multiple Monte Carlo (MC)
realizations. The sensor noise is based on real sensors. For
the IMU, the specifications of a calibration of a Microstrain
3DM-GQ4-45 [24] are used, while the LiDAR simulation is
based on a Velodyne Puck [25], specifically regarding the
laser ray configuration. The noise of the LiDAR is generated
based on empirical values from [26]. To properly weight the
observations, the transformation from spherical coordinates in
the sensor-frame s to Cartesian coordinates in the b-frame
is accompanied by a variance-propagation. Fig. 1 shows an
overview of the simulated environment, displaying the LiDAR
point cloud and the pose of the simulated system for one
individual epoch.
The values for the sensor uncertainties are shown in Tab. I.

All uncertainties are assumed to be zero-mean Gaussian noise.

IV. RESULTS

The results of the simulations are shown in two steps. First,
the results for a single run are shown to demonstrate the
evaluation procedure. Afterwards, the influence of the linear
interpolation for the pose parameters is investigated. This
is done using MC runs to reduce the impact of individual
realizations due to the random number generation.

Fig. 1. Overview of the simulated environment: Wall and panels of the room
(grey), LiDAR point cloud (blue points) and current pose of system shown
by the axes (red-X, green-Y, blue-Z)

TABLE I
SENSOR UNCERTAINTIES FOR SIMULATION

LiDAR (standard deviations)
distance measurement σd 8.5 mm
horizontal angle σα 48.7 mdeg
vertical angle σe 29.8 mdeg

IMU for (x,y,z)-axes
acc. noise density σãn (6.16, 4.61, 3.62) ·10−3 m

√
Hz/s2

acc. bias instability σaw (22.26, 20.35, 36.36) ·10−3 m/s2

gyro. noise density σω̃n (0.26, 0.34, 0.24) ·10−3 rad
√
Hz/s

gyro. bias instability σωw (1.23, 1.14, 1.19) ·10−3 rad/s

The evaluation of the results is based on three different
metrics. The assessment is primarily focused on the deviation
∆ between the true pose, denoted by ·̃ and esimated pose
obtained from the filter, which are used for the root mean
square error (RMSE) and Mahalanobis distance

√
dm

∆(k) =

"
t̃ l, (k)b

q̃ l, (k)b

#
⊟

"
t̂ l, (k)b

q̂ l, (k)b

#
, (37)

RMSE(k) =
�
∆(k)

�T
∆(k), (38)p

dm
(k)
=

r�
∆(k)

�T
Q(k)pose,x̂x̂∆

(k), (39)

where Q(k)pose,x̂x̂ represents the VCM estimated by the filter
for the pose-related states. This square root value provides
a weighted RMSE using the estimated VCM for assessing the
consistency of the filter’s estimation. The consistency of the
result can be assessed by testing the Mahalanobis distance
against a χ2-distribution, assuming a normal distribution for
the estimated states [27]. The square root is presented for
easier interpretation.
In the results presented, not all points of the point cloud are

used in the update step. Various methods, such as voxel grid
filters [28] or line-based methods [29], are possible alterna-
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Fig. 2. Deviations of one trajectory in the three translations (top) and three
orientation (bottom), translation along and orientation angles around the axes
(red-X, green-Y, blue-Z)

tives. However, in this paper, a random subsampling approach
is employed to reduce the size of the fully populated matrix
Qrr, which needs to be inverted. The subsampling retains the
original observations keeping the uncertainty information of
the variance propagation and timestamps. In this paper, 2 %
of the points are used in the update step.

A. Single Run

The deviations between the true pose and the estimated
pose for a single run of a random trajectory are depicted in
Fig. 2. The upper plot illustrates the individual elements of the
translation while the lower plot represents the elements of the
rotation vector corresponding to orientation. The translation is
shown along and the orientation angles around the axes (red-X,
green-Y, blue-Z).
The deviations show differences between the true pose and

the estimated pose in the low millimeter range for translation
and up to 40 mdeg in orientation. The absolute values are
highly dependent on the settings of the simulation, which are
not the focus here. Instead, the comparison to the Mahalanobis
distance in Fig. 3 offers further insights.
The Mahalanobis distance is within and below the interval

of the χ2-distribution for the entire trajectory. This indicates
that the estimation is consistent for about 80 % of the epochs
and slightly pessimistic for the remaining portion. The higher
deviations in the y-translation between 30 and 50 s and the
deviations in the x-translation after 55 s are not visible in the
Mahalanobis distance showing that the increased deviations
are properly represented in the covariances.
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Fig. 3. Square root of the Mahalanobis distances of one trajectory with the
limits of the χ2-interval in green.
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Fig. 4. RMSE of the trajectories of the results of the base and nolerp variants

B. Influence of the Pose Interpolation

To evaluate the influence of the pose interpolation in the
update step of the filter, 100 trajectories with 10 MC runs are
each performed with (base) and without the pose interpolation
(nolerp) in (31 - 34). To disable the interpolation, τi is set to
1 for all points. The results are shown in Fig. 4 and 5.
In both figures, a clear systematic can be observed for the

results without interpolation. During the stationary phase, the
results are highly accurate, with a low RMSE and consistent
estimation. However, once the motion begins, both the RMSE
and the Mahalanobis distance increase. On the other hand, the
results with interpolation exhibit relatively stable performance
throughout the entire duration, albeit with slightly higher
RMSE and slightly lower Mahalanobis distance.
The higher RMSE can be explained by the functional model.

The interpolation factor, obtained by τi, acts as a damping fac-
tor for the functional model. Since the states of the prior epoch
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Fig. 5. Square root of Mahalanobis distance for results of the base and nolerp
variants with the limits of the χ2-interval in green.
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are fixed and only the current states are estimated, a point with
τi ≈ 0.5 only has about half the impact on the estimation
compared to a point with τi ≈ 1. This discrepancy contributes
to the higher RMSE values. The behaviour of the Mahalanobis
distance is more challenging to explain. The results without
interpolation demonstrate consistent performance during the
stationary phase but exhibit inconsistent and overly optimistic
results during motion, primarily due to the absence of motion
compensation. This pattern is reproducible for all subsampling
rates. On the other hand, the interpolation approach yields a
constant Mahalanobis distance regardless of the motion, but
it results in a somewhat pessimistic uncertainty estimation.
The underlying cause of this mismatch between accuracy and
uncertainty estimation is currently unclear and requires further
investigation.

V. CONCLUSION

This paper presents an ESKF with implicit measurement
equations applied to the position tracking of a MSS consisting
of an IMU and a LiDAR in a simulated environment. The
use of implicit measurement equations in the error state filter
update allows for innovative concepts like the such as point-
plane distance minimization, as demonstrated in this study.
The results of the simulations show that the filter achieves
satisfactory performance due to the utilization of linear inter-
polation of the pose for motion compensation during the up-
date step. However, further investigation is required to address
the slightly pessimistic uncertainty estimation indicated by the
Mahalanobis distance. Meanwhile, the constant nature of the
Mahalanobis distance can be used to determined a correction
factor.
Future works should focus on using the filter with real-world

data, which presents up several areas for improvements. Due to
the nature of LiDAR data, outliers and different characteristics
of the observations lead to challenges, so robust estimation and
adaptive stochastic models would improve the filter greatly for
the usage with real data.

REFERENCES

[1] S. Schön, K.-N. Baasch, L. Icking, A. KarimiDoona, Q. Lin, F. Ruwisch,
A. Schaper, and J. Su, “Towards integrity for gnss-based urban naviga-
tion – challenges and lessons learned,” in 2022 IEEE Intelligent Vehicles
Symposium (IV), 2022, pp. 1774–1781.

[2] W. Lee, P. Geneva, Y. Yang, and G. Huang, “Tightly-coupled gnss-
aided visual-inertial localization,” in 2022 International Conference on
Robotics and Automation (ICRA), 2022, pp. 9484–9491.

[3] C. Qin, H. Ye, C. E. Pranata, J. Han, S. Zhang, and M. Liu, “Lins: A
lidar-inertial state estimator for robust and efficient navigation,” in 2020
IEEE International Conference on Robotics and Automation (ICRA).
IEEE, 2020.

[4] Z. Liu and F. Zhang, “Balm: Bundle adjustment for lidar mapping,”
IEEE Robotics and Automation Letters, vol. 6, no. 2, pp. 3184–3191,
2021.

[5] P. Trusheim, M. Mehltretter, F. Rottensteiner, and C. Heipke, “Coopera-
tive image orientation considering dynamic objects,” in ISPRS Annals of
the Photogrammetry, Remote Sensing and Spatial Information Sciences.
Copernicus GmbH, 2022, pp. 169–177.

[6] F. Dellaert, “Factor graphs: Exploiting structure in robotics,” Annual
Review of Control, Robotics, and Autonomous Systems, vol. 4, no. 1,
pp. 141–166, 2021.

[7] P. Geneva, K. Eckenhoff, Y. Yang, and G. Huang, “Lips: Lidar-inertial 3d
plane slam,” in 2018 IEEE/RSJ International Conference on Intelligent
Robots and Systems (IROS). IEEE, 2018.

[8] D. Simon, Optimal state estimation: Kalman, H infinity, and nonlinear
approaches. John Wiley & Sons, 2006.

[9] S. I. Roumeliotis, G. S. Sukhatme, and G. A. Bekey, “Circumventing
dynamic modeling: evaluation of the error-state kalman filter applied to
mobile robot localization,” in 1999 IEEE International Conference on
Robotics and Automation. IEEE, 1999.

[10] T. Dang, “An iterative parameter estimation method for observation mod-
els with nonlinear constraints,” Metrology and Measurement Systems,
vol. 15, no. 4, pp. 421–432, 2008.

[11] A. I. Mourikis and S. I. Roumeliotis, “A multi-state constraint kalman
filter for vision-aided inertial navigation,” in Proceedings 2007 IEEE
International Conference on Robotics and Automation. IEEE, 2007.

[12] A. Schlichting, Fahrzeuglokalisierung durch automotive Laserscanner
unter Verwendung statischer Merkmale: Ph.D. Thesis, ser. Reihe C.
München: DGK, 2018, vol. 826.

[13] F. Esser, J. A. Moraga, L. Klingbeil, and H. Kuhlmann, “Accuracy
improvement of mobile laser scanning point clouds using graph-based
trajectory optimization,” in 5th Joint lnternational Symposium on Defor-
mation Monitoring, L. Garcia-Asenjo and J. L. Lerma, Eds. València:
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Abstract: Kinematic multi-sensor systems (MSS) are widely

used for various applications, like mobile mapping or for

autonomous systems. Depending on the application, insuffi-

cient knowledge of a system, like wrong assumptions about

the accuracy of calibrations, might lead to inaccurate maps

for mapping tasks or it might endanger humans in the con-

text of autonomous driving. Uncertainty modeling can help

to gain knowledge about the data captured by a system. Usu-

ally, uncertainty estimations forMSSs are done as backward

modeling based on a comparison to reference datasets. In

this paper, a forwardmodeling approach for the uncertainty

modeling of a LiDAR-based kinematic MSS is chosen to esti-

mate the uncertainty of an acquired point cloud. The MSS

consists of a Leica Absolute Tracker and a platform with a

6-DoF sensor and Velodyne VLP-16 LiDAR. Results of multi-

ple calibrations are used as the source for the uncertainty

information for aMonte Carlo (MC) variance propagation of

the point uncertainties. The deviations of the acquired point

clouds in comparison to a ground truth can be decreased by

an ensemble referencing process using theMC samples. Fur-

thermore, the predicted uncertainties for the point clouds

are well representing the actual deviations for reference

panels closer to the system. Panels farther away indicate

remaining distance depending effects.
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1 Introduction

Modern kinematic multi-sensor systems (MSSs) are used in

various areas. Possible applications may include the usage

as mobile mapping systems to quickly map large areas or as

autonomous systems, thatmust locate themselves and avoid

obstacles. In any case, knowledge about the trustworthiness

of the captured data is essential to further processing steps.

While wrong assumptions about the uncertainty of data

may “only” lead to inaccurate maps, the same misinforma-

tion might lead to danger for human life in the context

of autonomous driving. This need for in-depth knowledge

about a system has to be balanced with the choice of the

sensors used in an MSS. Low-cost sensors may be econom-

ically efficient, but the information about their uncertainty

budget is also often limited.

In general, the sensors used for MSSs can be broadly

divided into two groups. The referencing sensors, such as

inertial measurement units (IMU) and Global Navigation

Satellite System (GNSS) units, are used to estimate the tra-

jectory of the system. As these sensors directly determine

the position or orientation of the system, they can also be

called direct referencing sensors [1]. Capturing sensors are

mainly used to perceive the environment. These sensors

can be cameras, light detection and ranging (LiDAR)/laser

scanners (LS), radars or other active or passive sensors. In

this paper, the focus is on low-cost LiDARs as they are useful

for their ability to directly gather 3D data for a relatively

low sensor price. Specifically, the Velodyne VLP-16 [2] is

investigated as this sensor or similarmulti-beamLiDARs are

commonly used in different applications, e.g. autonomous

cars, robotics or kinematic scanning systems for surveying.

The line between the direct referencing and capturing

sensor groups blurs with the usage of data-driven trajectory

estimation methods. These can either be done using avail-

able information of the environment [3, 4] or in unknown

environments to build new maps using simultaneous local-

ization andmapping (SLAM) [5]. This is called indirect refer-

encing due to the intermediate step of the interaction with

the environment. These methods lead to a redundancy in

the trajectory estimation for situations, in which the ref-

erencing sensors cannot contribute, e.g. not enough visible
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satellites for GNSS. Using capturing sensors for referencing

increases the importance of trustworthy observations from

these sensors. In addition, the system becomes more com-

plex, since not only do the sensors interact with each other,

but also the environment plays amore important role in the

trajectory estimation.

This complexity becomes clear in the technical aspects

of sensor data fusion. The measurements of all sensors

should refer to a commonbody frameand allmeasurements

should refer to the same time frame. Both of these aspects

have to be dealt with for each sensor, e.g. by a system cali-

bration and affect the quality of the data fusion, which feeds

into the later processing steps.

To acquire knowledge about the uncertainty of the data

captured by a kinematic MSS, two different approaches to

quality evaluation can be performed [6]. Either backward

modeling can be performed, for which the data captured

by the kinematic MSS is compared to a ground truth to

derive the quality by some metric. Alternatively, a forward

modeling approach can be chosen. This requires in-depth

knowledge about the full system including the sensors and

the processing steps.

1.1 Related works

Since this paper focuses on kinematicMSSswith LiDARs, the

scope of this section is also limited to the quality evaluation

of point clouds, which are captured by LiDARs or profile

laser scanners.

Quality evaluation can be performedwith two different

approaches. Backward modeling describes the approach of

acquiring a point cloud with the investigated system and

comparing it to a ground truth. This ground truth should

consist of measurements, which are at least one order of

magnitude more accurate (ten times smaller standard devi-

ation) than the assumed uncertainty of the measurements

captured by the system [7]. The comparison of the datasets

can be used to quantify themeasurement uncertainty under

the conditions during the measurement (e.g. temperature

or illumination). This approach is widely used for differ-

ent MSSs, either vehicle-bound [8–11] or airborne [12]. The

ground truth can consist of point targets [12], small areas

in the environment (mostly planar) [8, 9] or complete point

clouds of the scene [10, 11]. The main effort for these anal-

yses is the capturing of datasets for different situations

or conditions. The main drawback of backward modeling

is the missing ability to transfer the results to different

conditions.

The second approach is forward modeling, which

attempts to model all influences of the measurement pro-

cess to achieve a full uncertainty model of the system. This

requires knowledge about the measurement uncertainties

of the used sensors and about the assumptions made in the

algorithms used to fuse and process the data. Due to this

required in-depth knowledge, this process is more linked

to the MSS and, therefore, rarely possible for commercial

systems.

Stenz et al. [6] present the results of forward modeling

for a kinematic system used in industrial quality assurance.

The presented system consists of two sensors for an indoor

application limiting the number of influences. The system

is similar to the one used in this paper. A Leica Absolute

Tracker 960-LR (LT) [13] tracks a T-Probe to derive the 6-DoF

pose of a platform with a terrestrial LS (TLS). Information

about the sensors is provided by the manufacturers and the

algorithms for the data fusion are self-implemented so that

uncertainties can be modeled throughout the processing.

Variance propagation is essential to forward modeling,

as it is used to propagate the uncertainties of the original

measurements from the sensor frame to the target frame.

Depending on the linearity of the functions in the processing

chain for the referencing and the magnitude of the uncer-

tainties, this can lead to linearization biases caused by the

Taylor series approximation in the Gaussian variance prop-

agation. These biases can be reduced through variousmeth-

ods. One approach is to employ Unscented Transformations

(UT), which provide better approximations for nonlinear

functions by utilizing Sigma points. However, it should be

noted that UT is constrained to normal distributions [14].

Alternatively, the Guide to the Expression of Uncertainty in

Measurements (GUM) [15] suggests the use of Monte Carlo

(MC) simulation to perform the variance propagation. The

usage of MC samples to approximate the distributions also

avoids possible linearization biases.

Niemeier and Tengen [16] present the adjustment of a

geodetic network following the GUMprocedure forMC vari-

ance propagation with various types of uncertainty influ-

ences. For applications involving LSs, Koch [17] presents the

variance propagation for a system to detect deformations of

road surfaces. The modeling is limited to the measurement

uncertainties of the LS. Alkhatib and Kutterer [18] use the

MC variance propagation for the monitoring of a bridge

using a static LS. Ehrhorn [19] applies theMC variance prop-

agation to the system used by [6] for forward modeling of

the uncertainties. To our knowledge, this is the only appli-

cation of the MC variance propagation for kinematically

referenced point clouds so far.

For uncertainty modeling, the GUM [20] proposes the

classification of uncertainties in two types: type A, which

are randomdispersion ofmeasurements determined empir-

ically and type B, which are derived from additional
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information. Type A uncertainties are usually normally

distributed and correspond to the classical modeling of

white noise observations. Type B uncertainties can include

any information from manuals, calibration reports, expert

knowledge and other sources. This classification of the

uncertainty components is independent of the classical divi-

sion of random and systematic deviations, meaning both

types can be either random or systematic. As opposed to

type A uncertainties, type B uncertainties can be distributed

with arbitrary density functions. To apply these distribu-

tions, they can either be transformed to normal distribu-

tions or directly used in the aforementionedMC simulations

to propagate the uncertainties.

1.2 Contributions

In the GUM, the uncertainty classification is described con-

cerning a single measurement process connecting the input

quantities to the measurand. To model the measurement

process properly, all influencing factors need to be included.

This process is expanded to the presented processing chain

with multiple steps for the referencing of point clouds. The

point clouds are of interest since they can be used for differ-

ent tasks, like localization or obstacle detection. The results

of the preprocessing steps are used for the uncertainty esti-

mation in the processing chain for the referencing. Due to

this multi-step process, the types of uncertainties are not

discussed for every input and intermediate step of the pro-

cessing chain. As one simplification in this paper, all distri-

butions of the influencing factors are assumed to be normal

distributions. In the end, the accuracy of the referenced

points and their predicted uncertainties are evaluated in

comparison to a ground truth derived from ameasurement

of superior accuracy. This investigation is done in a labora-

tory environment to limit the number of influencing factors.

The main contributions of this paper can be summa-

rized in the following three aspects. The system calibration

using object-space information is used to additionally esti-

mate the intrinsic parameters of the LiDAR. In particular, a

variance component estimation (VCE) is performed to deter-

mine the uncertainties of the measurement elements of the

LiDAR. This information is integrated into the processing

chain for the referencing of the point clouds.

In addition, the MC variance propagation is used to

model the uncertainties of the referenced point cloud under

consideration of the uncertainties resulting from the influ-

encing intermediate steps in the processing chain. This is

an extension to themodeling of measurement uncertainties

described in the GUM for a multi-step processing chain.

The impact of the uncertainty modeling is demonstrated

with the decrease of deviations of the resulting point cloud

producedby ensemble referencingusing theMC samples for

a real data set.

Finally, a quantitative evaluation strategy based on the

predicted variance-covariance matrix (VCM) of the points is

presented to evaluate the consistency of the uncertainty in

comparison to reference panels. This procedure is used to

demonstrate the performance of the uncertainty modeling

in its current state.

1.3 Outline

The paper is structured as follows. The established process-

ing chain for the kinematic experiment itself is shown in

Section 2. First, the MSS used for the experiment is shown,

before all necessary steps are described. The results for the

referenced point cloud and the corresponding uncertainties

are presented in Section 3. These results are further dis-

cussed in Section 4, before Section 5 concludes the paper.

2 Materials and methods

Sensor data fusion consists of two main aspects. The first aspect is the

referencing to fuse the data ofmultiple sensors in a common coordinate

frame. The other aspect is the time synchronization of the different

sensors. This section shows, how these aspects are dealt with. Given the

utilization of a reliable system employing trigger pulses, the primary

focus lies in the processing chain for referencing the kinematically

acquired point clouds. Subsequently, only a brief overviewof the exper-

imental setup for the kinematic experiment is presented.

2.1 Processing chain

The kinematic MSS consists of a Husky Unmanned Ground Vehicle

(UGV) with a sensor platform mounted on it [21]. For the usage in this

paper, only the Velodyne VLP-16 LiDAR and the Leica T-Probe on the

platform are of interest. The VLP-16 is amulti-beamLiDARwith 16 rings

covering a 360◦ × 30◦ field of view [2]. A Leica AT960-LR laser tracker
(LT) is used to track the T-Probe to determine the 6-DoF trajectory of the

platform. This yields five frames of interest for the experiment:

– LiDAR sensor frame s,

– platform body frame b,

– T-Probe sensor frame t,

– LT sensor frame l,

– room frame r.

For the referencing of the kinematically acquired point clouds of the

VLP-16, four transformations between the above-mentioned frames

are necessary. In this section, the determination of the transformation

parameters and their uncertainties for each step is shown and dis-

cussed. Figure 1 gives an overview of the experiment with the frames

involved in the referencing of a point pi. The coordinate systems are

colored as XYZ corresponding to RGB. A black ring around the white

origin of the trihedron marks, if the trihedron is shown in the origin of

the frame.

The steps in the processing chain are described in the following

subsections. Each step includes the determination of the necessary
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Figure 1: Image of the experimental setup with the frames involved in the processing chain. The frames s, t and l are defined by the sensors, the

b-frame is defined by the CCRs and the r-frame is defined by magnetic nests distributed in the room.

parameters and the corresponding uncertainties for the forward mod-

eling. An overview of all steps with the influencing uncertainties is

provided in Figure 2. The figure gives a schematic overview of the

processing chain for determining the required parameters and their

corresponding uncertainties.

2.1.1 System calibration of the LiDAR: Extrinsic calibration

describes the procedure to determine the 3D transformation

Figure 2: Schematic overview of the processing chain with the different

measurements with values (blue), processes (green) and stochastic

information (red). The relevant subsections are marked for reference.

parameters between two frames, in this case even on the same

platform. The transformation usually consists of a 3D translation

and 3D rotation. The platform of the system defines a b-frame,

towards which all sensors have to be referenced. If a CAD model

of the platform is available, it can be used to derive the necessary

transformation parameters. This requires the information about

the sensor construction to be available to compute the pose of the

sensor center with regard to the b-frame. The uncertainty of these

transformation parameters depends on the manufacturing tolerances

of the platform and the sensors themselves. When no CAD model

is available, the transformation parameters from the s-frame to the

b-frame can also be determined by measuring the housing of the

sensor regarding the b-frame and reconstructing the frame by the

information given by the manufacturer. For applications with high

accuracy requirements, the transformation parameters derived from

measurements of the housing are only useful as approximate values

for further procedures. Alternatively, translations (lever arms) can

be derived based solely on the housing, while orientations (boresight

angles) can be estimated in subsequent procedures. Especially with

low-cost sensors, deviations in the lever arms relatively have a

minimal impact compared to the influences of the boresight angles,

which increase proportionally with the measurement distance.

In the case of capturing sensors, extrinsic calibration using object

space information is a common method to estimate the transforma-

tion parameter accurately. The basic idea involves the usage of obser-

vations acquired by the sensors to better estimate the origin of the

sensors. Depending on the sensor, different setups are used. For the

calibration of cameras with respect to a b-frame, targets with known

coordinates can be used [22]. For the direct fusion of images with point

clouds, the relative transformation parameters between a camera and

a LiDAR have to be determined. This is commonly done using a planar

checkerboard [23], which is also commonly used for intrinsic camera

calibrations.

For the extrinsic calibration of LiDARs on a platform, Strübing

and Neumann [24] present an approach for using reference geome-

tries. These geometries are scanned by LiDAR. Next, the acquired point

clouds are transformed using approximate transformation parameters

and the distances between the point cloud and ground truth are min-

imized to improve the transformation parameters. The procedure is

originally presented for a system to check railways, but also found



D. Ernst et al.: Monte Carlo variance propagation for a kinematic LiDAR-based MSS — 5

applications in industrial quality assurance [25] and outdoor mobile

mapping systems [26]. The calibration in this paper builds upon this

idea expanding it from an extrinsic calibration to a system calibration.

It achieves this by estimating the distance offset of the LiDAR and deter-

mining uncertainties for the first two steps of the processing chain.

These first two steps are the measurement of the points by the LiDAR

and the transformation of the points from the s-frame to the b-frame.

The procedure used expands on the ideas described in [27]. The

frame of the LiDAR and the platform have to be defined beforehand.

While the s-frame is defined by the origin of the measurements, the

b-frame can be defined depending on the application. In this case, it is

uniquely defined by three corner cube reflectors (CCR) placed in nests

on the platform (cf. Figure 1). The frame defined by the CCRs is stable

over time and enables the calibration of additional sensors, like IMUs

or cameras with respect to the b-frame.

Measurements of the sensor housing are used to derive approxi-

mate values to start the estimation process. Furthermore, a calibration

field with reference geometries is needed. The reference geometries

can be any geometric primitive, but usually, planes are preferred

[24, 26, 28]. For the determination of the transformation parameters

between s-and b-frame, the platform is positioned and referenced by a

sensor of superior accuracy. In this case, an LT is used to provide the

ground truth for the pose of the platform and the reference panels.

The measurement accuracy for measurements on a CCR is given as

a maximum permissible error (MPEXYZ) of ±15 μm+ 6 ppm [13]. This
makes the LT a suitable reference sensor for the VLP-16 with a range

accuracy of ±3 cm [2]. Then, the reference geometries of the calibra-
tion field are measured by LiDAR. Using approximate values for the

transformationbetween the s-and the b-frame, the acquiredpoint cloud

can be transformed to assign them to the reference geometries. This

assignment is done by hand to eliminate outliers and remove mixed

pixels at the borders of the panels. The adjustment aims at minimizing

the distances between the transformed point cloud and the reference

geometries by updating the parameters for the transformation between

the s-and the b-frame.

The setup of the calibration field is important for the determi-

nation of the parameters. The reference panels j = 1 … J need to be

positioned in different orientations to be sensitive to different trans-

formation parameters. J describes the number of reference panels. In

this case, the calibration field of the Geodetic Institute Hannover is used

[28].

The measurements can also be repeated for P positions of the

platform p = 1 … P to acquire more data in different constellations

with respect to the calibration field. This improves the geometric con-

stellation of the adjustment to decrease the correlations between the

determined transformation parameters. Additionally, it improves the

determination of the transformation parameters, since the influence

of deviations caused by the orientations increases with longer dis-

tances. So, a variety of distances is necessary. Figures 3 and 4 show an

overview of the calibration field, the panels and the positions used for

the calibration.

In addition to the transformation parameters, intrinsic parame-

ters of the LiDAR can be determined. Here, this is realized by estimating

an additional distance offset d0 for all rings of the LiDAR. Estimating

additional parameters is feasible, but typically requires longer dis-

tances, e.g. for an estimation of a scale factor [29], and changes to

the setup to determine all parameters significantly [30]. Consequently,

in this study, only the distance offset is estimated. For each of the n

points pi with i = 1 … n, there are the original observations of the

Figure 3: Overview of the calibration field and the positions for the

system calibration shown as a top view.

Figure 4: Overview of calibration panels. Left: Panels on ceiling, right:

panels on walls (mirrored on both sides, numbers in black/white for

different sides in the room), not shown: panel 12 placed horizontally on

the floor.

LiDAR 𝓵i =
[
di 𝛼i ei

]T
with the distances d, the azimuth angles 𝛼 and

the elevations e, which are used to compute the Cartesian points by

⎡⎢⎢⎢⎣

xi

yi

zi

⎤⎥⎥⎥⎦s
=
⎡⎢⎢⎢⎣

(
di + d0

)
⋅ cos ei ⋅ cos𝛼i(

di + d0
)
⋅ cos ei ⋅ sin𝛼i(

di + d0
)
⋅ sin ei + zc

⎤⎥⎥⎥⎦
. (1)

The value zc corresponds to a ring-dependent vertical correction,

as described by the manufacturer [2].

The following transformations have 6-DoF, which means that it is

estimated with 3 translations t =
[
tx ty tz

]T
and a 3D rotation matrix R,

which can be set up inmultiple ways. Here, Euler angles𝜔,𝜑 and 𝜅 are

used to compose three rotation matrices around their corresponding

axes, which are then multiplied for the full 3D rotation matrix

R(𝜔,𝜑, 𝜅) = Rz(𝜅)Ry(𝜑)Rx(𝜔) (2)

with Rz(𝜅) =
⎡⎢⎢⎢⎣

cos 𝜅 − sin 𝜅 0

sin 𝜅 cos 𝜅 0

0 0 1

⎤⎥⎥⎥⎦
,

Ry(𝜑) =
⎡⎢⎢⎢⎣

cos 𝜑 0 sin 𝜑

0 1 0

− sin 𝜑 0 cos 𝜑

⎤⎥⎥⎥⎦
and

Rx(𝜔) =
⎡⎢⎢⎢⎣

1 0 0

0 cos 𝜔 − sin 𝜔
0 sin 𝜔 cos 𝜔

⎤⎥⎥⎥⎦
.
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Since the order of rotation matters for the described rotation,

the sequence is given by the variables. Using this notation and the

computed Cartesian coordinates, the transformations from the s-frame

to the b-frame and then to the l-frame are concatenated as

pb,i =
⎡⎢⎢⎢⎣

xi

yi

zi

⎤⎥⎥⎥⎦b
= tb

s
+ Rb

s (𝜔,𝜑, 𝜅)

⎡⎢⎢⎢⎣

xi

yi

zi

⎤⎥⎥⎥⎦s
and (3)

pl,i =
⎡⎢⎢⎢⎣

xi

yi

zi

⎤⎥⎥⎥⎦l
= tl

b (LT)
+ Rl

b(LT)(𝜔,𝜑, 𝜅) ⋅ pb,i . (4)

The source frame is noted in subscript and the target frame is

noted in superscript. The elements marked by (LT) are derived from

LT measurements. For a shorter notation, the parameters for a trans-

formation are summarized as

𝜽 =
[
tx ty tz 𝜔 𝜑 𝜅

]
. (5)

Next, the referenced points pl ,i can be used to compute the dis-

tances for the functional model of the adjustment using the plane

parameters of the reference panel a j =
[
nx j ny j nz j d j

]T
in the l-frame

hi =

⎡⎢⎢⎢⎢⎣

nx j

ny j

nz j

d j

⎤⎥⎥⎥⎥⎦

T

l

⋅

⎡⎢⎢⎢⎢⎣

xi

yi

zi

1

⎤⎥⎥⎥⎥⎦
l

, (6)

hi

(
𝓁i,𝜽

b

s
, d0,𝜽

l

b
, a j

) !=0. (7)

The misclosure hi is the distance between the transformed point i

and the reference panel j. For the estimation, the values derived from

the LTmeasurements are introduced as deterministic values due to the

difference inmeasurement accuracy between the sensors. This leads to

the parameter vector:

x =
[
𝜽
b

s
d0

]T
. (8)

The adjustment is performed using least squares. Since the func-

tional model is in the form of implicit measurement equations, the

computation has to be realized as a Gauß-Helmert model (GHM) [31].

The computation of the parameters requires the Jacobian matrices A

derived concerning the parameters x0 and B derived for the observa-

tions 𝓵0, as well as the misclosure vector w

A = 𝜕h
𝜕x

||||𝓵0 ,x0
, B = 𝜕h

𝜕𝓵
||||𝓵0 ,x0

, (9)

w = h
(
𝓵0,x0

)
+ B
(
𝓵 − 𝓵0

)
. (10)

For the computation of the updated parameters x̂ and the residu-

als v̂, the following constraint has to be fulfilled

Bv+ AΔx+w = 0. (11)

For the estimation of the parameters, the VCM of the misclosures

Qww and the parameters Qx̂x̂ are computed first using

Qww = BQ𝓵𝓵BT , (12)

Qx̂x̂ =
(
ATQ−1

ww
A
)−1
, (13)

x̂ = x0 + Qx̂x̂ATQ−1ww(−w), (14)

v̂ = Q𝓵𝓵BTQ−1ww
(
I− AQx̂x̂ATQ−1ww

)
(−w). (15)

The computation with equations (9)–(15) iterates with

x0 = x̂ and 𝓵0 = 𝓵 + v̂ (16)

until the maximum of the absolute misclosure vector is smaller than a

chosen threshold (here: 10−10). The stochastic model Q𝓵𝓵 is assumed to

consist of the three original measurement elements, i.e. the distances,

azimuth angles and elevations. The standard deviations are assumed

to be the same within a group and all observations are assumed to be

uncorrelated:

Q𝓵𝓵
3n×3n

= diag
([
𝜎
2
d
𝜎
2
𝛼
𝜎
2
e
… 𝜎

2
e

])
(17)

The assumption of uncorrelated observations is based on the

fact, that not all observations acquired are used for the adjustment.

Instead, the observations are subsampled down to 50 points per ref-

erence panel and position. This reduces the influence of correlations

of subsequent points. Apart from this reduction of correlations, this

also avoids implicit weighting of the reference panels by the number

of observations assigned to the individual panels.

To determine the weighting of the observation groups, the

algorithm is expanded by adding a VCE to determine a stochasticmodel

for the LiDAR. A similar approach is used in [32], where the VCE is used

to validate the initial assumptions, which are based on the information

given by the manufacturer. Here, the goal is to determine an approx-

imation for the measurement uncertainties under the given circum-

stances concerning the surfaces, distances and conditions in the lab-

oratory. These conditions are the same for the kinematic experiment,

so they can be used for the processing chain to reference the LiDAR

point clouds. By keeping these conditions constant, their influence on

the measurement process does not have to be modeled.

Similar to the adjustment itself, approximate values are necessary

to start the iterative process. The algorithm used for the VCE is the best

invariant quadratic unbiased estimator (BIQUE) [33, 34]. The update to

the stochastic model of the measurement elements u = 3, which are
represented by disjunct covariance matrices Vi, is performed using the

vectorΔ𝝈

Q𝓵𝓵 =
u∑
i=1
Δ𝝈 iVi with Δ𝝈 = S−1q. (18)

Both required values, the matrix S and the transformed residual

sum q, for the computation of Δ𝝈 are computed element-wise. The
elements of S are indexed with r for rows and c for columns, while q

has u elements. The matrixM corresponds to the VCM of the estimated

and transformed observations,

qi = v̂TBTQ−1wwBViB
TQ−1

ww
Bv̂, (19)

M = Q−1
ww
− Q−1

ww
AQx̂x̂A

TQ−1
ww
, (20)

sr,c = trace
(
MBVcB

TMBVrB
T
)
. (21)

2.1.2 Extrinsic calibration of the platform: The next step in the

processing chain is the transformation from the b-frame to the sensor

frame of the T-Probe t. This step is necessary, since the T-Probe is

tracked by the LT, so the poses are initially available for the t-frame.

The b- and t-frame are separated, because the T-Probe can be mounted

on different parts of the platform. Separating the two frames avoids

multiple (extensive) calibrations with the LiDAR.
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The transformation parameters are determined by LT measure-

ments of the CCRs mounted on the platform and direct observations of

the 6-DoF pose of the T-Probe. Both of these sets of observations can be

used respectively to compute the transformation to the l-frame defined

by the LT, which results in the homogeneous transformation matrices

Hl
b
and Hl

t
. The desired transformation can be computed by

Ht
b
=
(
Hl
t

)−1
Hl
b
. (22)

The resulting transformation matrix Ht
b
could be used for the

referencing, but the uncertainty information is not available. The deter-

mination of the uncertainty of the transformation parameters is done

using an MC variance propagation under the assumption of the mea-

surement accuracies of the LT as provided by the manufacturer. For

measurements on the T-Probe, the accuracy for measurements of CCRs

has to be extended by ±35 μm [13]. The conversion from the provided
MPE values to standard deviations is done by [15]

𝜎 = MPE√
3
. (23)

For the uncertainty of the orientation delivered by T-Probe, no

uncertainty information is provided by the manufacturer. Instead, the

value provided for the T-Mac is used (0.01◦ for all axes) [13]. There is no

information on the correlation between the observations, so they are

assumed to be independent. For the T-Probe, this assumption simplifies

the principle of the pose estimation, leading to too optimistic estima-

tions for the uncertainty.

The variance propagation is performed M = 100, 000 times as
suggested by [17]. For each realization,m = 1 … M, the transformation

matrixHt,(m)
b

is computed based on observations, which are polluted by

generated noise with the assumedmeasurement accuracy. Afterwards,

the transformation matrices

H
t,(m)

b
=
[
R
t,(m)

b
t
t,(m)

b

0[1×3] 1

]
(24)

are decomposed into the translation vectors tt,(m)
b

and the rotation

matrices Rt,(m)
b
, which can subsequently be decomposed to yield the

orientation as Euler angles. The translation vectors and Euler angles

are collected in vectors of the transformation parameters 𝜽
(m)
. Next,

the VCM of the transformation parameters can be computed using the

error matrix with the mean vector of the transformation parameters 𝜽̄

for allM realizations [35]:

E =

⎡⎢⎢⎢⎢⎢⎣

𝜽
(1) − 𝜽̄
𝜽
(2) − 𝜽̄
.
.
.

𝜽
(M) − 𝜽̄

⎤⎥⎥⎥⎥⎥⎦

, (25)

𝚺𝜽𝜽 =
1

M − 1E
TE. (26)

2.1.3 Filtering of the kinematic movement: The following step in

the processing chain involves the kinematicmovement of the platform.

The kinematic referencing is realized by the LT measurements of the

T-Probe attached to the robot, which can deliver a complete 6-DoF pose

at 50 Hz.

The processing of these posemeasurements is realized by a linear

Kalman Filter (KF) [36]. The implementation of the filter serves multi-

ple purposes. It is used to smooth the noise of the LT measurements

and to provide VCMs for the poses of the kinematic measurements.

Additionally, the state transitions can be used to interpolate poses and

their VCMs by a prediction for the referencing of the point cloud on a

point-by-point basis. The principle of this procedure is shown in [37].

The pose for the timestamp of each point is predicted separately to

avoid deviations from time delays. This procedure is necessary, since

the poses are only available at 50 Hz, while the point cloud is recorded

with a data rate of 300 kHz.

The state vector x consists of the pose of the T-Probe 𝜽
l

t
in the

l-frame of the LT, which is directly observed by the LT, and the corre-

sponding velocities and accelerations for a total number of 18 states.

The initialization of the filter is done by using the first observation of

the time series for the pose and zeroes for all velocities and accelera-

tions since the robot starts in a stationary position. The state transitions

are defined by the dynamic model [38], which is used to predict the

states x for the next epoch (k)

x(k) = 𝚽(k−1)
x(k−1) +w(k−1) (27)

with the transitionmatrix𝚽(k−1)
composed ofmatrices𝚽∗ (k−1) for each

element of the pose with their temporal derivatives, e.g. the translation

tx with the velocity 𝑣x and the acceleration ax depending of the time

differenceΔt

𝚽∗(k−1) =
⎡⎢⎢⎢⎣

1 Δt 1

2
Δt2

0 1 Δt
0 0 1

⎤⎥⎥⎥⎦
(28)

with Δt = t(k) − t(k−1). The system noise w has an important influence
on the performance of the filter. In this case, the discrete Wiener pro-

cess acceleration model is used [38]. This model relates the parameters

of the poses to their derivatives to set up the VCM of the system noise

𝚺∗
ww
=

⎡⎢⎢⎢⎢⎢⎣

1

4
Δt4 1

2
Δt3 1

2
Δt2

1

2
Δt3 Δt3 Δt

1

2
Δt2 Δt 1

⎤⎥⎥⎥⎥⎥⎦

𝜎
2
𝑤
. (29)

Here, the parameters of all translations and all rotations are

shared, meaning that only two design parameters 𝜎
𝑤
have to be deter-

mined. The optimization of the parameters is based on a grid search

approach [39], which is evaluated based on the distances of the refer-

enced point clouds to the reference panels shown in Section 2.2.

The VCM of the system noise 𝚺ww can be used to predict the VCM
of the states𝚺xx,+ for the next epoch. Predicted and updated values are
marked by minus and plus, respectively

𝚺(k)
xx,− = 𝚽

(k−1)𝚺(k−1)
xx,+

(
𝚽(k−1)

)T
+ 𝚺ww. (30)

The update step of the KF includes the LT measurement of the

T-Probe 𝓵(k). Since the LT directly delivers the 6-DoF poses as obser-
vations, the measurement model is

𝓵(k) = C(k)x(k)− + 𝝂
(k) (31)

with C(k) =
[
I[6×6] 0[6×12]

]
(32)

with the residuals𝝂(k). Thus, the updated statesx(k)+ and their VCM𝚺
(k)

xx,+
can be computed using the Kalman gain matrix

K(k) = 𝚺(k)
xx,−C

(k)T
(
C(k)𝚺(k)

xx,−C
(k)T + 𝚺(k)𝓵𝓵

)−1
(33)

x(k)+ = x
(k)
− + K

(k)
(
𝓵(k) − C(k)x(k)−

)
(34)

𝚺(k)
xx,+ =

(
I− K(k)C(k)

)
𝚺(k)
xx,− (35)
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The observations 𝓵(k) are assumed to be distributed with the
stochasticmodel of the observations on the T-Probe𝚺(k)𝓵𝓵 , which is based
on the uncertainty of the T-Probe mentioned above.

In the processing chain, the poses resulting from thefilter are used

with the transition matrix from equation (28) to interpolate the poses

for the time stamps of the points. Hartmann et al. [37] show, that this

method performs better than a linear interpolation of the poses.

2.1.4 Stationing of the laser tracker: The last step of the processing

chain is the stationing of the LT. This corresponds to the transformation

from the l-frame to the room frame r, which is defined by the laboratory

network.

The stationing is done by measuring five control points of the lab-

oratory network, for which the coordinates are known. The stochastic

model for the observations of the LT is the same as in the system calibra-

tion of the platform in Section 2.1.2. The transformation parameters 𝜽
r

l

are derived based on an adjustment using a GHM, which additionally

determines the VCM of the transformation parameters 𝚺𝜽r
l
𝜽
r
l
.

2.1.5 Monte Carlo variance propagation through the processing

chain: For the processing chain shown in Figure 2, each step results

in transformation parameters together with a VCM. The assumption of

normally distributed quantities for all values is given by the chosen

methods (adjustments by the GHM, the KF and the density estimation

for the MC variance propagation). This assumption of the normal dis-

tribution is also used for the dispersion of the referenced MC samples.

The determined values for the measurement uncertainty of the

LiDAR from the VCE are used to generate theMC samples for each point

of the point cloud. These samples are propagated through the complete

processing chain to estimate the point uncertainty in the r-frame. The

transformations are divided into two categories, static and kinematic.

The static transformations are the system calibrations and the station-

ing. For these transformations, the realizations are generated once in

the beginning and then used for all points. This introduces the correla-

tion between points of the same realization due to the same deviations

in the calibration. The transformation parameters for the kinematic

tracking are interpolated by prediction based on the time stamps of

the individual points and thus, the realizations of the transformation

parameters are generated individually per point. The generation of

random numbers is performed in Matlab [40]. The estimations of the

transformation parameter yield fully populated VCMs, so the function

“multivariate normal random numbers” (mvnrnd) is used to account

for the correlations in the random number generation by using the

Cholesky factorization [35].

After the complete chain, a mean coordinate p̄ and a VCM 𝚺p̄p̄
for each point is derived. This is done similarly to the computation in

equation (25). Both of these quantities are useful. The VCM provides

the predicted uncertainty information and the computed mean coor-

dinates can be used as an alternative method of referencing (ensemble

referencing). The improvement in the accuracy using ensemble refer-

encing is shown in Section 3.2.

2.2 Kinematic experiment

The kinematic experiment takes place in the same laboratory as the

calibration to ensure similar conditions. Figure 5 shows an overview of

the laboratory for the experiment. The movement of the run is shown

Figure 5: Overview setup for the kinematic experiment with r-frame, numbers of reference panels and the location of the movement of the robot. The

image is produced from a scan by a TLS.



D. Ernst et al.: Monte Carlo variance propagation for a kinematic LiDAR-based MSS — 9

by the white arrows. It starts in a stationary position for 5 s, then

the forward movement takes 15 s. After 5 s of standing, the backward

movement takes 20 s, after which the robot stands for a few more

seconds. The comparison of the time frame to the situation in the room

shows, that the movement of the robot is quite slow for the chosen

scenario. The maximum speed is about 0.2
m

s
. The trajectory is limited

by the viewing angle of the T-Probe.

For the evaluation of the experiment, multiple reference panels

with the same surface properties are used. All panels are alucore with

a white surface, apart from panel 25, which is a checkerboard used for

camera calibrations. Some of the panels are part of the calibration field

(01–11) for the system calibration of the LiDAR (cf. Section 2.1.1) and

others are specifically set up to evaluate the kinematically acquired

point cloud (21–25). Similar to extrinsic calibration, the panels are

referenced by the LT. The constellation of the panels enables to detect

deviations from all parameters of the 6-DoF pose.

The second aspect of sensor data fusion is time synchronization,

which is only presented shortly here, since it is mainly a technical

requirement. Two sensors are involved in the kinematic experiment,

the Velodyne VLP-16 LiDAR and the Leica AT960-LR. Themeasurements

of both sensors need to have timestamps in the same time system. Usu-

ally, GPS time is chosen, since it is widely available and very accurate

[41]. For the experiment in this paper, the GPS antennas of the sensors

are placed outside the window.

Both, the VLP-16 and the LT are provided with GPS time stamps

by separate GPS receivers. The influence on the uncertainty of the

referenced point cloud is negligible since a time delay of 1 ms would

lead to deviations of up to 0.2 mm in the performed experiment. The

used GPS receivers provide time stamps multiple orders of magnitude

more accurate.

3 Results

This section is divided into three parts. First, the results of

the calibration are shown and discussed. Next, the results of

the referencing are presented and the difference between

the ordinary referencing is compared to ensemble refer-

encing by using the MC samples. Finally, the evaluation of

uncertainty modeling is demonstrated.

3.1 Results of the system calibration

While the results of the uncertainty modeling for the ref-

erencing are specific to the presented processing chain,

the results of the system calibration for the LiDAR on the

platform are easily transferable to other applications. Since

the Velodyne VLP-16 is a widely used LiDAR, the results in

the estimated intrinsic parameters, the distance offset and

the standard deviations for the measurement elements, are

discussed here.

The estimation of the distance offset has two advan-

tages. The distance offset affects all measurements of the

LiDAR, which means determining this value improves the

quality of the acquired point clouds in general. Addition-

ally, the system calibration procedure directly uses the

Table 1: Results of the VCE from the system calibration of the LiDAR.

Measurement type Standard deviation

Distance 8.5 mm

Horizontal angle 0.85 mrad

Vertical angle 0.52 mrad

observations of the LiDAR for the determination of the

transformation parameters. Hence, the quality improve-

ment for the point cloud also leads to an improvement of

the estimated transformation parameters.

The estimated distance offset is −14.0 mm with a stan-
dard deviation of 0.2 mm. The value is determined for all

rings, which simplifies the actual sensor due to the actual

construction with separate laser diodes for each ring [2].

This could lead to unmodeled deviations later. The distance

offset is valid for the experiments presented in this paper.

From experience with multiple sensors of the same type,

which were calibrated for different experiments and mea-

surement campaigns, the value for the distance offset can

vary between −20 to 20 mm between different sensors, but
also for the same sensor over time (months to years). Sim-

ilar magnitudes are also determined in analyses by other

authors [30, 42].

The results of the VCE are shown in Table 1. These val-

ues influence the uncertainty modeling due to the usage for

the generation of the MC samples in the processing chain.

3.2 Evaluation of the referencing

The evaluation of the referenced point clouds is realized by

comparison to the reference panels distributed in the room.

The usage of the reference panels ensures the assumptions

of the VCE are correct. An evaluation using different sur-

faces, especially darker ones, would lead to higher uncer-

tainties, which are not modeled at the current stage. While

the referencing is performed pointwise, so nearly for con-

tinuous time, the point clouds are evaluated on a frame-by-

frame basis. A frame describes a full rotation of the LiDAR.

The rotation rate of the LiDAR is set to 600 RPM, so the

distances of the points to the panels are combined in 0.1 s

time steps.

The point clouds are automatically segmented to

extract points on the reference panels. The borders of the

panels are excluded to reduce mixed pixel effects. The

orthogonal distances of these points to the reference pan-

els are computed and shown in the following figures as

quantiles since single points are strongly influenced by the

measurement noise of the LiDAR. Figure 6 shows the results

for four of the eleven reference panels.
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Figure 6: Median and quantiles of distances between point clouds and reference panels over time, panel numbers from Figure 5, number of points

assigned to panel in red.

In addition to the quantiles of the distances, the plot

shows the number of points in red,which are assigned to the

panels. Due to the different sizes of the panels and different

distances to the moving robot, the number of points varies

between panels and over time. In situations, in which fewer

than 10 points are assigned to a panel, the evaluation for the

panel is skipped. Due to the low number of points on some

panels, the median and quantiles of the deviations can be

noisy.

The shown panels are representative to give an impres-

sion of the reached deviations for the point clouds. All 6-DoF

have an impact on the distances to these four reference

panels. In total, the maximummedian deviation on a panel

is about 2 cm. The RMSE of the deviations for all eleven

panels is 10.0 mm.

The deviations of the median are caused by remaining

deviations in the processing chain. These deviations can

be divided into systematic deviations, which are constant

over the whole time series and time-varying deviations.

An example of the constant effect is the positive offset for

panel 21 of about 5 mm. This could be explained by either

a deviation in the translation in the y-axis of the system

calibration, a deviation in the referencing by the LT or a

combination of multiple factors. Panel 10 shows an increas-

ing offset depending on the position of the robot. The largest

offset appears around 20–25 s, when the robot has moved

furthest into the room. This effect is most probably caused

by the remaining deviations from the system calibration of

the robot. In general, the causes for these deviations are

most likely to be found in the first steps in the processing

chain, as they are influenced by the measurements of the

LiDAR,which is about two orders ofmagnitude less accurate

than the LT.

An example of the time-varying deviations are visible

for panels 04 and 22, which show peaks around 7 s and

34 s, respectively. At the same time, there is a negative cor-

relation between the number of points and the deviations

observed in this panel. The higher deviations can not be

attributed to the additional points, as evidenced by the 2.5 %

and 97.5 % quantiles which also reflect an increase in devi-

ation. These peaks are probably related to the start of the

movement of the robot and caused by unmodeled effects in

the movement.

The quantiles are shown to give an impression of the

dispersion of values. For panel 21, the values show an

interval of about 3 cm. In contrast, the interval is only

about 1 cm for panel 22. This is mainly influenced by

the constellation between LiDAR and the panel. A smaller

angle of incidence leads to a larger dispersion in the val-

ues caused by the higher noise for the distance measure-

ments in comparison to the angle measurements for short

distances.



D. Ernst et al.: Monte Carlo variance propagation for a kinematic LiDAR-based MSS — 11

Figure 7: Comparison of a referenced point (green) and the ensemble

referenced point (red, with MC samples in blue) transformed in the frame

of the corresponding panel 22.

For the prediction of the point uncertainties, the MC

variance propagation is used. As an alternative to the ordi-

narily computed referenced point clouds, the mean of the

MC samples can be used to compute the point positions

in the r-frame. This can be seen as an ensemble referenc-

ing approach. The usage of the MC samples includes the

uncertainty information in the referencing improving the

accuracy of the resulting point cloud. Figure 7 shows an

example of the difference between the referenced point and

the mean of the MC samples as the result of the ensemble

referencing.

For this example, the mean of the MC samples is about

1 mm closer to the panel than the referenced point. The

magnitude of the different between the two referencing

methods varies for each point. For some points, the ensem-

ble referencing even leads to a higher distance, but for all

points, the ensemble referencing decreases the RMSE of the

deviations from 10.0 mm to 8.1 mm. The resulting deviation

plot is shown in Figure 8.

In comparison to the deviations in Figure 6, a clear

improvement can be seen. For all panels, the median devia-

tion is similar or smaller than for the ordinarily referenced

points. For panels 04 and 22, the peaks at 7 s and 37 s are no

longer apparent. For panel 10, the offset in the middle of the

trajectory is reduced by about 10 mm. This improvement is

caused by the additional information introduced by the MC

sampling in form of the uncertainty information, reducing

the linearization bias.

3.3 Evaluation of the uncertainty modeling

For the evaluation of uncertainty modeling, multiple

approaches are possible. A possible approach would be to

compute a 3D point uncertainty measure like the Helmert

point error (trace of the VCM). This can be helpful to

Figure 8: Median and quantiles of distances between point clouds and reference panels over time, ensemble referencing using MC samples, panel

numbers from Figure 5, number of points assigned to panel in red.
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Figure 9: Principle of the evaluation for the predicted point uncertainties

in comparison to the reference panels from the ground truth. Relevant

frames are shown for superordinate frame and reference panel.

illustrate the point uncertainty [6]. For the quantitative eval-

uation, these values will always be too large, since all direc-

tions contribute to the uncertainty. This is contrary to the

evaluation, which is performed by computing the distance

along the normal vector of the reference panels.

To achieve a correct evaluation of the predicted uncer-

tainties, the actual distances di, j are standardized by the pre-

dicted standard deviation in the direction of the computed

distance to the reference panel j. The principle behind this

idea is shown in Figure 9. In the figure, the error ellipse is

used as an illustration of the predicted VCM [7]. The goal

is to determine the predicted standard deviation 𝜎i,𝜆 j,1 for

point i.

This standard deviation is computed by rotating the

VCM of the referenced point using the matrix of eigenvec-

tors M j of the reference panel j. Additionally, the matrix

𝚲 j contains the eigenvalues 𝜆i. These matrices are known
since they are used to compute the plane parameters for the

reference panels from point measurements of the LT using

the error matrix E [43]

ET
j
E j = M j𝚲 jMTj , (36)

𝚺pp, j = M j𝚺pp,rMTj . (37)

After the rotation, the predicted VCM𝚺pp of the point p
refers to the frame of the reference panel j. Thus, the square

root of the diagonal value corresponding to the smallest

eigenvalue 𝜆 j,1 is the predicted standard deviation 𝜎i,𝜆 j,1 for

the distance. The standardized distances d̃i, j can be com-

puted by

d̃i, j =
di, j

𝜎i,𝜆 j,1

. (38)

The illustration of the evaluation for the uncertainty

modeling is performed similarly to the evaluation of the

referencing. Figure 10 shows the results for the selected

panels.

Figure 10: Median and quantiles of standardized distances between point clouds and reference panels over time, ensemble referencing using MC

samples, panel numbers from Figure 5, number of points assigned to panel in red.
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The standardization of the distances leads to a rescaling

of the values, keeping the general impression of the devi-

ations from Figure 8. Using the assumption of normal dis-

tribution for the input quantities, the resulting distribution

of the distances should follow a t-distribution [35] with the

number of points as the degrees of freedom. The shown

quantiles at 2.5 % and 97.5 % enclosing 95 % of the distances

should be in the interval t[2.5 %,97.5 %],700 = [−1.96, 1.96] for the
maximumnumber of points on the panels (shown as dashed

lines) and t[2.5 %,97.5 %],10 = [−2.23, 2.23] for the smallest num-
ber of points evaluated.

The deviation being enclosed by the intervals can be

seen for the points on panels 21 and 22. Especially for panel

22, the dispersion for the standardized distances is smaller

than the interval. This does not necessarily imply too pes-

simistic modeling, since the dispersion of the points is

mainly influenced by the measurement noise of the LiDAR.

The estimated uncertainties for the referenced points addi-

tionally include the uncertainty of the rest of the processing

chain. The influence of all these uncertainties is not visible

on one panel.

For panels 04 and 10, the quantiles of the standardized

distances exceed the aforementioned intervals. Overall pan-

els, a trend can be seen. For smaller panels, which are also

farther away, the interval is more likely to be exceeded. This

could be caused by too optimistic uncertainty estimations

for the orientations since they have a larger impact on

longer distances.

4 Discussion

The evaluation of the kinematic experiment shows two

aspects of the variance propagation using MC samples. The

deviations of the point cloud to the reference panels are

decreased when using MC samples for ensemble referenc-

ing and the uncertainty modeling shows good results for

some and slightly too optimistic results for the other ref-

erence panels. These aspects are first discussed for the sys-

tem used. Afterwards, the transferability to other systems is

considered.

Concerning the referencing itself, the ordinary refer-

encing corresponds to the Gaussian variance propagation,

for which the variance propagation is performed by using

Jacobianmatrices, similar to the computation of the cofactor

matrix of the misclosures in equation (12). The estimated

uncertainties have no influence on the computation of the

point coordinates. This leads to a linearization bias in the

case of nonlinear functions, which deteriorates the qual-

ity of the referenced point cloud. The MC method and UT

avoid this problem by applying the functional model of the

processing chain to randomly (MC) or deterministically (UT)

generated samples. This yields better results by integrating

the uncertainty information.

For the shown experiment, the difference between

ordinary referencing and ensemble referencing is in the

millimeter range and the MC samples are still normally

distributed (tested along the coordinate axes using an

Anderson-Darling test [44]), even aftermultiple transforma-

tions in the processing chain.

For the uncertainty modeling, the MC variance prop-

agation shows a slight mismatch between the predicted

uncertainties and the actual deviations. For the assumed

normal distributions in this paper, a Gaussian variance

propagationwould achieve similar results. Themain advan-

tage of theMCmethod is the flexibility towards the used dis-

tributions, in addition to the avoidance of the linearization

bias. The presented processing chain can be extended for

various influences with arbitrary distributions to properly

model the uncertainties. Possible extensions could include

the use of the uniform distributions for quantization of the

distance measurements for the used LiDAR [2], or incorpo-

rating models to represent uncertainties in step widths, as

demonstrated in [18].

The exceeded intervals for the smaller panels can have

multiple causes. The length of the processing chain compli-

cates the search for possible reasons. The different levels

of accuracy of the involved sensors make it more likely,

that the mismatch is caused by insufficient knowledge of

the uncertainty model of the LiDAR. Due to this large influ-

ence on the results, the first steps of the chain are more

promising for further optimizations. The uncertainties for

the orientations in the system calibration could be too opti-

mistic, which would mainly be visible on the smaller panels

because they are farther away. This could be the result of

the VCE, which estimates the stochastic parameter over all

rings, generalizing possible differences between the scan

lines. Another plausible explanation could be the omission

of correlations in the processing chain, leading to a too

optimistic uncertainty modeling. Particularly, subsequent

LiDAR observations exhibit high correlations, but due to

limited knowledge regarding their magnitude, these corre-

lations are not introduced for the modeling process

The choice of the MC variance propagation is mainly

motivated by the possibility to expand the model by any

function or distribution. This flexibility enables the investi-

gation of the various assumptions for the processing chain.

But the usage of the MC techniques comes at a large com-

putational cost. In this case, each point of the point cloud

is modeled by 100,000 samples causing a huge amount of

computations to predict the uncertainty for the point cloud.
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On a laptop with an Intel i7-7700HQ with 16 GB of RAM, the

Matlab implementation takes 12 min to compute a complete

frame with about 30,000 points.

4.1 Transferability to other systems

While the goal of this paper is to demonstrate the pipeline

for an experimental system, the transferability to other sys-

tems is also relevant. Adapting the presented methodology

to other systems requires multiple adaptions. The system

used in this study is unique in its design due to significant

variations in sensor measurement accuracy. While the VLP-

16 is commonly used low-cost LiDAR, the LT with T-Probe

is rarely used for georeferencing systems. In most cases,

MSSs are georeferenced using GNSS and IMU, optionally

supported by LiDARs and/or cameras. Although these setups

offer more flexibility, they tend to be less accurate.

Furthermore, methods that utilize LiDAR or camera

data for indirect georeferencing are subject to a feedback

loop of the uncertainties. Incorrect assumptions about the

uncertainties of the georeferenced data can influence the

pose estimation, which in turn affect the uncertainties of

the georeferenced data, creating a cycle. In the applied

methodology, less accurate referencing would lead to larger

distortions of the distributions. As a consequence, investi-

gations would be necessary to analyze, whether the normal

distribution is a suitable choice for the point positions and

uncertainties. If this is the case, using UTs could be a com-

promise, as they can help avoid linearization biases with

relatively few samples [14].

Another challenge when transferring the methodology

to other systems is the prevalence of distributions other

than the normal distribution. Most common distributions

can be transformed into normal distributions [15], but the

quality of the results has needs to be investigated. One

example of such alternative distributions are multipath

effects of GNSS signals. While receivers are able to identify

reflected signals delayed by more than a quarter of the

wavelength, shorter reflections induce uncertainties that

must be modeled by wide uniform distributions (about

5 cm for carrier phase observations, multiple meters for

code observations) [45]. Depending on the processing chain,

transforming this distribution might not yield satisfactory

results, necessitating the use of MC methods.

5 Summary and outlook

This paper presents a processing chain to accomplish two

things. On one hand, the point clouds acquired by LiDAR in a

kinematic experiment are referenced using ensemble refer-

encing withMC samples. On the other hand, the uncertainty

of the referenced points is predicted under consideration

of the uncertainties from all steps in the processing chain.

The uncertainty modeling is performed by an MC variance

propagation as proposed by the GUM.

The processing chain is established bymultiple calibra-

tions, each of which yields transformation parameters and

VCMs for the uncertainty modeling. The results for the plat-

form calibrations are transferable to different applications.

Especially the system calibration of the LiDAR can be used

for various applications and the uncertainty estimation for

the measurements of the LiDAR is useful for a variety of

algorithms.

The results of the ensemble referencing show an

improvement by using the mean of the MC samples com-

pared to computing the referenced points using the original

measurements only. This can be explained by the reduction

of linearization bias due to the knowledge introduced by

the modeled uncertainties from the individual steps in the

processing chain.

For the uncertainty modeling, further investigations

in the sensor model can improve the system calibration

and reduce the effect of the generalizations [30], which are

probable reasons for the mismatch between prediction and

actual deviations. This could help to better calibrate the

uncertainty model to match the confidence to the actual

accuracy. Furthermore, the parametrization of the process-

ing steps should be further investigated. Currently, all rota-

tions are represented using Euler angles. However, for rota-

tions with higher uncertainties, such as those that my arise

from less accurate referencing methods, quaternions might

yield better results due to the avoidance of trigonometric

functions.

Further steps to improve the model for more widely

used systems should include extending the model with

additional sensors and different influences, such as differ-

ent surfaces, longer distances, correlations between obser-

vations, etc. In the long term, the model should also be

applicable to outdoor measurements, which means a sig-

nificant increase in influencing factors. These new factors

and also worse referencing methods could lead to more

distorted point distributions that are no longer normally

distributed. Therefore, other methods of estimating point

positions and uncertainties need to be investigated. Only

after these aspects have been solved or at least thoroughly

investigated, attempts at reducing the number of samples

should be made, as the analysis of the shape of distribution

requires larger sample sizes than just estimating mean and

variance [46].
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Abstract: Kinematic multi-sensor systems (MSS) describe

their movements through six-degree-of-freedom trajecto-

ries, which are often evaluated primarily for accuracy. How-

ever, understanding their self-reported uncertainty is cru-

cial, especially when operating in diverse environments like

urban, industrial, or natural settings. This is important, so

the following algorithms can provide correct and safe deci-

sions, i.e. for autonomous driving. In the context of localiza-

tion, light detection and ranging sensors (LiDARs) arewidely

applied for tasks such as generating, updating, and inte-

grating information from maps supporting other sensors

to estimate trajectories. However, popular low-cost LiDARs

deviate from other geodetic sensors in their uncertainty

modeling. This paper therefore demonstrates the uncer-

tainty evaluation of a LiDAR-based MSS localizing itself

using an inertial measurement unit (IMU) and matching

LiDAR observations to a known map. The necessary steps

for accomplishing the sensor data fusion in a novel Error

State Kalman filter (ESKF) will be presented considering the

influences of the sensor uncertainties and their combina-

tion. The results provide new insights into the impact of ran-

dom and systematic deviations resulting from parameters

and their uncertainties established in prior calibrations.

The evaluation is done using the Mahalanobis distance to

consider the deviations of the trajectory from the ground

truth weighted by the self-reported uncertainty, and to eval-

uate the consistency in hypothesis testing. The evaluation

is performed using a real data set obtained from an MSS

consisting of a tactical grade IMU and a Velodyne Puck in

combination with reference data by a Laser Tracker in a
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laboratory environment. The data set consists of measure-

ments for calibrations andmultiple kinematic experiments.

In the first step, the data set is simulated based on the

Laser Tracker measurements to provide a baseline for the

results under assumed perfect corrections. In comparison,

the results using a more realistic simulated data set and

the real IMU and LiDAR measurements provide deviations

about a factor of five higher leading to an inconsistent esti-

mation. The results offer insights into the open challenges

related to the assumptions for integrating low-cost LiDARs

in MSSs.

Keywords: uncertainty evaluation; uncertainty modeling;

multi-sensor system; LiDAR; IMU

1 Introduction

Determining the position and orientation of systems is nec-

essary for most of today’s applications, i.e. mapping and

navigation. As systems become more automated, reliable

information on positioning quality is essential, since man-

ual intervention becomes impossible. Properly weighting

positioning information helps with further processing and

ensures the safety of the environment andother people near

the system.

As this weighting is highly dependent on the used sen-

sors, their selection for the positioning greatly depends

on the environment. Typically, systems utilize an inertial

measurement unit (IMU) for continuous monitoring of the

system’s motion [1]. In case of outdoor applications, the

Global Navigation Satellite System (GNSS) is used to provide

absolute positions in the global reference frame. Neverthe-

less, GNSS observations suffer from various signal influ-

ences, including signal blockage and multipath effects [2].

Alternative localization strategies such as WiFi [3] or ultra-

wide band (UWB) [4] can be employed for indoor position-

ing. Additionally, sensor data collected from systems, either

by light detection and ranging sensors (LiDARs), cameras

or other exteroceptive sensors, can assist in positioning [5].

This paper is focused specifically on matching point clouds

measured by LiDARs to known maps.

As with GNSS, the observations gathered by LiDARs

are impacted by various uncertainty factors like the
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atmosphere or surrounding objects, which pose challenges

in modeling the process. The impact of these factors on the

measurement quality is partially investigated for terrestrial

laser scanners (TLSs) [6, 7]. Apart from themeasurements of

the sensor itself, sensor data fusion, particularly the fusion

of the sensor data into a common frame, introduces addi-

tional uncertainties. This issue is linked to the measure-

ment quality, as measurements of the LiDAR are often used

to determine the necessary transformation parameters [8,

9]. Therefore calibrations are necessary. Intrinsic calibra-

tions are used to correct the sensor measurements itself,

while extrinsic calibration determine the transformations

between the sensors. The combination of the observations

also requires the synchronization of the sensor increasing

the number of uncertainty sources [10]. However, even after

determining the uncertainties, determining the magnitude

to which these uncertainties affect subsequent processing

steps, such as positioning, remains a significant challenge.

The main difficulty arises from the fusion of data collected

from different sensors in the georeferencing of the multi-

sensor system (MSS), which forms a complex system that

requires careful analysis [11].

1.1 Related works

Sensor data fusion can be achieved through various meth-

ods [5]. This paper will primarily focus on Kalman filters

(KFs), though alternative algorithms such as factor graphs

[12] or bundle adjustments [13, 14] are possible. By recur-

sively estimating the current pose, KFs allow for efficient

position tracking from a known initial pose [15]. Due to its

versatile nature, this algorithm has been utilized in vari-

ous applications, ranging from a basic fusion of IMU and

GNSS observations [16, 17] to the incorporation of addi-

tional sensor modalities [18, 19]. This can be done with or

without information about the environment (simultaneous

localization and mapping (SLAM), [1]). When focusing on

integrating LiDAR observations, different techniques can be

employed. Either known landmarks can be observed and

integrated [20, 21], or city models [22, 23] or point clouds

[24, 25] of the environment can serve as an absolute position

reference.

Different functional models can be utilized for integrat-

ing observations in the update step of the KF. The observa-

tions can either be incorporated loosely coupled [26, 27] or

tightly coupled [19]. Modifications to the classical KF may

be necessary in certain situations to facilitate these con-

cepts [28, 29]. One strategy used in this paper involves the

application of implicit measurement equations, which were

first introduced in [30] and initially used for the trajectory

estimation of a system in [22].

Estimating the calibration and correction parameters

for the systemand its sensors is another crucial aspect. Prop-

erly weighting the different observations for a consistent

trajectory estimation requires careful consideration of these

parameters and their uncertainties. Any incorrect estimates

of uncertainties for the parameters can bias the estima-

tion, leading to deviations in the trajectory. The various

sensors require different calibration procedures [31–33],

which are typically done prior to operation, but can also

be repeated afterwards or even updated during operation

[34].

The evaluation of kinematicMSSs has beendone for dif-

ferent systems, likemobilemapping systems (MMSs) [35–37]

or unmanned aerial vehicles (UAVs) [38]. The evaluation

is usually based on the comparison of the data from the

kinematic system to a ground truth derived by a system or

sensor of superior accuracy. Mostly, these ground truths are

derived by stationary sensors.

1.2 Contributions

This paper investigates the uncertainty evaluation of a kine-

matic trajectory of an IMU and LiDAR-based MSS. In the

first step, the parameters necessary for the sensor data

fusion are estimated through calibration measurements.

These parameters include the transformation between the

different sensor frames and the sensor noise characteristics

parameters of the sensors. In the second step, these param-

eters and their associated uncertainties are incorporated

into an error state Kalman filter (ESKF), which serves as

the position-tracking algorithm. Positioning is achieved by

predicting the system’s motion using the IMU and updating

the system by matching the LiDAR scans to a known map.

The paper addresses the following key questions:

1. How can uncertainties of sensors and their transfor-

mations from the calibrations be modeled and inte-

grated into the position tracking of a LiDAR-based

MSS?

2. Do themodeled uncertainties lead to a consistent trajec-

tory estimation using a real data set?

1.3 Outline

These questions are answered as follows: Section 2 details

the data set and themethodology. Themethodology includes

calibrations and the filter algorithm utilized for position

tracking. Additionally, as a baseline, the situation of the

real setup is simulated. The results are shown in Section 3

with the two different simulations and the real data. After

a summary, the paper is outlining future extensions and

improvements.
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2 Materials and methods

The section begins by introducing the dataset, which comprises mul-

tiple trajectories from a kinematic experiment. In the second part of

this section, the methodology is explained, starting with the calibration

measurements essential for establishing the parameters of the sensor

data fusion. In addition, the implemented filter algorithm is described

to provide insight into the integration of the uncertainty information

into the utilized principle of matching the LiDAR scans to the known

map for position tracking. Furthermore, the procedure for the simula-

tions is detailed.

2.1 Materials

This section presents the data used to explore the research questions

posed earlier. The data set comprises multiple trajectories of an MSS

within a laboratory setting. Additionally, strategically positioned static

panels throughout the room act as reference points, offeringmap infor-

mation for the system.

The data set used in this paper is originally introduced in [39].

The robot depicted in Figure 1 is equipped with the MSS that contains

a variety of sensors. Notably among them are a tactical grade IMU

(Microstrain 3DM-GQ4-45 [40]), a Velodyne Puck LiDAR [41] and a Leica

T-Probe observed by a laser tracker (LT) [42]. The T-Probe observations

are utilized as ground truth to evaluate the filter performance. Spatial

referencing and time synchronization are the two crucial factors for

performing sensor data fusion and evaluating its outcomes. The high

accuracy of the ground truth trajectory and availability of the stochas-

tic information from the calibration are crucial for the evaluation

conducted.

Figure 2 presents an overview of the experiment in the laboratory

conducted after the calibrations (cf. Section 2.2.1) to ensure similar

conditions. The panels, representing the known environment, are ref-

erenced using LT measurement with a corner cube reflector (CCR).

Therefore, it is assumed that the plane parameters of the panels are

Figure 1: Robot carrying the MSS platform with IMU (b-frame), LiDAR

(s-frame), T-Probe (t-frame) and CCRs for platform-frame (p-frame).

Frames are shown with red for x-axis, green for y-axis and blue for z-axis.

deterministic. The trajectories, shown using differently colored lines,

are limited by the viewing angle of the T-Probe. Each trajectory begins

and ends with 3–5 s of stationary time. Between the stationary periods,

the robot moves forward as described in Table 1 (sameway backward).

The maximum speed of the robot is about 0.4 m/s.

To establish the time synchronization across all three involved

sensors, each is equipped with GNSS antennas setup outside the lab-

oratory to provide Global Positioning System (GPS) time information.

While themanufacturer-provided solutions are used for the LiDAR and

IMU, the LT receives a trigger signal provided from a GNSS receiver. In

post-processing, the timestamps of the trigger signals and pose mea-

surements are combined to determine the ground truth trajectory. The

Figure 2: Overview of the laboratory setup for the experiment showing the l-frame and numbers of reference panels. Trajectories of body-frame are

colored: red:1, yellow:2, cyan:3, blue:4, purple:6. The image is produced from a scan by a terrestrial laser scanner.
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Table 1: Overview of the experiment trajectories with length and

description of the movement. Traj. 5 is left out due to problems in the

ground truth determination.

Traj. # Length [s] Maneuver

1 25 Standing (no movement)

2 36 Straight forward

3 50 Straight forward – turning on spot

4 45 Forward while turning left

6 13 Straight forward (fast)

Garmin 18× used for the LiDAR provides the least accurate time infor-
mation with a quantified time uncertainty of 1 μs [43], resulting in a
deviation of approximately 0.4 μm at the maximum speed of 0.4 m/s in
the experiment. The effect of time synchronization on the uncertainties

is therefore ignored.

2.2 Methodology

The methodology is divided into three parts. First, the calibration mea-

surements are described to illustrate the origins of the essential param-

eters for sensor data fusion. Afterwards, the simulation procedure is

outlined. Lastly, the employed position tracking algorithm, an ESKF, is

introduced, encompassing the state vector, prediction, update (which

includes the functional model for matching the LiDAR observations

with the reference panels), integration of the uncertainty information,

and the initialization of the filter.

2.2.1 Calibration: Multiple calibrations are necessary to determine

all required parameters. Extrinsic calibrations are performed to deter-

mine the transformation parameters between the various frames of

the used sensors. Intrinsic calibrations are necessary for correcting the

measurements of specific sensors, such as LiDAR and IMU. Initially,

the general extrinsic calibration is described, followed by a description

of the setup for the LiDAR calibration. Finally, the section concludes

with a summary of the intrinsic IMU calibration. As the calibrations

are performed directly before the kinematic experiment, the values are

assumed to be constant.

2.2.1.1 Extrinsic calibration by LT measurements: Using the extrinsic

calibrations, the transformation parameters between the frames of the

platform, the T-Probe, and the IMU are determined. The determination

relies solely on LT measurements and reconstruction of the sensor

frame for the IMU with respect to the sensor housing.

Each frame is defined individually. The T-Probe observation

directly yields a complete set of six degrees of freedom (6-DoF), pro-

viding the sensor frame. The platform frame is defined by three CCRs:

one for the origin and two for the x- and y-axis directions, respectively.

The IMU’s sensor frame is referenced by taking point measurements

across the housing and reconstructing it based on manufacturer spec-

ifications. These measurements yield transformation parameters to

the l-frame, in which the LT is located, as an intermediate step. The

computation of the relative transformation between two frames f1 and

f2 is calculated as:

H
f2
f1
=
(
H l
f2

)−1
H l
f1
. (1)

Frames denoted in subscript and superscript represent the origin

and target frames, respectively. The uncertainty determination is car-

ried out using a Monte Carlo (MC) variance propagation, similar to the

approach in [39]. Themeasurement uncertainty of the LT is assumed to

be normally distributed with a precision of 7.5 μm + 3 ppm on a CCR.
For T-Probe measurements, an extended 17.5 μm is included for the
position or translation uncertainty, while the orientation uncertainty

of the T-Probe is assumed to be 0.01◦ according to [42] (all typical

uncertainties). Based on these assumed uncertainties, noise sampled

from a normal distribution is introduced to the measurements for

computing the transformation matrices for each realization (m). These

matrices are decomposed as:

H
f2 ,(m)

f1
=
[
R
f2 ,(m)

f1
t
f2 ,(m)

f1

0[1×3] 1

]
, (2)

collected as a vector 𝜸(m) =
[
t
f2 ,(m)

f1
, e
{
R
f2 ,(m)

f1

}]
with orientations saved

as Euler angles (shown by e{⋅}) and used to compute the dispersion of
the transformation parameters as a variance covariance matrix (VCM)

as follows [44]:

E =

⎡⎢⎢⎢⎢⎢⎣

𝜸
(1) − 𝜸̄
𝜸
(2) − 𝜸̄
.
.
.

𝜸
(M) − 𝜸̄

⎤⎥⎥⎥⎥⎥⎦
, (3)

𝚺
𝜸𝜸
= 1

M − 1E
T
E (4)

with the mean of the transformation parameter 𝜸̄ and M as the total

number of realization, here 100,000.

2.2.1.2 Calibration of the LiDAR: For the LiDAR, a different procedure

is employed. While the sensor housing can be utilized to determine

the transformation parameters, numerous studies have demonstrated

enhanced calibration by leveraging object-space information captured

by the sensor to determine the sensor frame’s pose relative to the

body frame [8, 10, 45]. In [8, 10], a distance offset for the LiDAR is

also determined to refine the measurements. The detailed calibration

procedure used is outlined in [46]; this section only offers a general

overview.

The calibration principle is based on minimizing the distance

of the transformed point clouds acquired by the LiDAR against

known reference panels. Figure 3 provides an overview of the pan-

els, while different system positions within the calibration field, as

depicted in Figure 4, aim to enhance the results and decorrelate the

parameters.

The functional model relies on a series of transformations nec-

essary for establishing correspondences between points and panels.

First, the LiDAR observations must be transformed into the Cartesian

coordinates. The original measurement elements 𝓵o for each point pi
include the distance di, the elevation angle ei, and the azimuth angle

𝛼i. In addition, the distance offset d0 is determined. These elements are

transformed into Cartesian coordinates following [41]:

gI
(
di, 𝛼i, ei

)
= 𝓵i = ps,i =

⎡⎢⎢⎢⎣
xs

ys

zs

⎤⎥⎥⎥⎦i
=
⎡⎢⎢⎢⎣
(
di + d0

)
⋅ cos ei ⋅ cos𝛼i(

di + d0
)
⋅ cos ei ⋅ sin𝛼i(

di + d0
)
⋅ sin ei

⎤⎥⎥⎥⎦. (5)



D. Ernst et al.: Uncertainty evaluation for a kinematic LiDAR-based MSS — 5

Figure 3: Overview of the calibration field for the LiDAR calibration. Left

top: Panels on ceiling. Left bottom: Vertically tilted platform. Right:

Panels on walls (mirrored on both sides).

Next, these points are transformed to the platform frameusing the

approximate (or in later iterations, estimated) transformation parame-

ters 𝜸̂b
s
=
[
t̂b
s
R̂b
s

]

gII
(
ps,i, 𝜸̂

b
s

)
= pb,i =

⎡⎢⎢⎢⎣
xb

yb

zb

⎤⎥⎥⎥⎦i
= t̂b

s
+ R̂b

s

⎡⎢⎢⎢⎣
xs

ys

zs

⎤⎥⎥⎥⎦i
. (6)

Subsequently to this, the points are further transformed using

the platform pose 𝜸 l
b
=
[
tl
b
Rl
b

]
and assigned to the nearest panel in

the calibration field𝜶l, j =
[
nx,l ny,l nz,l dl

]
. The platform’s pose is deter-

mined from LT measurements, resulting in very low uncertainties.

Finally, distances for all assigned points are computed for the implicit

measurement equation of the adjustment

pl,i =
⎡⎢⎢⎢⎣
xl

yl

zl

⎤⎥⎥⎥⎦i
= tl

b
+ Rl

b

⎡⎢⎢⎢⎣
xb

yb

zb

⎤⎥⎥⎥⎦i
, (7)

hi = h
(
𝜸
l
b
,𝓵i,𝜶l, j

)
(8)

=
[
nx,l ny,l nz,l dl

]
j
⋅

[
pl,i

1

]
. (9)

In addition to estimating the transformation parameters and the

distance offset, a variance component estimation (VCE) is performed to

determine the uncertainties of the observations [47]. All observations

of the three different types are grouped. The individual observations

are assumed to be uncorrelated resulting in the matrix

𝚺𝓵𝓵,i = diag
(
𝜎d, 𝜎𝛼, 𝜎e

)
(10)

for each point i. The matrices of all points are then concatenated diag-

onally. The assumption of uncorrelated observations neglects actual

correlations between subsequent points [6], but further investigation

Table 2: Sensor and transformation uncertainties determined from

calibrations.

Transformation LiDAR-IMU for (x, y, z)-axes (standard dev.)

Translation 𝜎t (6.0, 1.8, 1.5) mm

Orientation around axes 𝜎r (1.1, 0.3, 0.2) mrad

LiDAR (standard deviations)

Distance measurement 𝜎d 8.5 mm

Azimuth angle 𝜎𝛼 48.7 mdeg

Elevation angle 𝜎e 29.8 mdeg

Distance offset 𝜎d0 0.2 mm

IMU for (x, y, z)-axes

Acc. noise density 𝝈 ãn (6.2, 4.6, 3.6) × 10−3 m
√
Hz/s2

Acc. bias instability 𝝈a𝑤 (22.3, 20.4, 36.4) × 10−3 m/s2

Gyro. noise density 𝝈𝜔̃n (2.6, 3.4, 2.4) × 10−4 rad
√
Hz/s

Gyro. bias instability 𝝈𝜔𝑤 (12.3, 11.4, 11.9) × 10−4 rad/s

of the magnitude of these correlations exceeds the scope of this article.

The resulting uncertainties for the transformation parameters and the

observations are presented in Table 2. The correlations of the transfor-

mation parameters are omitted here. Detailed adjustment formulas can

be found in [48].

2.2.1.3 Intrinsic IMU calibration: To incorporate the IMU in the sen-

sor data fusion, its noise parameters must be determined. This is

achieved through the Allan variance analysis [49, 50]. Only a brief

period of approximately 25 s is available to compute the required val-

ues. These values are also shown in Table 2.

2.2.2 Simulation: To enrich the discussion of the results, the experi-

ment setup and trajectories are simulated using a simple environment

adapted from [39]. This simulation offers two key benefits. Firstly, it

allows for the validation of the filter’s performance to ensure its func-

tionality. Secondly, it facilitates a comparison between the simulation

results and the results of the actual measurements.

The simulated data is derived from the real experimental setup,

incorporating stochastic information obtained from the calibrations

(refer to Section 2.2.1). Consequently, the simulation results are based

on correct assumptions, presenting an optimal scenario. By contrasting

these results with those from real data, any differences can be more

effectively analyzed.

The environment is reconstructed using the LT measurements

of the panels placed in the laboratory. Sensor data for the IMU and

LiDAR is generated by combining the T-Probe trajectories with the

aforementioned measurements. Rotation rates 𝝎̃ and accelerations

panels
01 - 04

panels
08 - 11

panels
05 - 07

over
Pos1-3

~2m ~2m~2m ~2m

Pos4 Pos5Pos1Pos1Pos1

Pos2 + 3
rotated

by +- 15°

Figure 4: Overview of the poses of the system during the calibration (top view).
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ã for the IMU are computed as time derivatives of the trajectories.

LiDAR observations 𝓵̃o are generated based on the sensor model of the
Velodyne Puck. Error-free observations serve as a basis for simulating

observations (q) of the epoch (k) sampled from normal distributions

with their corresponding VCM determined during calibrations (values

shown in Table 2)

𝓵(q,k)
o,i
=

(
𝓵̃(k)
o,i
,𝚺𝓵𝓵,i

)
, (11)

a(q,k) =
(
ã(k), diag

(
𝝈
2
ãn
∕
√
Δt
))
+

(
0, diag

(
𝝈
2
a𝑤
⋅
√
Δt
))
, (12)

𝝎
(q,k) =

(
𝝎̃
(k), diag

(
𝝈
2
𝜔̃n
∕
√
Δt
))
+

(
0, diag

(
𝝈
2
𝜔𝑤
⋅
√
Δt
))
(13)

where Δt represents the IMU sampling rate. Apart from the bias

instability, which is compensated by the corresponding states (cf.

Section 2.2.3), this constitutes the random deviations. Similar proce-

dures are applied to transformation parameter between LiDAR and

IMU and the LiDAR distance offset, but executed once per realization

d
(q)

0
=

(
d̃0, 𝜎

2
d0

)
, (14)

𝜸
b,(q)
s =

(
𝜸̃
b
s
,𝚺
𝜸𝜸

)
. (15)

This results in systematic deviations, as they are randomly sam-

pled only once and thus, affect all epochs of a realization in the same

magnitude. These data sets are subsequently processed using the same

filter as the real data sets.

2.2.3 Principle of position tracking: The position tracking is real-

ized by an ESKF. This section offers a concise overview of the method,

outlining the state vector definition, prediction, and update steps. The

primary emphasis is on the functional model and the incorporation of

uncertainty information.

2.2.3.1 State vector: The system of the MSS is parameterized by

– tl
b
: position in m [3 × 1],

– 𝒗l: velocity in m/s [3 × 1],
– ql

b
: orientation as a unit quaternion [−] [4 × 1],

– a𝛽 : biases of 3D accelerometer in m/s
2 [3 × 1],

– 𝝎𝛽 : biases of gyroscope for three axis in rad/s [3 × 1].

The dimensions are indicated in the brackets. These vectors are com-

bined into the state vector

x =
[
tl
b

T
𝒗l
T ql

b

T
aT
𝛽
𝝎
T
𝛽

]T
. (16)

The orientation is represented using quaternions q. Conver-

sions between different rotations representations, i.e. rotation matrix

R, are indicated by R{⋅}. The error state, denoted by 𝛿, is defined
as:

𝛿x =
[
𝛿tl
b

T
𝛿𝒗l

T 𝛿𝜽
l

b

T
𝛿aT
𝛽
𝛿𝝎T

𝛽

]T
. (17)

Utilizing an error state allows for quantifying the uncertainty of

the orientation through the rotation vector 𝛿𝜽
l

b
= 𝜙 r where r is a

[3 × 1] vector with the vector components rx , ry, and rz which is multi-
plied with the rotation angle 𝜙. The error state approach circumvents

singular VCM arising from the unit length requirement of quaternions.

This leads to a difference between the length of the state vector and the

size of the VCM of the states u by 1.

2.2.3.2 Prediction: The system state is propagated into the next

epoch (k) by integrating the measurements from an IMU as control

inputs u(k)
o
in the filter using function f

x(k) = f
(
x(k−1),u(k)

o

)
. (18)

The IMU measurements denoted by o consist of data from a

three-axis accelerometer and a three-axis gyroscope, yielding the 3D

accelerations a and rotation rates 𝝎 around the three axes:

𝝎o = 𝝎+𝝎𝛽 +𝝎n, (19)

ao = a+ a𝛽 + an +
(
R
{
ql
b

})T
gl. (20)

Here, the subscript n indicates the noise affecting the measure-

ments. The observed accelerations are further corrected for the known

gravity vector gl . The prediction computation is performed similarly to

common applications, such as [18, 51, 52].

2.2.3.3 Update: Theupdate step of thefilter serves to incorporate the

measurements of the LiDAR into the estimation process. The approach

of updating the system state by minimizing point-to-plane distances

for localization using LiDAR measurements was initially proposed by

[22] for city model plane localization. This minimization requires the

transformation of the points observed by the LiDAR from the sensor

frame s to the local frame l, where the plane parameters 𝜶 are known

sufficientlywell to be considered deterministic. Thus, the requiredmap

information must include the location and plane parameters of nearby

panels. This principle is very similar to the calibration of the LiDAR

using most of the same reference panels.

For the functionalmodel of the update step, only the changes com-

pared to the calibration are shown. The transformation of the original

LiDAR observations to Cartesian coordinates and the transformation

to the body frame are performed as shown in equations (5) and (6)

based on the results of the calibrations. The transformation from the

b to the l-frame is done using the transformation parameters from the

state vector

pl,i =
⎡⎢⎢⎢⎣
xl

yl

zl

⎤⎥⎥⎥⎦i
= tl

b
+ R
{
ql
b

}⎡⎢⎢⎢⎣
xb

yb

zb

⎤⎥⎥⎥⎦i
. (21)

These transformed points can afterwards be assigned to the ref-

erence panels to compute the misclosure h for minimizing the implicit

measurement equations:

hi = h
(
x(k),𝓵(k)

i
,𝜶l, j

)
(22)

=
[
nx,l ny,l nz,l dl

]
j
⋅

[
pl,i

1

]
. (23)

The detailed procedure for the computation of the update can be

found in [39].

2.2.3.4 Stochastic model: The stochastic modeling necessary to

incorporate uncertainties into the estimation process is achieved

through the VCM of the observations 𝚺𝓵𝓵 . This matrix is established
by applying variance-covariance propagation to the uncertainties of

the original LiDAR observations determined using the VCE in the cal-

ibration. To compute the VCM 𝚺𝓵𝓵,i for each point i, the values are
computed individually and then combined into the complete block

diagonal matrix 𝚺𝓵𝓵 , treating all observations as uncorrelated:
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𝚺s =
[
diag

(
𝜎2
d
, 𝜎2
e
, 𝜎2
𝛼

)
0

0 𝚺
𝜸𝜸

]
, (24)

GI,i =
𝜕gI
𝜕𝓵o

||||𝓵o,i , (25)

GII,i =
𝜕gII

𝜕
[
𝓵, 𝜸b

s

] |||||𝓵i ,𝜸bs , (26)

𝚺𝓵𝓵,i = GII,iGI,i𝚺sGTI,iG
T
II,i

(27)

with 𝚺
𝜸𝜸
as the VCM of the 6-DoF transformation parameters from the

extrinsic calibration of the LiDAR done prior to the kinematic measure-

ment and gI and gII from equations (5) and (6).

2.2.3.5 Initialization: A crucial aspect of the proposed approach is

the initialization of the states. The system’s pose is determined within a

KF, a position tracking algorithm that necessitates accurate initial states

for optimal performance and convergence. Incorrect initializationmay

result in erroneous assignments and filter divergence. To mitigate this

issue, for this paper, the filter is consistently initialized with the pose of

the reference trajectory (or true trajectory in simulations). Velocities

are set to 0, reflecting the robot’s stationary starting position, while

biases are initialized as the mean value of IMU observations during the

initial three seconds (with the acceleration corrected for gravity)

x(0) =
[
t̃l T
b

0 q̃l T
b

āT
𝛽
𝝎̄
T
𝛽

]T
. (28)

For the initialization of the VCM of the states, the choice of uncer-

tainties for the biases and the pose are different. The uncertainties

associatedwith the pose and the velocity haveminimal influence on the

filter performance, as the filter stabilizes quickly for the setup in this

paper, so the values are chosen in a similarmagnitude to the results. On

the other hand, the uncertainty of the biases is set to the corresponding

bias instabilities. Thus, the initial VCM is set up as

𝚺(0)
xx
= diag

⎡⎢⎢⎢⎢⎢⎢⎢⎣

I3 ⋅ (1 mm)
2

I3 ⋅ (1 mm∕s)2

I3 ⋅ (1 mrad)
2

diag
(
𝝈
2
a𝑤

)
diag

(
𝝈
2
𝜔𝑤

)

⎤⎥⎥⎥⎥⎥⎥⎥⎦
. (29)

3 Results

The results are divided into three parts. In the first part,

simulated data sets are used to investigate the influence

of the uncertainties on the results. In the second part, the

results for the real data set are analyzed and compared to

the simulations before the results are discussed.

The discussion of the filter results is based on the devi-

ations of the estimated trajectory denoted by ⋅̂ from the true
trajectory, marked by ⋅̃ (or the ground truth for the real data
established by the LT). Three different metrics are utilized.

The computations are all based on the deviations 𝚫 of the
translation t and orientation o for every epoch (k)

𝚫(k)
t
= Δtl, (k)

b
= t̃l,(k)

b
− t̂l,(k)

b
, (30)

𝚫(k)
o
= 𝜽

{
q̃
l,(k)

b
⊟ q̂

l,(k)

b

}
, (31)

𝚫(k) =
[
𝚫(k)
t

𝚫(k)
o

]
(32)

with⊟ for quaternion subtraction. Based on the deviations,

either the rootmean square error (RMSE) for each the trans-

lation or orientation or theweightedRMSE in the formof the

Mahalanobis distance for all 6-DoF is computed. For a single

run of the simulation or the real data sets, this is computed

as

RMSE(k)
t
=
√
1

3

(
𝚫(k)
t

)T
𝚫(k)
t
, (33)

RMSE(k)
o
=
√
1

3

(
𝚫(k)
o

)T
𝚫(k)
o
, (34)

√
dm

(k)
=
√(
𝚫(k)

)T(
𝚺(k)
pose,x̂x̂

)−1
𝚫(k). (35)

The weighting is determined by using the VCM 𝚺(k)
pose,x̂x̂

for the relevant components of the state vector. This enables

the incorporation of the filter’s self-reported uncertainty

information into the measure. Assuming the states are nor-

mally distributed, a 𝜒 2-distribution with 6-DoF can be uti-

lized in a hypothesis test, using the Mahalanobis distance

to validate the consistency of the filter [53]. Consistency

requires that the filter properly represents the deviations

from the true values in the uncertainties.

For the evaluation of M MC runs, the measures are

computed as

RMSE(k)
t
=

√√√√ 1

M

M∑
m=1

1

3

(
𝚫(k,m)
t

)T
𝚫(k,m)
t
, (36)

RMSE(k)
o
=

√√√√ 1

M

M∑
m=1

1

3

(
𝚫(k,m)
o

)T
𝚫(k,m)
o
, (37)

√
dm

(k)

=

√√√√ 1

M

M∑
m=1

(
𝚫(k,m)

)T(
𝚺(k,m)
pose,x̂x̂

)−1
𝚫(k,m). (38)

3.1 Simulation

The simulation results are shown for two different simu-

lated data sets. In one data set, the calibration parameters

are assumed to be perfectly determined and corrected, so

only random deviations affect the data set (equations (14)

and (15) in the generation of the simulated observations are
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Figure 5: Deviations of the pose in the simulated run 4.

omitted). In the second data set, all known uncertainties are

incorporated.

3.1.1 No systematic deviations

The deviations in the trajectory of simulated trajectory 4 are

displayed in Figure 5. The translations exhibit deviations in

the low millimeter range without noticeable patterns. Simi-

larly, the orientations show comparable behavior across all

axes, with deviations reaching up to 1 mrad, occasionally

showing oscillations caused by the bias instability of the

simulated IMU.

The obtained Mahalanobis distances are depicted in

Figure 6. Most of the epochs fall within the intervals of the

𝜒 2-distribution for the 95 % confidence interval (indicated

by the green lines), confirming the consistency hypothesis.

The tendency indicates that the values are leaning toward

the lower boundary of the hypothesis interval, which sug-

gests a slightly pessimistic uncertainty estimate, similar to

the results in [39].

3.1.2 All known uncertainties

While the previous results showcased the best possible

results due to the perfect correction of the systematic effects,

the following results present amore realistic casewhere the

remaining systematic deviations affect the georeferencing.

The results for the averaged RMSE and the square root of

the averaged Mahalanobis distance

√
dm are displayed for

100 MC runs, both for the simulation without (simu 1) and

with systematic deviations (simu 2), in Figures 7 and 8.

Even though themagnitude of these possible systematic

deviations is known, the deviations are still significantly

higher than before. The reason for this is that the systematic

0 5 10 15 20 25 30 35 40
time [s]

0

1

2

3

Figure 6: Mahalanobis distance of the pose in the simulated run 4. 95 % confidence interval of 𝜒 2-distribution in green.
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Figure 7: RMSE for MC runs of simulated run 4.
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Figure 8: Mahalanobis distance of the pose in the MC runs of simulated run 4. 95 % confidence interval of 𝜒 2-distribution for 100 MC runs in green.

deviations are constant over all observations and, thus, vio-

late the assumption of white Gaussian noise in the KF. Given

the shortmeasurement distances of 3–5 m, the impact of the

systematic deviations is about a factor of two higher on the

translation compared to the orientations.

The Mahalanobis distance analysis yields similar out-

comes. Results without systematic deviations confirm the

filter’s pessimistic uncertainty estimation, with a narrower

interval for the hypothesis testing due to the repetitions

providing a clearer result outside the interval.

Deviations in runs with systematic effects are signif-

icantly higher, while standard deviations increase only

slightly, attributed to additional uncertainties from transfor-

mation parameters and distance offset. Three effects can be

seen:

1. The initialization of the filter is visible, which can

already be seen in the first seconds of the time

series in Figure 7. During this period, the VCM sta-

bilizes and the correlations among the states are

determined.

2. The values of the Mahalanobis distance vary over time,

while the RMSE is nearly constant. This variation stems

from differing numbers of matched LiDAR observations

and their distribution in the environment.

3. The time series contains an oscillation with a period

of 0.1 s matching the rotation rate of the LiDAR, due to

the distribution of the panel mainly in three directions

in the room with different panel sizes, resulting in a

recurring pattern in standard deviations. For epochs

with fewer points, the Mahalanobis distance decreases

as the standard deviations increase.

Table 3 shows the results for all five trajectories, confirming

the trend seen for trajectory 4.
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Table 3: Results of all MC runs (100 each) for all trajectories of the two

versions of the simulated data set. Values are shown as mean over the

whole trajectory with t for translation and o for orientation.

Traj. # RMSE

√
̄
dm

Simu 1 Simu 2 Simu 1 Simu 2

T o t o

[mm] [mrad] [mm] [mrad] [–] [–]

1 0.87 0.33 3.77 0.81 1.98 13.04

2 0.74 0.32 3.74 0.70 1.87 11.13

3 0.82 0.53 3.94 0.72 1.88 11.47

4 0.79 0.36 3.92 0.76 1.84 11.37

6 0.81 0.31 3.81 0.83 2.07 12.55

3.2 Real data

Figures 9 and 10 illustrate the results for trajectory 4 using

real data. The translations exhibit deviations of up to 15 mm

(with an RMSE of 4.30 mm), while the orientations display

deviations of up to 4 mrad (with an RMSE of 1.35 mrad). The

time series reveals distinct systematic deviations, such as

negative deviation along the z-axis throughout most of the

trajectory. TheMahalanobis distance exceeds thehypothesis

test interval for the entire trajectory, indicating an over-

optimistic assessment of the uncertainty. This mirrors find-

ings from single runs of the simulated data with systematic

effects, indicating remaining systematic deviations as the

likely cause.

To further investigate the observed deviations in the

real data, the normalized estimation error is calculated. For

each element 𝛿 j in the deviation vector 𝚫, the correspond-
ing normalized error 𝛿 j is determined by dividing it by the

estimated standard deviation, as described in [53]

𝛿 j =
𝛿 j√
𝚺 pose,x̂x̂, j

. (39)

Here 𝚺 pose,x̂x̂, j represents the jth diagonal element of
the estimated VCM. By normalizing the errors, the expected

uncertainty in each state variable is considered, enabling a

more effective comparison across different components of

the pose. Figure 11 depicts the normalized errors for run 4.

Ideally, these normalized errors should conform to a normal

distribution, as indicated by the purple lines in the figure

at a significance level of 𝛼 = 5%. However, the plot reveals
that all pose elements exceed the expected normal distri-

bution interval throughout the trajectory. This observation

confirms the presence of systematic deviations similar to

those seen in Figures 8 and 10. The translations exhibit their

highest values when the system has moved furthest into

the room, while the orientation errors peak during specific

movements, notably between 7 and 17 s and between 27 and

35 s.

3.3 Discussion

The findings highlight the significant impact of systematic

effects on the accuracy of the positioning results. While

simulations with perfectly corrected observations yield

excellent results, more realistic simulations and real data

trajectories exhibit increased deviations and inconsistent

estimations. The investigated systematic deviations are the
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Figure 9: Deviations of the pose in run 4.
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Figure 10: Mahalanobis distance of the pose in run 4. 95 % confidence interval of 𝜒 2-distribution in green.
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Figure 11: Normalized estimation error for the pose of system. Purple lines show an interval of a normal distribution with 𝛼 =5 %.

remaining deviations of the transformation parameters

from the calibration between LiDAR and IMU and the dis-

tance offset of the LiDAR observations. Both of these param-

eter types represent different challenges.

The simplification of the distance offset estimation,

where a single offset is estimated for all LiDAR scan lines,

could be enhanced by adopting an intrinsic calibration

approach that provides individual estimations per scan

line. The distance offset leads to larger deviations in the

y-direction compared to other directions in the MC runs,

influenced by the distribution of the reference panels, par-

ticularly the absence of panels behind the robot opposite to

panels 21 and 22 in Figure 2.

Deviations in the transformation parameters lead to

more complex deviations. These deviations depend upon

the panel’s constellation and the systems position along the

trajectory. Since LiDAR point cloud assignment relies on the

predicted pose, deviations in the pose directly affect the

assignment, leading to further deviations. Additionally, the

distance offset already influences the determination of the

transformation parameters showing the need for a hierar-

chical approach, as the intrinsic calibration influences the

extrinsic calibration, which in turn, both, affect the final

positioning quality.

With respect to the results for the Mahalanobis dis-

tance and the normalized estimation error, the systematic

deviations act as correlations between the observations. All

observations are affected by the same deviations in the

distance measurements and transformation parameters.

Despite this, the observations are considered uncorrelated.

This results in a too optimistic VCM of the observations

causing the same for the VCM of the pose. The aforemen-

tioned metrics are inflated due to this underestimation of

the uncertainty.

Considering these aspects, the Mahalanobis distance

time series in Figure 10 should exhibit similar values during
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the stationary phases at the beginning and end of the trajec-

tory, which is not the case. Possible minor effects contribut-

ing to this behavior include physical correlations among the

LiDARobservations caused by similar pathways through the

atmosphere and overlap on the object. However, these cor-

relations have a limited impact, sincemany of the reference

panels are small and, thus, only a few points are assigned

to them. Additionally, the intrinsic IMU calibration is also

uncertain. In theused setup, the IMU is not strictly necessary

as the pose can always be determinedusing the LiDAR scans.

This contrastswith scenarios such as long hallways or urban

canyons where the IMU would play a more crucial role.

Considering the influence of the systematic deviations

on the results, the usage of a KF for georeferencing is to be

questioned. The assumption of white Gaussian noise is not

correct with remaining systematic deviations. Either these

systematics could be corrected during operation using an

online estimation or a particle filter could be used to allow

for arbitrary distributions modeling these effects. Further

research should investigate the accuracy and consistency of

these possibilities.

4 Summary and outlook

This paper presents an empirical evaluation of a tra-

jectory computed through sensor data fusion using IMU

and LiDAR observations in a laboratory environment. The

fusion process includes propagating uncertainties through-

out an ESKF processing chain. The evaluation compares the

results against a ground truth trajectory acquired via a LT

with a T-Probe. Initially, this ground truth data is employed

to simulate IMU and LiDAR measurements. Subsequently,

both simulated and real data sets are processed across five

acquired data sets for analysis.

The results reveal a significant difference in accuracy

between a simplified simulation and a more realistic sim-

ulation, as well as real-world data. The first simulation

results align with the expected outcomes. However, intro-

ducing systematic deviations in the observations violates

the assumption of the used ESKF, leading to higher devia-

tions in the estimated pose and an inconsistent estimation.

The similarities between the more realistic simulation and

real-world data suggest that the problem is primarily caused

by the remaining deviations in the transformation param-

eters and the distance offset. Additional minor influences

include the correlations between subsequent LiDAR points

and residual effects from the IMU’s intrinsic calibration.

Based on these findings, further improvements to

LiDAR calibrations are necessary, both before usage and

during operation. This could involve an online estimation

of the transformation parameters and the distance offset,

dynamically updating the LiDAR calibration parameters

based on the environment during operation. Additionally,

futurework should focus on outdoor data sets, necessitating

integration of GNSS observations for georeferencing and

outlier detection.
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8 Appendix

Algorithm 1: Dual Filter for Fusion of IMU with Implicit Measurement Model in Update
Required:
Initial State: x̂(0)

+ ,Q(0)
x̂x̂ , x̂

(0)
s ,Q(0)

x̂sx̂s
Sensor Information: QI,uo, `,Vi for all epochs k
Begin

1 For k = 1 .. K
Prediction:

2 â(k) ← a(k)
o − a(k−1)

b −
(
R l,(k)

b

)T
g l

3 ω̂(k) ← ω
(k)
o − ω(k−1)

b

4 x̂(k)
− ← F(k)

x x̂(k−1)
+

5 Fx ← ∂f
∂δx

∣∣∣
x,u(k)

and F(k)
I ← ∂f

∂δu

∣∣∣
x,u(k)

6 Q(k)
x̂x̂,− ← F(k)

x Q(k−1)
x̂x̂

(
F(k)

x
)T

+ F(k)
I QI

(
F(k)

I

)T
If observations available then

Update:
7 x̂(k,m=1)

+ ← x̂(k)
− , δx(k,m=0) ← 0 and ˆ̀(k,m=1) ← `(k)

8 repeat
9 Q(k)

`` ←
∑z
i=1 x̂(k−1)

s V(k)
i

10 h(k,m) ← h
(
x̂(k,m)

+ , ˆ̀(k,m)
)

11 A(k,m) ← ∂h
∂x

∣∣∣
x̂(k,m)

+ , ˆ̀(k,m)
· ∂x
∂δx

∣∣∣
x̂(k,m)

+

12 B(k,m) ← ∂h
∂`

∣∣∣
x̂(k,m)

+ , ˆ̀(k,m)

13 O(k,m) ← A(k,m) Q(k)
x̂x̂,−

(
A(k,m)

)T
14 Q(k,m)

hh ← B(k,m) Q(k)
``

(
B(k,m)

)T
15 Q(k,m)

rr ← O(k,m) + Q(k,m)
hh

16 K(k,m) ← Q(k)
x̂x̂,−

(
A(k,m)

)T (
Q(k,m)

rr
)−1

17 r(k,m) ← B(k,m)
(
`(k,m) − `(k)

)
+ A(k,m)δx(k,m−1)

18 w(k,m) ← h(k,m) + r(k,m)

19 δx(k,m) ← −K(k,m)w(k,m)

20 v̂(k,m) ← −Q(k)
``

(
B(k,m)

)T (
Q(k,m)

rr
)−1

w(k,m)

21 ˆ̀(k,m+1) ← `(k) + v̂(k,m)

22 x̂(k,m+1)
+ ← x̂(k)

− � δx(k,m)

until ‖δx(k,m+1) � δx(k,m)‖ < ε
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23 L(k) ← I−K(k,m)A(k,m)

24 Q(k)
x̂x̂ ← L(k)Q(k)

x̂x̂,−

(
L(k)

)T
+ K(k,m)Q(k,m)

hh

(
K(k,m)

)T
25 x̂(k)

+ ← x̂(k,m+1)
+

VCE:
26 v̂

(k)
t =

(
Q(k)

hh

)−1
B(k)v̂(k)

27 for f = 1 .. z do
28 Q(k)

hh,f ← B(k)
(
∆σ̂fV

(k)
f

) (
B(k)

)T
29 q̂

(k)
f ←

(
v̂

(k)
t

)T
Q(k)

hh,f v̂
(k)
t

30 for r = 1 .. z do
31 for c = 1 .. z do
32 ŝ

(k)
(r,c) ← trace

((
Q(k)

rr
)−1

Q(k)
hh,c

(
Q(k)

rr
)−1

Q(k)
hh,r

)

33 Q(k)
x̂sx̂s ←

(
Ŝ(k) +

(
Q(k−1)

x̂sx̂s

)−1
)−1

34 x̂(k)
s ← Q(k)

x̂sx̂s

(
Q̂(k) +

(
Q(k−1)

x̂sx̂s

)−1
x̂(k−1)
s

)
else → no observations available

35 Q(k)
x̂x̂ ← Q(k)

x̂x̂,−

36 x̂(k)
+ ← x̂(k)

−

Returns: x̂+,Qx̂x̂, x̂s,Qx̂sx̂s for all (k)
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